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ABSTRACT

In this work, we study active covering, a variant of the active-
learning problem that involves labeling (or identifying) all of the
examples with a positive label. We propose a couple of algorithms,
namely Density-Adjusted Non-Adaptive (DANA) learner and Density-
Adjusted Adaptive (DAA) learner, that query the labels according to
a distance function that is adjusted by the density function. Under
mild assumptions, we prove that our algorithms discover all of the
positive labels while querying only a sublinear number of examples
from the support of negative labels for constant-dimensional spaces
(see Theorems 5 and 6). Our experiments show that our champion
algorithm DAA consistently improves over the prior work on some
standard benchmark datasets, including those used by the previous
work, as well as a couple of data sets on credit card fraud. For
instance, when measuring performance using AUC, our algorithm
is the best in 25 out of 27 experiments over 7 different datasets.
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1 INTRODUCTION

It is widely recognized that data collection often involves costs. One
example is when we are using crowdsourcing to collect data for
machine learning tasks such as spam or fraud detection. This fact
motivates a class of machine-learning tasks called active learning.
In an active-learning task, we intend to indicate a limited set of
valuable examples (iteratively, or in batches) and probe their labels
in order to learn a model. Active covering is a variant of active
learning, in the context of binary classification, where the set of
examples with the positive label is considered valuable, hence we
intend to probe all such examples. One instance of active covering
is disease testing in a new pandemic such as Covid-19. In this case,
we desire to identify and test all patients with Covid-19, while we
do not like to waste many tests on patients without Covid-19.

Previously, Jiang and Rostamizadeh [17] studied the active-
covering problem and proposed and analyzed a couple of algorithms
called offline learner and active learner. Both algorithms are based
on first sampling a set of examples to query and then querying
the unlabeled examples close to the examples with a positive label.
The only distinction between the two algorithms is that the offline
learner exclusively considers the examples with a positive label in
the initial samples and queries nearby examples whereas the active
learner considers all queried examples with a positive label. They
show that under the following four assumptions, their algorithms
label all of the positive examples while querying only a sublinear
number of examples from the support of the negative examples.
First, a fixed lower bound on the density function of the positive
labels in the support of the positive labels is assumed. Second, for
every small ball around a point with a positive label, a constant
fraction of the volume of the ball falls inside the support of the
positive examples. Third, there is an upper bound on the density of
the negative examples. Moreover, in their theorem statements, they
use a parameter C which actually depends linearly on the surface
area of the support of the positive examples. Hence, by hiding C in
the O(.) notation, they implicitly assume that the surface area of
the support of the positive examples is bounded by a constant.

It is evident that both the offline learner and active learner al-
gorithms are highly sensitive to the density of the distribution of
the examples. For instance, in a scenario where the probability of
observing positive labels divided by the probability of observing
negative labels is uniform across the space, both the offline learner
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Figure 1: One feature Figure 2: Two features

Figure 3: A learner that is
not density adjusted.

Figure 4: A density ad-
justed learner.

and active learner algorithms tend to query the areas with a higher
density at a substantially higher rate and subsequently move to
areas with a lower density, which is a counter-intuitive behavior.
This is why it is necessary for these algorithms to have a global up-
per bound on the probability distribution of the negative examples
and a global lower bound on the probability distribution of positive
labels in the support of positive labels. Such global constraints on
the probability distributions are not very desirable since in many
instances we observe several colonies of points in some dense areas
and some large and sparse pools of points around them.

Another issue is that the previous assumptions are very sensitive
to feature selection, and adding one unnecessary or mildly relevant
feature can break the assumptions. For example, Figure 1 is a very
well-formed example and respects the assumptions of the previous
work. However, adding one relevant but unnecessary feature turns
it into Figure 2 which has very sparse areas with positive examples
and no longer respects the assumptions of the previous work.

To address the aforementioned issues, we implicitly utilize a
space transformation that expands the regions with high density in
the probability distribution of the examples and shrinks the regions
with low density, with the aim of achieving a more uniform prob-
ability distribution. This transformation allows us to remove the
global upper and lower bounds on the probability distributions and
instead use a local constraint that avoids a sudden change in the
probability distribution in a small ball. This allows the probability
distribution to smoothly change from one place in the dataset to
another and hence accept inputs such as Figure 2. We adopt the
offline learner and active learner in this transformed space. We
call our algorithms Density-Adjusted Non-Adaptive (DANA) learner
and Density-Adjusted Adaptive (DAA) learner, respectively. We ex-
tend the approach of Jiang and Rostamizadeh to prove that our
algorithms label all of the positive examples while querying only a
sublinear number of examples with negative labels.

We conduct experimental comparisons between our algorithms,
the offline learner, the active learner, and the uniform sampler. Re-
markably, in almost all of our experiments, our proposed algorithm
DAA consistently emerges as the best algorithm in terms of label-
ing cost. For example, when we measure the performance via the
AUC, our algorithm achieves the best performance in 25 out of 27
experiments over 7 different datasets.
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Figures 3 and 4 give some intuitions on why our density-adjusted
algorithms work better than the previous Euclidean-based algo-
rithms. Note that, both Figures 3 and 4 represent the same instance.
In this instance, there are two discs of positive points inside a pool
of negative points. However, the density of the left side is higher
than the right side. A Euclidean-based algorithm probes some discs
of the same radius to find all of the positive points, regardless of
the density function (see Figure 3). However, our density-adjusted
algorithms probe the labels more cautiously in the denser areas
via smaller discs (see Figure 4). Hence, a fewer number of negative
points fall in the discs that a density-adjusted algorithm probes.

1.1 Problem Setting

In this section, we define the active-covering problem and our
setting. There exists an unknown probability density function f :
RP — R representing examples with binary labels. We use X < RP
to refer to the support of f, i.e., the set of all possible examples. We
refer to the examples with label 1 as positive examples and to the
examples with label 0 as negative examples. Accordingly, we have
unknown density functions f; : R® — R with support X; and
f-: RP — R with support X_, corresponding to the positive and
negative examples respectively. We denote by , P, and P the
probability distributions corresponding to f, f; and f_, respectively.
Hence for a set A C RP, for example we have P (A) = fA fdA.

For an arbitrary set A C X, by the law of total probability [27,
Page. 9] the probability of A is equal to

P(A) = P(X)P(AIX,) + P (X_)P(AIX).

Let p := P(X,), then we have P(X_) = 1—p. Thus, forany A C X
we have

P(A) = pP+(A) + (1 -p)P-(A).

We receive a set of unlabeled examples X C X, with size n
drawn i.i.d. from probability distribution #. We are allowed to
query the label of the examples in X. The goal is to discover all
positive examples while minimizing the number of queries. We use
X and X_ to refer to the true set of positive and negative examples
in X, respectively.

Similar to the prior work [17], we compare our algorithms to
the optimal performance achievable by an algorithm that knows
the support of X, which requires n® (X)) queries in expectations.
Note that, if a point x belongs to the support of X4, even though
we may have some information about the probability that x has
a negative label, it still may have a positive label and hence any
algorithm is forced to query it. Hence, any algorithm requires to
make at least n® (X,) queries. We refer to this as Qopr-

DEFINITION 1 (ExCEss QUERY CosT). We define the excess query
cost of an algorithm A, denoted by Cy4, to be Q4 — Qopr, where Q4
is the number of queries made by algorithm A to label all the positive
examples.

It is not difficult to observe that, without any structural assump-
tion on the relationship among the positive examples, querying al-
most all of the examples is necessary to retrieve the outlier positive
examples. Therefore, to avoid having to locate positive examples in
extremely narrow and sparse subspaces, some assumptions on the
distribution of the positive examples are necessary [10, 17, 32].
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Our assumptions here are similar to those of Jiang and Ros-
tamizadeh [17] in nature. However, there are some technical dif-
ferences that make our assumptions less restrictive. For example,
instead of global upper or lower bounds on the density function, we
require the change in the density function to be bounded in every
small ball. Another example is that when they refer to a small ball
they refer to a ball with a small radius, while we refer to a ball with
a small probability. However, roughly speaking, since they have a
lower bound on the density as well, a ball with a small probability
will have a small radius as well, but not vice versa.

The following assumption ensures that there are no outlier posi-
tive examples. In other words, wherever a positive example exists, a
nontrivial fraction of the examples surrounding it are also positive.

ASSUMPTION 2. The support of positive examples is a compact
subspace and a disjoint union of a finite number of connected com-
ponents! Xi1, ..., Xy c. Moreover, there exist ¢g and Cy € (0,1]
such that for any point x € Xy and positive number € that satisfy
P(B(x,€)) < ¢o, we have

P+ (B(x,¢€) = C+P(B(x, €)),

where B(x, €) is a ball with radius € and center x with respect to the
Euclidean metric.

The next assumption says that the density function f does not
significantly change in a small ball of its domain.

AsSUMPTION 3. Let ¢ be the parameter set in Assumption 2. For a
point x € X, we define A and piy to respectively be the minimum and
maximum of f in B(x, r), wherer is chosen such that P (B(x, r)) = ¢o.

We assume that i—x > a, for a constant a.
X

The following assumption ensures that the support of Xy is not
an excessively narrow subspace scattered throughout the domain

of X_.

ASSUMPTION 4. Let ¢ be the parameter set in Assumption 2. There
exists a constant Cx, > 0 such that for all ¢ € [0, ¢o],

Pren (x’ D\/ § ia)
X

where vp is the volume of a unit ball in a D dimensional space.

P_ < Yocx,,

The previous work requires a similar assumption to Assump-
tion 4, that they do not explicitly mention. Specifically, they require
the surface area of the domain of positive examples to be bounded.
In fact, they use a parameter C in their excess query cost that "de-
pends on P". The parameter C actually depends linearly on the
surface area of the domain of positive examples and hence enforces
it to be bounded.

1.2 Our Contributions

As our first result, we bound the excess query cost of our density-
adjusted non-adaptive algorithm (i.e., Algorithm 1). This result is
presented in Section 2.

1A set A € RP is connected if and only if for each pair of points x, x” € A, there is
a curve from x to x’, which completely lies in A.
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THEOREM 5. Suppose that Assumptions 2, 3, and 4 hold. For some
m € O(nP/ P+ e have

E[CpaNnal < 5(]’1%).

Next, we bound the excess query cost of our density-adjusted
adaptive algorithm (i.e., Algorithm 2). This result is presented in
Section 3.

THEOREM 6. Suppose that Assumptions 2, 3 and 4 hold. For some
m € O(nP-D/DY e have

E[Cpaal <O(n'D).

REMARK 7. Both our algorithms assume that we know the density
function f(-) of our examples. In Section 4 we show how to estimate
the density function for our purpose.

The previous work relies on explicitly knowing the number of
positive examples and clarified that “It’s worth noting that we may
not know when all of the positive examples are labeled— thus, in prac-
tice, we can terminate the algorithm when enough positives are found
depending on the task or when the labeling budget runs out” [17].
We resolve this issue from the theoretical perspective and provide
a simple and asymptotically optimal termination condition that
applies both to our algorithms and the algorithms of the previous
work. This condition is provided in Section 5.

Finally, in section 6 we report our experimental study on datasets
used by the previous work, as well as Mini-Imagenet and a couple
of datasets on credit card fraud. We provide further experimental
details in the appendix. Our experiments show that our DAA al-
gorithm consistently improves over the previous work. Due to the
space limit, we provide some of the proofs in the appendix.

1.3 Preliminaries
Subsequently, we present some definitions and lemmas that we use
throughout the paper.

DEFINITION 8. Letd(, ) denote the Euclidean distance. Let A, B C
RP be non-empty sets and x € RP and e > 0.

(1) An e-ball with center x is defined as

B(x,¢) = {y e RPld(x,y) < e} .
(2) An e-tubular neighborhood around the set A is defined as

B(A,e) = {x € RD‘ inf d(x,x") < 6}.
x'eA

(3) The distance x from A is defined as
d(x, A) = min d(x,y).
yeA

DEFINITION 9. Let A € RP, S ¢ A and ¢ > 0. The set A is
connected in the ¢-neighborhood graph of S if and only if for each
x,x" € A, there is a pathx; = x = x3 — ... — xp = x’ where for
each1 < j < ¢ we havexj € S and x; € B(xj_l,rxj_l) wherery,
is selected such that P (B(xj-1, xj 1)) = 9.

We use Vol(B) to refer to the volume of a multi-dimensional ball
B in Euclidean space. We use Pr(E) to indicate the probability of
an event E. We also use the following theorem from [6] to establish
an upper bound on the number of our queries.
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THEOREM 10. Let X be a set of i.i.d samples with size n drawn
from a distribution P. For 0 < § < 1, there exists a universal constant
Co such that with probability at least 1 — & uniformly over all balls
B C RP, we have

P(B) >

CODlogélogn S IBAX] >0
— .

1.4 Other Related Work

The early studies on active learning date back to the 1990s [8, 9].
However, due to its significant role in machine learning tasks, there
is still a lot of interest in developing more practical and effective
active learning mechanisms [1, 7, 21, 26, 30].Active learning has
been used in several learning tasks such as image processing [12, 20],
fight against COVID-19 [30], text classification [31] and speech
recognition [14]

Active covering as a variant of active learning appears in several
machine learning tasks. For example active covering in useful in
credit card fraud detection [2],computational drug discovery [29],
bank loan applications [22], moderate abusive content[28], fake
account detection in social network platforms [24], and, distances
and uncontrollable situations such as the COVID-19 pandemic [34].

Garnett et al. study active search in order to retrieve as many
positive labels as possible given a query budget [13]. Jiang et al. [18]
provide a more time-efficient algorithm for this problem. Active
search has also been formalized as a bandit problem in a few previ-
ous works [16, 19]. The active covering problem considers a more
aggressive formulation compared to that of active search and at-
tempts to find all (or practically almost all) of the positive labels.
This is particularly important in sensitive situations such as credit
card fraud and providing tests during a pandemic.

Retrieving the positive examples is also known as learning under
one-sided feedback which was studied by Helmold et al. [15]. They
used the standard online model, where the learning algorithm tries
to minimize the failure. It is worth mentioning that active covering
is related to the main-stream research path including the online
learning tasks which are investigated widely [4, 5, 25] and the
classical set-cover problem [33]. Our techniques have a connection
to the support estimation literature [3, 10, 11, 23, 35], even though,
these works do not directly consider the active search problem.

2 DENSITY-ADJUSTED NON-ADAPTIVE
LEARNER

Algorithm 1 Density-adjusted Non-Adaptive Algorithm (DANA)

Input Dataset X, initial sample size m and density function f.

1: Let Xy be m examples sampled uniformly without replacement
from X.

2: Label query Xy and let Xy ¢ be the positive examples.

3: Label query remaining examples x in ascending order of
d(x,X+0) - Nf(x) until all positive examples are labeled.

Initially, DANA learner uniformly samples a set with m points from
the dataset X and queries their labels. Subsequently, it labels the
remaining examples of X in ascending order of their minimum
density-adjusted distance to the initially sampled positive examples
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until all positive examples are retrieved. Now, we are ready to prove
Theorem 5.

Proor oF THEOREM 5. To prove, we show thatforany 0 < § < 1,

2log % 2CyoDlog % log(mp/2)
if m > max 5> 5 , we have
p pCrado
log(2/8)1 2)\'/P
E[CpaNAl £ 1 =p)m+nC (M) +dn,

2(1-p)Cx, CoD

1
Crap? )D . By setting m = ©(nP/(P+1)) and

where C = (
d= % we obtain
E[CpaNA] £ 5(nD/(D+1)).

Now, to prove the above claim we define binary random variables
Y1, ..., Y to represent the labels of the examples that Algorithm 1
queries. Note that the probability of Y; being 1 is p, i.e., Pr(Y; =
1) = p. Thus the expected number of positive examples in the initial
sample Xp is E[>", V;] = mp. Since Y1, ..., Yy, are independent
random variables, Hoeffding inequality gives

pr(gy,._mps_t)

for any arbitrary ¢ > 0. Equivalently, we have

m
Pr(i:ZIYi—mp> —t)

We set t = /Z log % in the above to obtain the following lower
bound on the number of positive labels in Xj, with probability at

—2¢2
<em

s

—2¢2
>1—e m .

)
least 1 - 5:
% 1 2
E Yizmp—t=m(p—t/m)=m|p—+/—log—]|
= 2m 1)

2log %
p?

Applying m > gives us 3, Y; > mp/2 with probabil-
2CoDlog % log(mp/2)

ity 1 — <2_S Define ¢ = . Note that since

p2C+0tm

2CoD log % log(mp/2) 2CoD log % log(mp/2)
P2Crado p2Ciam

hence we have ¢ < ¢g. Therefore, for each x € X;, the definition

b #Xq:,D )) < ¢o. We claim that with proba-

bility 1 — &, for each x € X, there exists a positive example in
bl _¢ pl_¢

B(X, 10D ﬂxUD) mXO,.}. * D.

To see this, let us calculate the probability mass of positive examples

in this ball:

of ¢ o ¢

PP+ (B, MD)) > pC (B(x, MD))

> pCAeVol(Bx, §] =) 2 pCyivap—
HxUD H

xUD

, we have ¢y >

of pix implies P (B(x,

) that is queried in Xo 4, i.e., B(x,

> pC+0(¢.
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2CoD log 2 log(mp/2)
Combined with the lower bound m > 0 gzg i i , The-
L

orem (10) guarantees that one example from Xj 4 falls in this ball.
Hence, all positive examples are retrieved by Algorithm (1). Next,
we upper bound the excess query cost of this algorithm. The initial
sample set Xy contains (1 — p)m negative examples in expectation.
Moreover, the number of negative examples in X \ Xj is

i o #
(n=m)(1= PP~ (Vyey,, Bx }|- 1))

< (n—m)(1-p)Cx, N9

where the inequality follows from Assumptions 3 and 4. With prob-
ability & our concentration bounds fail and in that case, the excess
query cost is at most n otherwise our expected query cost is upper
bounded by

(1-p)m+(n—m)(1-p)Cx, g <

2(1 —p)C{\quD)% (10g (%) log ()
Ciap? m

(1 —p)m+n( )%.
Hence we have
E[CpaANA] £ 6n+ (1 -p)m
n(2(1 —P)C2;+COD)%(1°g(%)log(mTp))%.
Cyap

m

3 DENSITY-ADJUSTED ADAPTIVE LEARNER

Initially, DAA learner uniformly samples a set with m points from
the dataset X and queries their labels as same as DANA. Subse-
quently, it labels the remaining examples of X in ascending order
of their minimum density-adjusted distance to the current sample
points of X whose positive labels are revealed until all positive
examples are retrieved. In summary, the key difference between the
DANA and DAA is in ascending order of the remaining examples
in X. In DANA, the ordering is done based on the initial positive
sample while in DAA it is based on the updated ones.

Algorithm 2 Density-adjusted Adaptive Algorithm (DAA)

Input Dataset X, initial sample size m and density function f.

1: Let X be m examples sampled uniformly without replacement
from X.

2: Label query Xy and let X, o be the positive examples.
3: Initialize X < X0 and X;; < Xp.

4: while not all positive examples in X are labeled do
5: Label query x = arg minyc x\x, d(x, Xp) - §/f(x)
6: if x has a positive label then

7: Xp — Xp U {x}

8 end if

9: Xg — Xq U {x}

10: end while

In the next lemma, first, we derive some conditions on m to guar-
antee, with high probability, that at least one example is chosen
from each connected component of X;. Next, a bound on ¢ is pro-
posed such that X; ; N X is connected in the ¢-neighborhood graph
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of Xy w.h.p. This ensures that our algorithm probes all of the posi-
tive examples in X, via some paths through the ¢-neighborhood
graph.

LEmMA 11. Let Assumptions 2 and 3 hold and 0 < § < 1.

(1) Define g = minj<j<c P+(Xpi). If

2log (%C) 2log (%)
poe(ity) 7

then forall1 < i < ¢, we have Xy ; N Xy # @, with probability
at least 1 — 6.
(2) Let

m > max

5

2x3Pn?
Satd

pCratn

3P¢yDlog logn

>

where n is chosen sufficiently large such that ¢ < ¢o. Then for
all1 < i < ¢, X4; N X4 is connected in the p-neighborhood
graph of Xy, with probability at least 1 — §.

Proor. For the first part, we define binary random variables
Y1, ..., Ym to be the labels of the examples that Algorithm 2 queries.
Note that the probability of ¥; being 1 is p, ie., Pr(Y; = 1) = p.
Thus the expected value of ¥\, Y; is mp which represents the
expected number of positive examples in the initial sample X, of
Algorithm (2). Since Y1, .. ., Y), are independent random variables,
by Hoeftding inequality, we have

2

m
Pr(ZYi—mpS—t) <em

i=1

for any arbitrary ¢ > 0. Equivalently, we have

m
Pr(;Yi—mp> —t)

Let us set t = 4/  log % By applying this to the above inequality,
with probability at least 1 — g we can lower bound the number of
positive examples in the initial sample set X as follows.

L t 1.2
ZYiZmp—t=m(p—;)=m p- EIOgE .

i=1

—2t2
>1—e m .

2log(%)
Note that from the statement of the lemma we have m > —
p
Applying this to the above inequality gives us |Xy| > mg with

probability 1 — g Moreover, for each 1 < i < c, the probability that

none of these mp/2 are in X, ; is (1 — 7)4.()(4.,1-))"1%J <(1- q)m}?7 .
2log(%)
piog( g
i we have Xy ;NXy # @ with probability at least 1-6/2c. Applying a
simple union bound for all i gives us X, ; N Xy # @ with probability
at least 1 — §/2. This completes the proof of the first part.

Now, for the second part, pick two arbitrary points x,y € X ;
for some i € {1,---,c}. Since X ; is connected, there is a carve
between x, y in X, ;. We consider a sequence of points on this carve

p
Letm > , then we have (1 - ¢)™2 < 2% Hence, for each
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namely, x = x; — x2 — -+ — x; = y such that for every x;, we

have
rx; 30{3)
3 ,
where radius ry; is set such that P (B(xj, rxj)) = ¢. Next, we use
this to show that, with high probability, there exists a path x =
x| — x{ — xé e x{’, — xp = y in X;; N X;, where for
/ ’ ’ o . ;.
every x’, we have X € B(xj, re ), where radius rx;_ is set such
that P(B(x}, r)’(, )) = ¢. This means that x and y are connected in
J

Xj+1 € B(Xj,

the ¢-neighborhood graph of X, as desired. Next, we show that

ry; N . N
for every j the ball B(x s ]T) contains at least one positive
example in data set X, w.h.p. Recall that we have # (B(x;, rxj)) =¢

D

and hence we have Ix;- To prove our claim, we calculate

¢ <
UDIIxj -
the probability mass of positive examples in
3
L )
3 UDle j
By Assumption 2 we have

Q/_

p@+(B(xJ, 3 UD,UxJ )

I
3 UD”XJ' ))
le/_

2 pCily; Vol(B(xj, ——
UDPx,

3
>man>wM¢

> pC+SD(B(xJ,

2n?
N CODlog(M)logn.

n
4

Thus, by Theorem (10), with probability at least 1 — %, there

N b

. . , )
exists a point X S B(x], 3

vD,u -) N X4. Note that we have

d(x},x7yy) < d(x),x;) +d(xj, xj41) +d(xj41, Xy q)

Q/a_g

3

N ol 6 o b 8

3 (\/UDij * \/UDij * \/UD/lxjH)
N ol ¢ o b ] ¢

= 3 (\/UDij * \/UDij * \/aUD/lxj)

%ﬁw Y I B I
3 QaUD flx aup flx (XZUDIij

<Q/_33 ¢ ?/_33]34;

IA

(rxj +rx Vx,-+1)

D

3 ?/ UDHx; UD Ay

<
UD:ux UD :ux

Note that the probability of a ball with radius P/ vui ~ around x}
J

is at most ¢ as claimed. Therefore, for every x’, we have xj 41 €

B(x r ) where radius r, is set such thatP(B(x r. )) ¢. Now

note that each point in the space belongs to at most two of the

balls x1, x2, - - - , x¢, and the probability of each of the balls is 3—¢

D
D
hence we have ¢ < %

least 1 — i—‘s we have sampled at least one positive example from

each of the balls x1,x2, - - - , x¢. This means that the X;; N X, is
connected in the ¢-neighborhood graph of X, with probability at

. By a union bound with probability at

least 1 — n— Note that there are at most () possible choices for x
and y. By a union bound all of the points in X, that belong to the
same connected component are connected int the ¢-neighborhood
graph, with probability at least 1 — 2‘S( ) > 1-35asclaimed. O

Now, we are ready to prove Theorem 6.

PRrOOF OF THEOREM 6. Define ¢ = minj<;<c P+(Xy;). Pick an
arbitrary 0 < § < 1. By Lemma 11, all of the positive examples are
retrieved by Algorithm 2 with probability at least 1 — 2. If

s ma Zlog(%),zlog(f—s) ,

()

then the excess query cost of Algorithm 2 is upper bounded by

1

E[Cpaal £ m+C (log (5) log(n)n ) + 28n,

Ol

where C = (M) . By setting m = ©(nP-1/Dy and
pC+avD

= % we obtain

BICpanal € 0(nP71/P).

Note that the excepted number of negative examples in Xj is
equal to (1 — p)m. Also, the number of negative examples in X \ Xp
is

(n=m)(1-p)P- (Ux€X+B(x: A };i))

X

Thus, by Assumption 4, we have

E[CDAAIA] < _p)m + (n - m)(l _p)P— (UXEX+B(X, D i))

Hx
< (@ =p)m+(n-m)(1-p)Cx, Ii/g

CoD log log n) b

< (A-pm+n(1-p)Cx,
pC+0an

- p)Cx,CoD\?
pC+chD

1
log % logn\P
" .

5
<(1-pm+n
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(1-p)Cx. CoD

1

D
5 , then we have
pCravy,

LetC=(

E[Cpaal €m+C (log (%) log(n)nD_l)D

With probability 26 Lemma 11 fails and in that case, the excess
query cost is at most n. Hence we have

9 b
E[Cpaal £ m+C(log(S)log(n)nD_l) + 26n,
as claimed. o

4 DENSITY ESTIMATION

The algorithms presented in Section 3 assume that the density func-
tion f is known. However, such an assumption is often unrealistic,
and in practice this function is unknown. In this section, we use the
k-nearest neighbor (k-NN) method to estimate the density function

f with a function f such that for all x € X, we have % € [%, %]

with probability at least 1 — § for an arbitrary small § € (0, 1]. In
this section, we show that incorporating k-nearest neighbor only
affects the excess query cost by replacing a with O(a?).

Pick an arbitrary x € X. Next, we show how to estimate the

value of the density function at x such that ACIS [£, 2] with
F(x) 2° 2a

probability at least 1 — g This together with a simple union bound
gives us our desired approximate function f (x) for all x € X with

probability at least 1 — §. Let k = ‘l2nlog(%) and let ry be the

distance form x to its k-th nearest neighbor. Note that we have
|B(x,rx) N X| = k. We define

1

foo=E1

Mopry
In the rest we upper and lower bound r, and then make use of this
to upper and lower bound f(x) via f(x).

We definer x = 9 £ __a__ We have
22

2n opf(x)
f(v)
(B(xj rxyg)) yeB(x,rxk)f(y) yeB(xr k) ¢
g 2
Pt e T Pomopfx) @ " an

Note that the definition of B(x}, r, &) is independent of X. More-
> 2

over, the expected number of points from X that falls in B(xj,7, &)
22

3
> —
2

is % Hence by Hoeffding inequality, we have

N | =

Pr (|B(xj, rx’g) NX| > k) =Pr (|B(xj,rx,§) nX|-

kZ

< exp (—) = exp
2n

.. _ pf3k 1

Similarly, we define "% = Ninaopfx) and we have

P(B(xj,rx’%)) > %, and Pr(|B(xj,rx’%)ﬂX|Sk) < %

2n 2n’

2nlog(%)) B i
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Therefore with probability g wehaver r < re <
> 2

D’3k 1
< Pl =—
~ \2navpf(x)

< f(x) and the second one

i ) cra 3 :
gives us f(x) Foo €[5, 55] as claimed.

Note that, even though in our algorithms we are adjusting the
distance using f(x), we are only using the fact that this adjusting
factor is, by Assumption 3, an estimation (i.e., & to é factor) of the

. % This

means that

polk «a

2nopf(x) -

: : : k _a
The first inequality gives us 5 Pl

3k 1
< 5= .
= 2n quprP

These imply

density of any point within a small ball of x. If we use f (x) to factor
the estimation is within § X a to %é factor, then this change only
injects some constant factors of « to the excess query cost.

5 TERMINATION CONDITION

In this subsection, we provide a simple but asymptotically optimal
termination condition for active covering algorithms when we are
not aware of the exact number of positive examples. Let ALG be an
active learning algorithm (without a termination constraint) and
let C4rg be an upper bound on the expected excess query cost
of ALG if it (hypothetically) stops immediately after querying the
last positive example. Note that, Theorems 5 and 6 provide upper
bounds on excess query costs of our algorithms DANA and DAA,
which can be used as C41,G to plug into the following theorem. The
following theorem provides the termination condition. We provide
the proof of this theorem in appendix B

THEOREM 12. Pick an arbitrarily small probability § € (0,0.33]
and let ALG’ be an algorithm that runs ALG as defined above and

. ) Curc
terminates as soon as it observes *‘(SLC

+log( %) consecutive negative
labels. ALG’ queries all of the positive examples and has an excess
query cost of at most O(Carg)+O(1), with probability at least 1 —38.

6 EXPERIMENTS

In this section, we compare our density-adjusted methods with
the methods presented in [17]. Given the superior performance of
the methods outlined in [17] compared to the other baseline ap-
proaches, it is reasonable to compare our algorithms against theirs.
The offline algorithm [17] selects an initial sample and queries the
other datapoints in ascending order of their distance to the positive
initial samples. The active algorithm [17] does the same but it also
considers positive samples retrieved after the initial queries. Our
density-adjusted algorithms query the remaining datapoints in the
order of their distance to the positive datapoints times their density.
In the experiments we do not have access to the function f, so we
approximate the density of a datapoint by calculating the inverse
of its distance to its k’th nearest neighbor, where k is a hyperpa-
rameter of the algorithm. It is not hard to see that this converges
to ¥/f(x) as the number of samples grows. Due to the space limit,
the modified algorithms are available in the appendix (3 and 4).
Since calculating the exact k nearest neighbors is computationally
expensive, we use locality-sensitive hashing for approximating the
k nearest neighbors.

The effect of hyperparameter k: The density-adjusted algo-
rithms come with a hyperparameter k. We compare different values
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of k € {10,20,50,100}. The results presented in Figure 7 in the
appendix show that the choice of k does not noticeably affect the
performance of our algorithms.

Validating the assumptions on the datasets: We conduct
some experiments to validate our assumptions on the datasets.
For validating assumption 2, we will calculate the percentage of
positive points around each positive point by considering its 100
nearest points. The results are presented in table 4. For validating
assumption 3, we will compare the density of each point with its
100 nearest points. The results are presented in table 3.

6.1 Experiment Setup

For each dataset, we use all the available data and their original
features for evaluating the results. Throughout the experiments,
we set the initial sample size to be a uniformly random sample
of % of the datapoints. We then run the experiments using each
class as the positive label and the rest of the classes as negative
labels (note that this turns the problem into a binary classification).
The only hyperparameter in our algorithm is k. In the course of
the experiments, we set k = 50, and for visualization, we set the
batch size to % of the size of the datasets. Subsequently, we plot
the percentage of positives retrieved against the number of batches.
For each experiment, we run it 5 times and average out the results.
The experiments were conducted on a machine equipped with
an Intel(R) Xeon(R) CPU running at 2.20 GHz. Running the exact
experiments on the full datasets requires huge computational power,
therefore we use locality-sensitive hashing as an approximation for
calculating the nearest neighbors.

Time Complexity Analysis. All parts of our algorithms are
linear (treating k as a constant), except for finding the nearest
neighbors where we use locality-sensitive hashing. Therefore our
algorithms have a time complexity of O(n + ) where [ is the time
complexity for finding the nearest neighbors of all the datapoints
with locality-sensitive hashing, which is practically linear and sub-
quadratic in theory.

6.2 Datasets

The experiments are tested on the following datasets.

UCI Letters, consisting of 20,000 datapoints with 16 numerical
features and 26 classes representing each letter. The dataset has been
obtained by generating letters using 20 fonts, which were randomly
distorted to generate 20,000 unique images. Sixteen features have
been extracted as a result of pixel count and correlations.
MNIST, consisting of 70,000 28x28 grayscale images of handwritten
digits and 10 classes each representing a digit. We use the pixel
intensities of the images as the features.

CIFAR10, consisting of 60,000 32 X 32 colorized images, and 10
classes representing an object in the image. Same as MNIST, we use
the pixel intensities of the images as the features.

Fashion MNIST, consisting of 70,000 28 x 28 grayscale images
each associated with a label from 10 classes. Same as MNIST, we
use the pixel intensities of the images as the features.
Mini-Imagenet, consisting of 60,000 84 X 84 colorized images, and
100 classes organized using the WordNet hierarchy. Same as MNIST,
we use the pixel intensities of the images as the features.
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Dataset Label | Offline | Active | DANA | DAA
0 90.47 92.98 91.74 93.40
1 92.64 92.77 | 87.85 92.74
MNIST 2 76.11 86.82 91.80 93.26
3 81.05 85.17 90.77 92.90
4 83.84 88.68 90.67 93.29
0 65.85 72.76 64.64 78.45
1 46.09 52.02 74.53 75.85
CIFAR10 2 66.26 68.29 58.98 70.06
3 50.12 53.36 62.82 66.75
4 70.48 71.53 61.43 72.10
A 91.86 96.23 93.30 96.38
B 86.84 94.99 85.00 95.97
UCI C 87.61 95.45 89.85 96.17
D 86.47 94.85 85.41 95.81
E 84.07 93.72 80.71 95.01
0 84.79 87.06 88.75 90.85
1 92.10 92.68 92.05 93.33
Fash. MNIST 2 82.96 84.64 86.58 90.12
3 88.06 89.25 90.58 91.93
4 82.81 85.38 86.37 89.76
0 57.02 64.32 72.33 76.42
1 68.67 71.05 | 58.48 67.74
Mini-Imagenet 2 60.83 65.53 | 65.60 71.03
3 75.44 81.22 60.22 81.28
4 74.52 84.50 81.71 87.99
C.C.Fraud 2013 | + 46.96 71.40 93.98 95.19
C. C. Fraud 2023 | + 47.22 85.49 94.74 94.84

Table 1: Area under the curve of each algorithm for 7 different
datasets. Each experiment is performed 5 times and averaged
across all runs. The highest values are bolded out.

Credit Card Fraud, consisting of transactions made by credit
cards by European card holders. It contains only numerical input
variables which are the result of a PCA transformation.

6.3 Evaluation Metrics

We plot the percentage of positives retrieved against the number
of batches to demonstrate the performance of each of the methods.
We calculate the area under the curve for each of the methods as
an evaluation metric (table 1). Note that as the domain of positive
datapoints is not well defined and the excess cost and the number of
positive datapoints add up to the total number of queried datapoints,
this is a reasonable evaluation metric. The percentage of datapoints
required for reaching 95% and 98% of the positive datapoints is also
calculated as an alternative evaluation metric. To get more accurate
results, each experiment is performed 5 times and averaged across
all runs. The results for the 95% and 98% metrics are briefly discussed
in the next subsection, however, due to the space limit, the detailed
results for 95% are deferred to the appendix (See Table 2) and the
detailed results for 98% are deferred to the full version.
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Figure 5: The percentage of positive samples retrieved after each batch on image datasets for each of the algorithms is plotted.
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Figure 6: The percentage of positive samples retrieved after
each batch on the Credit Card Fraud datasets for each of the
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6.4 Results

In each case, the result is either competitive or the density-adjusted
adaptive algorithm outperforms the other algorithms. The plots are

shown in Figures 5 and 6.

1. MNIST. The density-adjusted adaptive algorithm outperforms
the other algorithms on 4 out of 5 tasks on all three metrics. It

60

Credit Card Fraud 2023
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40

20

o

percentage of positives retrieved

—— Active

4. Fashion MNIST. The density-adjusted adaptive algorithm out-
performs the other algorithms on all of the tasks on all three metrics.
It outperforms 3 of them by a large margin.

5. Mini-Imagenet. The density-adjusted adaptive algorithm out-

Random

0 10 20 30

40

number of batches

outperforms 3 of them by a large margin.

2. CIFAR10. The density-adjusted adaptive algorithm outperforms
the other algorithms on 4 out of 5 tasks on all three metrics, out-

performing 2 of them by a large margin.

3. UCL. The active density algorithm outperforms the other algo-
rithms on all of the 5 tasks for the area under the curve metric, but

the results are closely competitive.

Offline

peive performs the other algorithms on 3 out of 5 tasks by a large margin
DAA on all three metrics. It performs competitively on 1 of the remaining
56 tasks and falls off on the last task.

6. Credit Card Fraud. The density-adjusted adaptive and non-
adaptive algorithms outperform the other algorithms on both
datasets by a large margin on all three metrics.

7 CONCLUSION

By considering the density function of the examples and adjusting
the distance function, we present two algorithms DANA and DAA
for active covering. Under some necessary conditions, we prove
that both our algorithms discover all of the positive labels with a
sublinear excess cost for constant-dimensional spaces. Moreover,
our experiments on the same set of datasets used by the previous
work show the superiority of our method.

We admit that our method avoids sudden changes in the density
function (By Assumption 3). It might be possible to avoid this as-
sumption by considering a distance function that takes the average
of the density function over a path between the two endpoints.
However, calculating this distance function may not be trivial in
practice. We leave this as an open problem for future work.
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ADDITIONAL EXPERIMENT DETAILS

Algorithm 3 Density-adjusted Non-Adaptive Algorithm (DANA)
without access to f

Input Dataset X, initial sample size m and density parameter k.

1:
2:

Let ry be the distance of x to its k’th nearest neighbor in X.
Let Xy be m examples sampled uniformly without replacement
from X.

: Label query Xy and let Xy o be the positive examples.
: Label query remaining examples in ascending order of

d(x’rﬂ until all positive examples are labeled.

Algorithm 4 Density-adjusted Adaptive Algorithm (DAA) without
access to f

Input Dataset X, initial sample size m and density parameter k.

1:
2:

Let rx be the distance of x to its k’th nearest neighbor in X.
Let Xo be m examples sampled uniformly without replacement
from X.

: Label query Xy and let Xy o be the positive examples.

4: Initialize X < X0 and X; < Xp

5

: while not all positive examples in X are labeled do

6: Label query x = arg min,ex\x, d(xr’—fp)

7 if x has a positive label then

8: Xp & Xp U {x}

9: end if

10: Xa — Xq U {x}

11: end while
Dataset 100% | 99.9% | 99.5% | 99% | 98% | 95%
MINST 0.16 | 0.28 0.38 0.47 | 0.57 | 0.67
CIFAR10 0.30 | 0.43 0.48 0.50 | 0.53 | 0.58
UCI 0.19 | 0.41 0.53 0.57 | 0.62 | 0.69
Fashion MNIST | 0.24 | 0.39 0.47 0.51 | 0.55 | 0.63
Mini-Imagenet | 0.27 | 0.42 0.47 0.50 | 0.53 | 0.58

Table 3: Verifying Assumption 3: The density ratio between
each point and its 100 nearest neighbors is computed. For each
threshold ¢t € 100%, 99.9%, 99.5%, 99%, 98%, 95%, the displayed
values represent the minimum ratio observed among at least
t percent of the computed ratios.
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Figure 7: The percentage of positive samples retrieved after each batch, using the DAA algorithm for the first three labels with
different values of k is plotted.

Dataset Label | Offline | Active | DANA | DAA
0 27.62 13.79 17.57 11.30
1 12.33 12.20 30.03 12.49
MNIST 2 63.51 32.05 17.42 11.50
3 56.46 38.13 20.39 12.88
4 44.50 27.55 22.35 11.74
0 87.38 79.33 88.56 71.03
1 93.08 91.18 69.29 65.87
CIFAR10 2 87.10 83.07 90.80 81.19
3 95.07 93.09 83.19 79.44
4 81.80 78.36 86.20 79.22
A 38.82 8.25 23.99 6.55
B 46.12 13.08 51.46 8.90
UCI C 48.49 16.13 38.01 8.54
D 51.06 14.22 51.29 9.35
E 54.52 20.21 63.48 17.32
0 53.03 40.56 26.18 20.20
1 16.75 15.01 17.18 11.34
Fashion 2 48.09 43.44 31.54 25.34
3 35.47 32.30 20.80 18.11
4 51.07 41.78 32.71 25.20
0 90.17 88.72 73.74 72.30
1 83.48 84.86 86.65 82.22
Mini-Imagenet 2 93.94 89.23 82.76 78.78
3 73.53 67.45 89.31 72.73
4 73.28 61.91 86.10 59.74
C.C.Fraud 2013 | + 99.56 87.84 26.05 20.63
C. C.Fraud 2023 | + 98.92 86.39 21.69 22.26

of the positives labels.

Table 2: The percentage of datapoints required, to obtain 95%
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Dataset # |1 100% | 99.9% | 99.5% | 99% | 98% | 95%
0 | 001 |o0.02 0.09 0.14 | 0.30 | 0.68
1 ]0.01 |o0.01 0.06 0.16 | 0.55 | 0.99
MNIST 2 1001 | 0.01 0.02 0.03 | 0.06 | 0.15
3 |0.01 | 0.01 0.03 0.05 | 0.09 | 0.21
4 1001 |0.01 0.02 0.05 | 0.13 | 0.28
0 | 001 | 0.01 0.02 0.02 | 0.03 | 0.05
1 ]0.01 |o0.01 0.01 0.01 | 0.01 | 0.01
CIFAR10 2 1001 |0.02 0.03 0.04 | 0.06 | 0.08
3 |0.01 | 0.01 0.01 0.02 | 0.02 | 0.03
4 1001 |0.01 0.02 0.03 | 0.04 | 0.06
A | 0.10 | 0.10 0.11 0.12 | 0.14 | 0.18
B | 010 | 0.10 0.12 0.14 | 0.16 | 0.18
UCI C | 003 |0.03 0.07 0.08 | 0.11 | 0.17
D | 0.07 | 0.07 0.10 0.13 | 0.15 | 0.19
E | 0.06 | 0.06 0.11 0.13 | 0.15 | 0.20
0 | 001 | 0.01 0.02 0.03 | 0.05 | 0.14
1 ]0.01 |o0.01 0.03 0.04 | 0.08 | 0.21
Fash. MNIST 2 1001 | 0.01 0.02 0.03 | 0.07 | 0.14
3 |0.01 | 0.01 0.02 0.03 | 0.06 | 0.16
4 1001 |0.01 0.03 0.05 | 0.09 | 0.15
0 | 001 | 0.01 0.01 0.01 | 0.01 | 0.01
1 ]0.01 |0.01 0.01 0.01 | 0.01 | 0.01
Mini-Imagenet | 2 | 0.01 | 0.01 0.01 0.01 | 0.01 | 0.01
3 |0.01 | 0.01 0.01 0.01 | 0.01 | 0.01
4 1001 |0.01 0.01 0.01 | 0.01 | 0.01

Table 4: Verifying Assumption 2: The percentage of pos-
itive points within the 100 nearest neighbors of each
positive point is computed. For each threshold ¢ €
{100%, 99.9%, 99.5%, 99%, 98%, 95%}, the depicted values repre-
sent the proportion of positive points found within at least ¢
percent of the positive points.
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B PROOF OF THEOREM 12

Proor. First, using a simple Markov inequality we show that
ALG’ has an excess query cost of at most O(Carg) + O(1) with
probability at least 1 — §, then we show that ALG” queries all of the
positive examples with probability at least 1 — 2.

Note that, when ALG queries the last positive example, its the
expected excess query cost is C41g. Hence by Markov inequality,
when ALG queries all of the positive examples its excess query cost
is at most CA5LG with probability at least 1 — 8. After that, ALG
only queries negative examples. Hence ALG’ stops after querying

at most CA5LG

of ALG’ is at most CA% + CA% + log(5—a) € O(Carg) + O(1) as
claimed.

Next, we show that ALG” queries all of the positive examples
with probability at least 1 — 28. In order to show this we show

that the probability of observing CA(SLG + log(%) consecutive

+log(%) extra queries. Hence the excess query cost

negative labels before the last positive example is at most 25. As we
CaLc

mentioned above the probability that we query more than
examples out of the domain of the positive examples is at most

8. Hence, with probability at least 1 — § log(%) out of CAéLG +

log( 5LC+) consecutive negative labels are queried from the domain

of positive examples. In the rest, we look at the queries that have

been made from the domain of positive examples and bound the

probability that log(5#-) consecutive queries from the domain of
+

positive examples are negative, then we apply a union bound over

all such subsequences to calculate the probability of failure.

Note that each query from the domain of positive examples
is positive with probability at least C,.. Hence the probability that
log( %) consecutive queries from the domain of positive examples
are negative is

(1—Cy)lo8(5E) = ¢~lo(3) = S
n
There are at most n such subsequences, and hence the probability
that we observe one such subsequence is at most &. O

C EMPIRICAL ESTIMATION OF Ay AND A, [17]

In this section, we conduct some experiments to estimate the param-
eters Ao and A; as defined by Jiang and Rostamizadeh [17] across
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different datasets. The parameter Ay represents the lower bound
of fi(x) and A; represents the upper bound of f_(x). For a given
k, we empirically estimate f(x) by dividing k by the volume of
the smallest ball containing the k nearest neighbors of x and mul-
tiplying this result by the volume of the smallest enclosing ball
divided by the total number of points in the dataset. Note that the
computed values are scaled by the volume of the smallest enclosing
ball. The results indicate that the parameters and their difference
are significantly large, showing that even scaling alone will not be
effective.

Dataset Label | log;y Ao | log;o A1
0 127 680
1 90 475
MNIST 2 105 693
3 110 693
4 92 690
0 996 2828
1 1025 2768
CIFAR 2 989 2672
3 886 2851
4 948 2712
0 3 14
1 5 15
UCI 2 4 15
3 5 15
4 4 14
0 126 746
1 80 713
Fashion 2 182 744
3 195 746
4 152 742
0 394 2341
1 411 2326
Mini-Imagenet | 2 445 2418
3 765 2375
4 638 2394

Table 5: Approximate values of log;,(4¢) and log;,(41) across
different datasets for k = 100.
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