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a b s t r a c t

The rank of a graph is defined to be the rank of its adjacency matrix. A graph is called
reduced if it has no isolated vertices and no two vertices with the same set of neighbors.
A reduced graph G is said to be maximal if any reduced graph containing G as a proper
induced subgraph has a higher rank. The main intent of this paper is to present some
results on maximal graphs. First, we introduce a characterization of maximal trees
(a reduced tree is a maximal tree if it is not a proper subtree of a reduced tree with
the same rank). Next, we give a near-complete characterization of maximal ‘generalized
friendship graphs.’ Finally, we present an enumeration of all maximal graphs with ranks
8 and 9. The ranks up to 7 were already done by Lepović (1990), Ellingham (1993), and
Lazić (2010).

© 2020 Elsevier B.V. All rights reserved.

1. Introduction

Let G be a simple graph with vertex set {v1, . . . , vn}. The adjacency matrix of G is an n×n matrix A(G) whose (i, j)-entry
s 1 if vi is adjacent to vj and 0 otherwise. The number of vertices of G is the order of G. The rank of G, denoted by rank(G),
s the rank of A(G). We say that G is reduced if it has no isolated vertex and no two vertices with the same set of neighbors.
In the literature, reduced graphs are also known as canonical graphs [9,10,12,13]. There are only finitely many reduced
raphs of rank r since the order of such graphs are at most 2r

− 1 [1,3]. A natural question is: what is the maximum
rder of a reduced graph with a given rank r . Kotlov and Lovász [8] answered this question asymptotically. They proved
hat the maximum order of such graph is O(2r/2). Later on, Akbari, Cameron, and Khosrovshahi [1] made the following
onjecture on the exact value of the maximum order.

onjecture 1. For every integer r ⩾ 2, the maximum order of any reduced graph of rank r is equal to

n(r) =

{
2 · 2r/2

− 2 if r is even,
5 · 2(r−3)/2

− 2 if r > 1 is odd.

Ghorbani, Mohammadian, and Tayfeh-Rezaie [6] showed that if Conjecture 1 is not true, then there would be a
ounterexample of rank at most 47. They also showed that the order of every reduced graph of rank r is at most 8n(r)+14.
aemers and Peeters [7] proved Conjecture 1 for graphs containing an induced matching of size r/2 or an induced
ubgraph consisting a matching of size (r − 3)/2 and a traingle. The maximum order of graphs with a fixed rank within
he families of trees, bipartite graphs and triangle-free graphs were determined [4,5].
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Fig. 1. A maximal tree which is not obtained by (i) or (ii).

In this paper, we consider maximal graphs with respect to rank. A reduced graph G is called maximal if it is not a proper
induced subgraph of a reduced graph with the same rank as G. In other words, G is maximal if for any reduced graph
H such that G is obtained by removing a vertex form H , one has rank(H) > rank(G). Note that the graphs attaining the
maximum order in Conjecture 1 would be necessarily maximal. Maximal graphs can also be considered within a specific
family of graphs. Let F be a given family of graphs. A reduced graph G ∈ F is called maximal within F if for any reduced
raph H ∈ F such that G is obtained by removing a vertex form H , we have rank(H) > rank(G). In the classification of
raphs with respect to the rank, maximal graphs are central objects, since any reduced graph of rank r is an induced
ubgraph of a maximal graph with rank r . This remains valid for maximal graphs within a specific family of graphs. In
he paper, we consider both maximal graphs in its general sense (in Sections 3 and 4 ) and maximal graphs within the
amily of trees (in Section 2).

In [4], a characterization of maximal trees (i.e. maximal graphs within the family of trees) is reported. In Section 2, we
how that the characterization of [4] is not exhaustive and we present a complete characterization of maximal trees. In
act, there is one more construction of such trees which is missing in [4]. Ellingham [3] presented some families of maximal
raphs and characterized maximal friendship graphs. In Section 3, we present a near-complete characterization of maximal
generalized friendship graphs.’ All maximal graphs of rank up to 7 were presented in [3] and independently in [9,10,12,13].
e continue this line of work by constructing all maximal graphs of rank 8 and 9. A report on this construction is given

n Section 4.

. Maximal trees

A vertex with degree one is called pendant. A vertex adjacent to a pendant vertex is said to be pre-pendant. A tree is
educed if it has no two pendant vertices with the same neighbor. A maximal tree is a tree which is maximal within the
amily of trees, i.e. it is not a proper subgraph of a reduced tree with the same rank.

In [4], a characterization of maximal trees was reported as follows: every maximal tree T of rank r ⩾ 4 is obtained
rom a maximal tree T ′ of rank r − 2 in one of the following two ways:

(i) attaching a vertex of a P2 to a vertex of T ′ of rank r − 2 which is neither pendant nor pre-pendant;
(ii) attaching a pendant vertex of a P3 to a pre-pendant vertex of T ′ with rank r − 2;

here Pn denotes the path graph of order n. We claim that the above characterization is not exhaustive. To see this,
onsider the tree T of Fig. 1. For any given real numbers α, β , the vector shown on the vertices of T forms a null vector
f A(T ). (Observe that the components of the given vector on the neighbors of every vertex sum up to 0.) In fact any null
ector of A(T ) has this form and thus by Lemma 4 (below), T is a maximal tree. Note that T cannot be obtained by (i).
owever, it can be obtained by attaching a pendant vertex of a P3 to a pre-pendant vertex of some tree T ′ which is not
aximal. This means that T cannot be constructed by (i) nor by (ii).
In this section, we show that there is one more construction which completes the characterization of maximal trees

iven in [4].
We denote the column space and the null space of a matrix M by Col(M) and Nul(M), respectively. A vertex v of a

raph G is called a null vertex if for every x ∈ Nul(A(G)), the corresponding component to v is zero. Note that a pre-pendant
ertex is always a null vertex. If S is a subset of vertices of G, we denote the graph obtained by removing the vertices of
from G by G − S. For simplicity, we use G − v for G − {v}. We denote the degree of a vertex v in a graph G by dG(v), or
y d(v).
The following lemma is well-known and easy to verify.

emma 2. Let G be a graph and u be a pendant vertex of G with the neighbor v. Then rank(G) = rank(G − {u, v}) + 2.

From Lemma 2 and induction, the following fact can be deduced.

emma 3. The rank of any tree is twice its matching number.

The following lemma gives a characterization of maximal trees in terms of null vertices.

emma 4 ([4]). A reduced tree T is maximal if and only if for every vertex v which is not pre-pendant, rank(T ) = rank(T −v);
r equivalently, v is a null vertex if and only if it is pre-pendant.
2
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Fig. 2. The situation of T in Case (iii).

Now, we present the main result of this section on the characterization of maximal trees.

Theorem 5. Every maximal tree T of rank r ⩾ 4 is obtained from a maximal tree T ′ of a smaller rank in one of the following
three ways:

(i) attaching a vertex of a P2 to a vertex of T ′ with rank r − 2 which is neither pendant nor pre-pendant;
(ii) attaching a pendant vertex of a P3 to a pre-pendant vertex of T ′ with rank r − 2;
(iii) attaching a pre-pendant vertex of a P5 to a pre-pendant vertex of T ′ with rank r − 4 for r ⩾ 8.

Proof. We first show that any tree resulting from (i)–(iii) is maximal. Let T ′ be a maximal tree and T is obtained by
attaching a vertex v1 of a P2 to a vertex u of T ′. Let v2 be the other vertex of P2. In view of Lemma 2, dimNul(A(T )) =

dimNul(A(T ′)). We see that any x′
∈ Nul(A(T ′)) can be extended to a x ∈ Nul(A(T )) by defining x(v1) = 0 and

x(v2) = −x′(u). It follows that, besides v1, all other null vertices and also pre-pendant vertices of T and of T ′ coincide. So
by Lemma 4, T is maximal.

Next, let T be obtained by (ii) from T ′. Suppose that v1, v2, v3 are the vertices of a P3, where v1 is attached to a pre-
pendant vertex u of T ′ and u′ is the pendant neighbor of u. From Lemma 2 it follows that rank(T ) = rank(T ′) + 2 which
means dimNul(A(T )) = dimNul(A(T ′)) + 1. Let {x′

1, . . . , x
′

s−1} be a basis for Nul(A(T ′)). We introduce a basis {x1, . . . , xs}
for Nul(A(T )) as follows. For 1 ⩽ i ⩽ s−1, we extend x′

i to xi ∈ Nul(A(T )) by defining xi(v1) = xi(v2) = xi(v3) = 0. Further,
et xs to be zero on V (T ′

− u′), xs(u′) = −xs(v1) = xs(v3) = 1 and xs(v2) = 0. In view of Lemma 4, it turns out that T is a
aximal tree. The argument for (iii) is similar to (ii).
Now, let T be a maximal tree of rank r ⩾ 4 which is not obtained by (i). We prove that T is obtained by (ii) or (iii).

ote that the only reduced tree of rank ⩾ 4 and diameter ⩽ 3 is P4 which is not maximal. So the diameter of T is at least
. Consider a longest path P in T and call its first five vertices from one end u, v, w, y, z, respectively. So u is a pendant
ertex and d(v) = 2. We claim that w is not a pre-pendant vertex. Otherwise, for any vector x ∈ Nul(A(T )), we have
(w) = 0. Also, since the sum of the components of x corresponding to the neighbors of v is zero, we have x(u) = 0
hich is impossible by Lemma 4. This proves the claim. Furthermore, if d(w) ⩾ 3, then by Lemmas 2 and 4, T − {u, v}

ould be a maximal tree of rank r−2 (since Nul(A(T−{u, v})) can be obtained by the restriction of the vectors of Nul(A(T ))
o T − {u, v}) which contradicts the assumption on T . Thus d(w) = 2. We show that T ′

= T − {u, v, w} is a reduced tree
f rank r − 2. Applying Lemmas 2 and 4, we find that rank(T ′) = rank(T − u) − 2 = r − 2. To prove that T ′ is reduced, it
uffices to show that y is a pre-pendant vertex in T . Let M be a maximum matching of T . If y is not covered by M , then
y ̸∈ M . It turns out that (M \ {vw})∪{uv, wy} is a matching of T with larger size than M which in turn implies that y is
overed by every maximum matching of T , and so by Lemma 3, rank(T − y) = r − 2. From Lemma 4, it follows that y is a
re-pendant vertex of T , as desired. Hence T ′ is reduced. If T ′ is a maximal tree, then T is obtained by (ii). Now, suppose
hat T ′ is not a maximal tree. Let p be the pendant neighbor of y. Recall that z is also a neighbor of y. We show that

(a) p is the only null vertex of T ′ which is not pre-pendant;
(b) z is a pre-pendant vertex of T ′;
(c) dT ′ (y) = 2;
(d) T ′′

= T ′
− {y, p} is a maximal tree of rank r − 4.

he claimed conditions are demonstrated in Fig. 2. From (a)–(d) it follows that T is obtained by (iii). So the proof will be
ompleted by verifying (a)–(d) as follows.

(a) As T ′ is not maximal, in view of Lemma 4, T ′ has at least one non-pre-pendant null vertex. Suppose that q ̸= p is a
null vertex of T ′ which is not pre-pendant. Let {x′

1, . . . , x
′

s−1} be a basis for the null space of A(T ′). We introduce a
basis {x1, . . . , xs} for the null space of A(T ) as follows. For 1 ⩽ i ⩽ s − 1, we let xi(a) = x′

i(a) for every a ∈ V (T ′) and
we set xi(u) = xi(v) = xi(w) = 0. Moreover, let xs be zero on V (T ′

− p), xs(u) = −xs(w) = xs(p) = 1, and xs(v) = 0.
All x1, . . . , xs are zero on q which means that q is a non-pre-pendant null vertex for T which is a contradiction by
Lemma 4. Therefore, p is a unique non-pre-pendant null vertex of T ′.

(b) We claim that all the neighbors of y, excluding p, are pre-pendant. To obtain a contradiction, let h be a non-pre-
pendant neighbor of y. Since p is the only non-pre-pendant null vertex of T ′, h is not a null vertex and thus there

′ ′′ ′
is a vector x ∈ Nul(A(T )) such that x(h) ̸= 0. Let T be the connected component of T − y containing h. We define

3
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Table 1
Maximal trees up to rank 8 and their recursive constructions by Theorem 5; the white vertices demonstrate
the paths P2 , P3 , and P5 .

the vector y on V (T ) such that y(a) = 2x(a) for a ∈ V (T ′′), y(p) = −x(h), and y(b) = x(b) for the remaining vertices
b of T ′. Clearly, y belongs to Nul(A(T ′)) with y(p) ̸= 0. So p is not a null vertex which is a contradiction. Therefore,
excluding p all the neighbors of y (including z) are pre-pendant.

(c) We establish this claim by a contradiction. Assume that dT ′ (y) = k ⩾ 3, and T ′

1, . . . , T
′

k are the components of T ′
− y.

If for at least two j’s, T ′

j contains a vertex in distance ⩾ 4 from y, then we have a path longer than P in T which is a
contradiction. So, for some j, any pendant vertex q of T ′

j have distance ℓ ⩽ 3 from y. If ℓ = 3, let Q = qq1q2y be the
path between q and y. The vertex q1 is pre-pendant and thus a null vertex. The vertex q2 is a neighbor of y and by
(b), it is pre-pendant and hence a null vertex. Now, since Q is a longest path between a vertex of T ′

j and y, we have
dT (q1) = 2. As the two neighbors of q are null, it follows that q is also null which is a contradiction. If ℓ = 2, then
we consider Q = qq1y. Since y is a pre-pendant vertex, y is a null vertex. Similarly, we have dT (q1) = 2. Thus q is a
null vertex which is a contradiction. It turns out that k = 2.

(d) Lemma 2 implies that rank(T ′′) = r−4. As y and p are null vertices of T ′, Nul(A(T ′′)) can be obtained by the restriction
of any vector of Nul(A(T ′)) to T ′′. From (a), it follows that every non-pre-pendant vertex of T ′′ is not a null vertex
and so by Lemma 4, T ′′ is a maximal tree.

he proof is now complete. □

For an illustration of how maximal trees with rank up to 8 can be constructed by Theorem 5, see Table 1.

. Maximal generalized friendship graphs

Ellingham [3] constructed three families of maximal graphs. One of these, was the family of friendship graphs F = F (n)
efined by

V (F ) = {a, b1, . . . , bn, c1, . . . , cn},
E(F ) = {abi, aci, bici | 1 ⩽ i ⩽ n}.

e extend this family to the generalized friendship graphs, denoted by F (k,m), which are the graphs obtained by adding
vertex to m disjoint copies of the complete graph Kk, and joining it to all the vertices of the copies of Kk. The resulting
raph has mk + 1 vertices. The special case F (2,m) is the friendship graph. Also F (1,m) is the star with m edges which
s not reduced and thus is not a maximal graph. Ellingham proved that:

heorem 6 ([3]). The graph F (2,m) is maximal if and only if m is a square-free integer.
Our goal in this section is to extend this result to the generalized friendship graphs. We start with the following useful

emma.

emma 7 ([2]). Let B be a symmetric matrix and

A =

⎛⎜⎝ B y

y⊤ b

⎞⎟⎠ .
4
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(i) If y ̸∈ Col(B), then rank(A) = rank(B) + 2.
(ii) If y ∈ Col(B) with Bx = y and b ̸= y⊤x, then rank(A) = rank(B) + 1.
(iii) If y ∈ Col(B) with Bx = y and b = y⊤x, then rank(A) = rank(B).

Theorem 8. Let k ⩾ 2 and m ⩾ 1. If mk or mk/2 is a square-free integer, then F (k,m) is a maximal graph.

Proof. We fix k ⩾ 2 and m ⩾ 1. Let A be the adjacency matrix of F (k,m). We write A as

A =

⎛⎜⎜⎜⎜⎝
0 1⊤

k 1⊤

k · · · 1⊤

k
1k Jk − Ik O · · · O
1k O Jk − Ik · · · O
...

...
. . .

...

1k O O · · · Jk − Ik

⎞⎟⎟⎟⎟⎠ ,

here Jk is the all 1’s k × k matrix and 1k is the all 1’s vector of length k. (We remove the subscript k in what follows as
t is clear from the context.) It is straightforward to see that A is invertible with

A−1
=

1
d

⎛⎜⎜⎜⎜⎜⎜⎝

−a2 a1⊤ a1⊤ a1⊤
· · · a1⊤

a1 bJ − dI −J −J · · · −J
a1 −J bJ − dI −J · · · −J
a1 −J −J bJ − dI · · · −J
...

...
...

. . .
...

a1 −J −J −J · · · bJ − dI

⎞⎟⎟⎟⎟⎟⎟⎠ ,

here a = k − 1, b = mk − 1, and d = mk(k − 1).
Let y ∈ Col(A) be a (0, 1)-vector with Ax = y and x⊤Ax = 0. We show that y = 0 or y is a column of A. This, in view

f Lemma 7, implies that F (k,m) is a maximal graph. Let us partition x and y as

x =

⎛⎜⎜⎝
x0
x1
...

xm

⎞⎟⎟⎠ and y =

⎛⎜⎜⎝
y0
y1
...

ym

⎞⎟⎟⎠ ,

here x1, . . . , xm, y1, . . . , ym are vectors of length k. Let γi be the number of 1’s in yi, that is γi = y⊤

i 1, and thus
⊤

i Jyj = γiγj. We have

0 = dx⊤Ax
= dy⊤A−1y

= −a2y20 + 2ay0
m∑
i=1

y⊤

i 1 +

m∑
i=1

y⊤

i (bJ − dI)yi − 2
∑

1⩽i<j⩽m

y⊤

i Jyj

= −(k − 1)2y20 + 2(k − 1)y0
m∑
i=1

γi +

m∑
i=1

(
(mk − 1)γ 2

i − mk(k − 1)γi
)
− 2

∑
1⩽i<j⩽m

γiγj.

herefore,

− (k − 1)2y20 +

m∑
i=1

(
mkγ 2

i − mk(k − 1)γi + 2(k − 1)y0γi
)
−

(
m∑
i=1

γi

)2

= 0. (1)

First, assume that y0 = 0. Let

ℓ =

m∑
i=1

γi.

Then from (1) it follows that

mk

(
m∑
i=1

γ 2
i − (k − 1)ℓ

)
− ℓ2 = 0. (2)

We claim that mk | ℓ. From (2), it is seen that mk | ℓ2. Now, if mk is square-free, then we must have mk | ℓ and we are
done. So let mk be even with mk/2 square-free. If 4 ∤ mk, then mk is square-free and again we are done. Hence we can
assume that 4 | mk. Thus 8 ∤ mk since mk/2 is square-free. Assume that mk = 4n . From (2), we have n | ℓ2, and since n
0 0 0

5
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Table 2
Some solutions to Eq. (4).
m a1 a2 a3
6 1 1 3
8 3 0 3
6t − 3 t − 2 t + 1 t − 1
(2t + 1)2 3t 0 4t2 + t

is square-free, n0 | ℓ. From (2), it is clear that ℓ is even. It turns out that
∑m

i=1 γ 2
i is also even. Hence the first term of (2)

is divisible by 8, and so 8 | ℓ2. This yields 4 | ℓ which in turn implies that mk = 4n0 | ℓ, and the claim follows. Note that
γi ⩽ k for i = 1, . . . ,m and thus ℓ ⩽ mk. Hence ℓ = 0 or ℓ = mk. If ℓ = 0, then y = 0. If ℓ = mk, then γ1 = · · · = γm = k,
and so y1 = · · · = ym = 1, which means that y is the first column of A.

Next, assume that y0 = 1. From (1) it follows that

mk

(
m∑
i=1

γ 2
i − (k − 1)ℓ

)
− (ℓ − (k − 1))2 = 0. (3)

It is clear that mk | (ℓ − (k − 1))2. If mk is square-free, then mk | ℓ − (k − 1). If mk is even with mk/2 square-free, then,
as in the previous case, we may suppose that mk = 4n0 for some odd integer n0. From (3), it is seen that ℓ − (k − 1) is
even. It follows that either both ℓ and k − 1 are even or both are odd. As the parity of

∑m
i=1 γ 2

i and ℓ are the same, we
see that

∑m
i=1 γ 2

i − (k − 1)ℓ is also even. Hence from (3) we have that 8 | (ℓ − (k − 1))2 and so 4 | ℓ − (k − 1). Therefore,
mk = 4n0 | ℓ − (k − 1). Since ℓ − (k − 1) < mk, it follows that ℓ = k − 1. Plugging in this into (3), we obtain

m∑
i=1

γ 2
i = (k − 1)2 =

(
m∑
i=1

γi

)2

.

This is only possible if exactly one of γi’s is k − 1 and the rest are zero. Consequently, exactly one of the yi’s is a column
of J − I , and the rest are 0. This means that y is the ith column of A for some 2 ⩽ i ⩽ mk + 1. □

Now, we consider the converse of Theorem 8 which holds for k = 2 by Theorem 6. We prove it for k = 3 in the
following theorem. The case k ⩾ 4 will be discussed afterwards.

Theorem 9. The graph F (3,m) is maximal if and only if 3m or 3m/2 is a square-free integer.

Proof. If 3m is square-free or m is even with 3m/2 square-free, by Theorem 8, F (3,m) is maximal. The remaining values
of m are those divisible by 3, by 8, or by a square of an odd integer. We show that for these values of m, F (3,m) is not
maximal. In view of Lemma 7, proving that F (3,m) is not maximal amounts to finding a (0, 1)-vector y ∈ Col(A) with
y⊤A−1y = 0 such that y is neither 0 nor a column of A. Since A is invertible, any y belongs to Col(A). To have y⊤A−1y = 0,
it suffices to find a solution for (1), equivalently for (2) if y0 = 0 or for (3) if y0 = 1. Note that the columns of A provide
solutions for (1) with y0 = 1 and exactly one of γ1, . . . , γm is equal to 2 and the rest to 0 or y0 = 0, and γ1 = · · · = γm = 3.
To complete the proof, we find non-zero solutions other than those coming from the columns of A.

For m = 3 and y0 = 1, γ1 = 3, γ2 = γ3 = 1 satisfies (3). In our solutions for other values of m, y0 = 0. So we consider
(2) with k = 3. Note that 0 ⩽ γi ⩽ 3. To simplify (2), let ar be the number of γi, 1 ⩽ i ⩽ m, which are equal to r for
r = 0, 1, 2, 3. Therefore, we may write (2) as

3m(a1 + 4a2 + 9a3) − 6m(a1 + 2a2 + 3a3) − (a1 + 2a2 + 3a3)2 = 0. (4)

We observe that

if (m, a1, a2, a3) is a solution to (4), then so is (mb, a1b, a2b, a3b) for any b ⩾ 1. (5)

If m > 3 is divisible by 3, then m = 6t for t ⩾ 1 or m = 6t −3 for t ⩾ 2. For m = 6, a solution to (4) is given in Table 2.
This together with (5) gives a solution for any m = 6t . For m = 6t − 3 with t ⩾ 2, a solution to (4) is given in Table 2. If
m = 8t , then a solution is obtained by the solution for m = 8 given in Table 2 and employing (5). If m is a multiple of a
square of odd integer (2t + 1)2, again a solution is obtained from Table 2 and (5). □

Finally, we show that if m is large enough in terms of k, then the converse of Theorem 8 holds, that is there are no
maximal graphs F (k,m) besides those given in Theorem 8.

Theorem 10. Let k ⩾ 2 and m ⩾ 1. If mk is divisible by a square of an odd integer or divisible by 8, and m ⩾ (5k2−19k+20)2
4k ,

then F (k,m) is not maximal.
6
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Proof. For k = 2, 3, the result follows from Theorems 6 and 9. So we assume that k ⩾ 4.
Similar to the proof of Theorem 9, our goal is to find solutions to (2) with y0 = 0. Note that columns of A provide the

trivial) solution γ1 = · · · = γm = k to (2). To complete the proof, we find non-zero solutions other than this trivial one.
By the assumption, we may write mk = cq2 for some positive integers c, q, where either q is odd, or q = 2 and c

s even. This in turn implies that whenever mk is even, then c is also even. If (γ1, . . . , γm) is a solution to (2), then mk
ivides ℓ2. So we will look for a solution with ℓ = cq. We observe that if (γ1, . . . , γm) satisfies

m∑
i=1

γi = cq,

m∑
i=1

γ 2
i = (k − 1)cq + c,

hen it is a solution for (2). We will show that there is a solution containing only 0’s, 1’s, 2’s, (k − 1)’s, and k’s, i.e.{
u + 2v + (k − 1)w + kt = cq,
u + 4v + (k − 1)2w + k2t = (k − 1)cq + c, (6)

here u, v, w, t are the multiplicities of 1’s, 2’s, (k − 1)’s, k’s, respectively. Solving (6) in w and t , yields

w :=
c(q − 1) − (k − 1)u − 2(k − 2)v

k − 1
, t :=

c + (k − 2)u + 2(k − 3)v
k

. (7)

It follows that (6) has an integer solution whenever

(k − 1) | c(q − 1) − (k − 1)u − 2(k − 2)v,

k | c + (k − 2)u + 2(k − 3)v,

that is{
2v ≡ −c(q − 1) (mod k − 1),
2u + 6v ≡ c (mod k). (8)

If k is even, then, as noted above, c is also even. Therefore, we have the following solution for (8):

v := −
c(q − 1)

2
(mod k − 1), u :=

c
2

− 3v (mod k/2).

For odd k, either q is odd, or q = 2 in which case c is even. Hence c(q− 1)/2 is an integer and c/2 exists mod k. Thus the
following gives a solution for (8):

v := −
c(q − 1)

2
(mod (k − 1)/2), u :=

c
2

− 3v (mod k).

rom (7), it follows that t is always positive. Further, we have either

0 ⩽ u ⩽ k/2 − 1, 0 ⩽ v ⩽ k − 2, or 0 ⩽ u ⩽ k − 1, 0 ⩽ v ⩽ (k − 3)/2. (9)

Hence (k − 1)u + 2(k − 2)v is at most (k/2 − 1)(5k − 9) for k ⩾ 4. It turns out that w ⩾ 0 since

c(q − 1) − (k − 1)u − 2(k − 2)v ⩾
(√

mk − 1
)

− (k/2 − 1)(5k − 9) ⩾ 0,

here the last inequality holds for m ⩾ (5k2−19k+20)2
4k . It remains to verify that u+ v + w + t < m: from the first equation

of (6),

w + t <
cq

k − 1
=

mk
q(k − 1)

⩽
mk

2(k − 1)
⩽

2m
3

,

and from (9),

u + v ⩽
3k − 5

2
<

m
3

.

onsequently, we obtain a solution of (2) different from the trivial one. □

We expect that the condition on m in Theorem 10 can be improved by considering solutions of (3). However, it cannot
e removed completely. As a matter of fact, in many cases, the assertion does not hold when m is small. By a computer
earch, we found all the solutions of (2) and (3) for k ⩽ 15,m ⩽ 100. As a result, we come up with several couples (m, k)
uch that mk is divisible by 8 or by a square of an odd integer but F (k,m) is maximal; see Table 3.
7
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Table 3
The list of k ⩽ 15,m ⩽ 100 such that mk is divisible by 8 or by a square
of an odd integer yet F (k,m) is maximal.
k m k m

4 2 10 4, 5, 8, 9
5 – 11 8, 9, 16, 18
6 3, 4 12 2, 3, 4, 6, 8, 9, 10
7 8, 9 13 8, 9, 16, 18
8 2, 3, 4, 5, 9 14 4, 8, 9, 12, 16, 18
9 2, 3, 5, 6, 7, 8 15 3, 5, 6, 8, 9, 10, 12, 16, 18

In the next theorem, under certain conditions, we prove the fact suggested by Table 3 for m ⩽ 12.

Theorem 11. If mk = 8q with k ⩾ 11, m ⩽ 12, and q a square-free odd integer, then F (k,m) is a maximal graph.

Proof. For k = 11, 12, the result follows from Table 3. So we may assume that k ⩾ 13. It suffices to show that Eqs. (2)
nd (3) have no non-trivial solutions. We keep using the notation of the proof of Theorem 8.
We first consider the solutions of (3). Let γ1, . . . , γm satisfy (3). Then mk | (ℓ − k + 1)2, and since mk = 8q with q odd

nd square-free, we have that mk/2 | ℓ − k + 1. Note that ℓ ⩽ mk, and ℓ = k − 1 only for the trivial solution of (3). It
ollows that ℓ = mk/2 + k − 1. Let ϵi = γi −

k
2 for i = 1, . . . ,m. Then we see that

m∑
i=1

ϵi = k − 1, (10)

m∑
i=1

ϵ2
i =

mk2

4
−

mk
4

− k + 1. (11)

ince 0 ⩽ γi ⩽ k, we have 0 ⩽ |ϵi| ⩽ k/2. With no loss of generality we can assume that there is an integer b such that

|ϵ1|, . . . , |ϵb| ⩽
k
2

− 1, |ϵb+1| = · · · = |ϵm| =
k
2
. (12)

rom (11), it follows that b(k − 1) ⩽ mk/4 + k − 1 which implies that b ⩽
⌊

mk
4(k−1)

⌋
+ 1. Thus, as k ⩾ 13, we have b ⩽ 3

for m ⩽ 11, and b ⩽ 4 for m = 12.
First, let b = 1, that is ϵ2 = · · · = ϵm = ±k/2. Hence, ϵ2 + · · · + ϵm = jk/2 for some integer j ≡ m − 1 (mod 2). It

turns out that (10) holds only if ϵ1 = −1 or k/2 − 1. If ϵ = −1, then j must be even which means that m must be odd.
Now from (11), we have 1 + (m − 1)k2/4 = mk2/4 − mk/4 − k + 1 which implies that k = m + 4. So k must be odd and
so is mk, a contradiction. If ϵ = k/2 − 1, then (11) cannot hold, again a contradiction.

Next, let b = 2. So, by (11),

ϵ2
1 + ϵ2

2 = k2/2 − mk/4 − k + 1. (13)

e claim that m must be even. Otherwise, k = 8q′ for some odd q′, and so the right side of (13) is an odd integer. It also
urns out that both ϵ1 and ϵ2 are integers: one odd and the other one even. So −2mq′

+ 1 ≡ ϵ2
1 + ϵ2

2 ≡ 1, 5 (mod 8).
his implies that m is even, as desired. It follows that ϵ3 + · · · + ϵm = jk for some integer j. From (10), then it follows
hat ϵ1 + ϵ2 = −1 or k− 1. As ϵ1 and ϵ2 are at most k/2− 1, the second option is not possible. So ϵ1 + ϵ2 = −1. Assume
hat ϵ1 ⩾ ϵ2. If ϵ1 ⩽ k/2 − 3, then ϵ2 ⩾ 2 − k/2, and thus ϵ2

1 + ϵ2
2 ⩽ k2/2 − 5k + 13. On the other hand, by (13) and since

⩽ 12, we have ϵ2
1 + ϵ2

2 ⩾ k2/2 − 4k + 1. So we must have −4k + 1 ⩽ −5k + 13 which does not hold for k ⩾ 13. It
ollows that ϵ1 = k/2 − 2 and ϵ2 = 1 − k/2, and so ϵ2

1 + ϵ2
2 = k2/2 − 3k + 5. From (13), we have −2k + 5 = −mk/4 + 1

hich implies that k = q + 2, that is k is odd. So 8 | m and thus m = 8 which leads to a contradiction.
Now, let b = 3, so m ⩾ 8. By (11),

ϵ2
1 + ϵ2

2 + ϵ2
3 = 3k2/4 − mk/4 − k + 1. (14)

rom (10) and (12), we see that ϵ1 + ϵ2 + ϵ3 = jk/2 − 1 for some j ∈ {0, ±1, ±2}. If |ϵ1| = |ϵ2| = |ϵ3| = k/2 − 1, then
2
1 + ϵ2

2 + ϵ2
3 = 3k2/4− 3k+ 3. So −2k+ 3 = −mk/4+ 1 ⩽ −2k+ 1, a contradiction. It turns out that at least two of the

ϵ1|, |ϵ2|, |ϵ3| are less than k/2 − 1. So

ϵ2
1 + ϵ2

2 + ϵ2
3 ⩽ (k/2 − 1)2 + 2(k/2 − 2)2 = 3k2/4 − 5k + 9.

s m ⩽ 12, the right hand side of (14) is at least 3k2/2 − 4k + 1. It follows that −5k + 9 ⩾ −4k + 1 which holds only for
⩽ 8.
8



H. Esmailian, E. Ghorbani, S. Hossein Ghorbani et al. Discrete Mathematics 344 (2021) 112191

I

s
γ

L

m
t

o
o
c
o
3
r
T
r
r

Finally, let b = 4. This is only possible for m = 12. By (11),

ϵ2
1 + ϵ2

2 + ϵ2
3 + ϵ2

4 = k2 − 4k + 1.

From (10), we see that ϵ1 + ϵ2 + ϵ3 + ϵ4 = jk/2 − 1 for some integer j. It turns out that not all of the |ϵ1|, |ϵ2|, |ϵ3|, |ϵ4|

can be k/2 − 1. So

ϵ2
1 + ϵ2

2 + ϵ2
3 + ϵ2

4 ⩽ 3(k/2 − 1)2 + (k/2 − 2)2 = k2 − 5k + 7.

t follows that −5k + 7 ⩾ −4k + 1, which holds only for k ⩽ 6.
Now, we deal with the solutions of (2). Let γ1, . . . , γm satisfy (2). Then mk | ℓ2, and since mk = 8q with q odd and

quare-free, we have that mk/2 | ℓ. Note that ℓ = 0 and ℓ = mk only hold for the trivial solution γ1 = · · · = γm = 0 and
1 = · · · = γm = k, respectively. Therefore, ℓ = mk/2. Let ϵi = γi −

k
2 for i = 1, . . . ,m. Then

m∑
i=1

ϵi = 0, (15)

m∑
i=1

ϵ2
i =

mk2

4
−

mk
4

. (16)

et ϵ1, . . . , ϵb be as in (12). From (16), it follows that b(k − 1) ⩽ mk/4 which implies that b ⩽
⌊

mk
4(k−1)

⌋
. Thus, we have

b ⩽ 2 for m ⩽ 11 and b ⩽ 3 for m = 12.
With b = 1, (15) can be satisfied only if ϵ1 = ϵ2 + · · · + ϵm = 0. In this case, (16) can be satisfied only if m = k which

is not possible since m ⩽ 12 < k. Next, let b = 2. So m ⩾ 8. We have ϵ1 + ϵ2 = 0 or ±k/2 and ϵ2
1 + ϵ2

2 = k2/2 − mk/4.
First, assume that ϵ1 + ϵ2 = 0. If |ϵ1| = k/2 − 1, then we have k2/2 − 2k + 2 = ϵ2

1 + ϵ2
2 = k2/2 − mk/4 ⩽ k2/2 − 2k,

which is a contradiction. Hence |ϵ1| ⩽ k/2 − 2, and so k2/2 − 4k + 8 ⩾ ϵ2
1 + ϵ2

2 = k2/2 − mk/4 ⩾ k2/2 − 3k, which holds
only for k ⩽ 8. Second, with no loss of generality, we can assume that ϵ1 + ϵ2 = k/2. In view of (12), both ϵ1 and ϵ2 must
be positive. So ϵ2

1 + ϵ2
2 < k2/4. This implies k2/2 − mk/4 < k2/4, that is m > k which is impossible. Finally, let b = 3. So

= 12 and ϵ2
1 + ϵ2

2 + ϵ2
3 = 3k2/4 − 3k. By (12), ϵ1 + ϵ2 + ϵ3 = jk/2 for some j ∈ {0, ±1, ±2}. It turns out that not all of

he |ϵ1|, |ϵ2|, |ϵ3| can be k/2 − 1. So

3k2/4 − 3k = ϵ2
1 + ϵ2

2 + ϵ2
3 ⩽ 2(k/2 − 1)2 + (k/2 − 2)2 = 3k2/4 − 4k + 6,

which can be satisfied only for k ⩽ 6. The proof is now complete. □

We close this section by a summary of our results on the maximality of F (k,m): for integers k ⩾ 2 and m ⩾ 1,

(i) F (k,m) is maximal if mk or mk/2 is square-free;
(ii) the converse of (i) holds for k = 2, 3 or m ⩾ (5k2−19k+20)2

4k ;
(iii) F (k,m) is maximal if mk = 8q with k ⩾ 11, m ⩽ 12, and q a square-free odd integer.

These provide a near-complete characterization of maximal F (k,m). We leave the complete characterization as an open
problem.

4. Maximal graphs with small rank

In this section we present some statistics of maximal graphs with small rank. We start by Table 4 in which all the
maximal graphs with rank at most 5 are depicted.

The maximal graphs up to rank 7 were enumerated in [3] and independently in the series of the papers [9,10,12,13].
More information on maximal graphs up to rank 7 was given in [9] from which we quote Tables 5 and 6 containing the
distribution of maximal graphs with ranks 6 and 7 based on their orders.

We continue this line of work for the ranks 8 and 9. This is done by a Magma program implementing an algorithm for
constructing all maximal graphs with a given rank from [1,3]. For a given integer r , the input of the algorithm is the set
f reduced graphs with both order and rank equal to r and the output of the algorithm is the set of all maximal graphs
f rank r . The input of the algorithm was generated by using Mckay database of small graphs [11]. Consequently, we
onstruct all maximal graphs with rank 8 and 9. We found that there are exactly 2807 maximal graphs with rank 8. Their
rders run over from 8 to 30. Also, there are exactly 122511 maximal graphs with rank 9. Their orders run over from 9 to
8 with exceptions of 33, 35, 36. In Table 7, for the sake of completion, a summary of the number of maximal graphs of
ank up to 9 is given. Moreover, the distributions of maximal graphs with rank 8 and 9 based on their orders are given in
ables 8 and 9. More detailed information based on the orders and sizes (the number of edges) of maximal graphs with
ank 8 can be found in the arXiv version of the paper. The Magma program and the data sets of maximal graphs with
anks 6, 7, 8, 9 are available online at https://wp.kntu.ac.ir/ghorbani/comput.
9
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Table 4
Maximal graphs with rank up to 5.

Table 5
The distribution of maximal graphs with rank 6.
Order 6 7 8 9 10 11 12 13 14

# Maximal graphs 5 0 2 5 2 2 6 2 3

Table 6
The distribution of maximal graphs with rank 7.
Order 7 8 9 10 11 12 13 14 15 16 17 18

# Maximal graphs 13 4 18 2 32 13 63 11 19 5 0 3

Table 7
The number of maximal graphs with rank up to 9.
Rank 2 3 4 5 6 7 8 9

# Maximal graphs 1 1 3 8 27 183 2807 122511

Table 8
The distribution of maximal graphs with rank 8.
Order 8 9 10 11 12 13 14 15 16 17 18

# Maximal graphs 38 52 80 78 117 98 90 254 137 81 115
Order 19 20 21 22 23 24 25 26 27 28 29 30

# Maximal graphs 243 884 252 134 69 57 7 7 5 3 2 4

Table 9
The distribution of maximal graphs with rank 9.
Order 9 10 11 12 13 14 15 16 17

# Maximal graphs 192 472 1014 786 1402 1562 2198 1963 3509
Order 18 19 20 21 22 23 24 25 26

# Maximal graphs 2824 3660 17229 51315 20069 8663 2941 1622 528
Order 27 28 29 30 31 32 33 34 35 36 37 38

# Maximal graphs 266 136 39 42 42 24 0 7 0 0 2 4

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have
ppeared to influence the work reported in this paper.
10



H. Esmailian, E. Ghorbani, S. Hossein Ghorbani et al. Discrete Mathematics 344 (2021) 112191

w
(

R

Acknowledgments

The research of the second author was partly funded by the Iranian National Science Foundation (INSF). The authors
ould like to thank Max Alekseyev as the proof of Theorem 10 is essentially his argument posted on MathOverflow
mathoverflow.net/questions/346085) and also thank anonymous referees for constructive comments.

eferences

[1] S. Akbari, P.J. Cameron, G.B. Khosrovshahi, Ranks and signatures of adjacency matrices, manuscript, 2004, available onlie at http://www.maths.
qmu.ac.uk/lsoicher/designtheory.org/library/preprints/ranks.pdf.

[2] J.H. Bevis, K.K. Blount, G.J. Davis, G.S. Domke, V.A. Miller, The rank of a graph after vertex addition, Linear Algebra Appl. 265 (1997) 55–69.
[3] M.N. Ellingham, Basic subgraphs and graph spectra, Australas. J. Combin. 8 (1993) 247–265.
[4] E. Ghorbani, A. Mohammadian, B. Tayfeh-Rezaie, Maximum order of trees and bipartite graphs with a given rank, Discrete Math. 312 (2012)

3498–3501.
[5] E. Ghorbani, A. Mohammadian, B. Tayfeh-Rezaie, Maximum order of triangle-free graphs with a given rank, J. Graph Theory 79 (2015) 145–158.
[6] E. Ghorbani, A. Mohammadian, B. Tayfeh-Rezaie, On order and rank of graphs, Combinatorica 35 (2015) 655–668.
[7] W.H. Haemers, M.J.P. Peeters, The maximum order of adjacency matrices with a given rank, Des. Codes Cryptogr. 65 (2012) 223–232.
[8] A. Kotlov, L. Lovász, The rank and size of graphs, J. Graph Theory 23 (1996) 185–189.
[9] M. Lazić, Maximal canonical graphs with seven nonzero eigenvalues, Publ. Inst. Math. (Beograd) (N.S.) 88 (2010) 77–86.

[10] M. Lepović, Maximal canonical graphs with 6 nonzero eigenvalues, Glas. Mat. Ser. III 25 (45) (1990) 21–24.
[11] B.D. McKay, Combinatorial Data, http://users.cecs.anu.edu.au/bdm/data/.
[12] A. Torgas̆ev, On infinite graphs with three and four nonzero eigenvalues, Bull. Acad. Serbe Sci. Arts Cl. Sci. Math. Nat. 11 (1981) 39–48.
[13] A. Torgas̆ev, On infinite graphs with five nonzero eigenvalues, Bull. Acad. Serbe Sci. Arts Cl. Sci. Math. Nat. 12 (1982) 31–38.
11

https://mathoverflow.net/questions/346085/integral-zeros-of-a-multivariate-polynomial
http://www.maths.qmu.ac.uk/lsoicher/designtheory.org/library/preprints/ranks.pdf
http://www.maths.qmu.ac.uk/lsoicher/designtheory.org/library/preprints/ranks.pdf
http://www.maths.qmu.ac.uk/lsoicher/designtheory.org/library/preprints/ranks.pdf
http://refhub.elsevier.com/S0012-365X(20)30377-0/sb2
http://refhub.elsevier.com/S0012-365X(20)30377-0/sb3
http://refhub.elsevier.com/S0012-365X(20)30377-0/sb4
http://refhub.elsevier.com/S0012-365X(20)30377-0/sb4
http://refhub.elsevier.com/S0012-365X(20)30377-0/sb4
http://refhub.elsevier.com/S0012-365X(20)30377-0/sb5
http://refhub.elsevier.com/S0012-365X(20)30377-0/sb6
http://refhub.elsevier.com/S0012-365X(20)30377-0/sb7
http://refhub.elsevier.com/S0012-365X(20)30377-0/sb8
http://refhub.elsevier.com/S0012-365X(20)30377-0/sb9
http://refhub.elsevier.com/S0012-365X(20)30377-0/sb10
http://users.cecs.anu.edu.au/bdm/data/
http://refhub.elsevier.com/S0012-365X(20)30377-0/sb12
http://refhub.elsevier.com/S0012-365X(20)30377-0/sb13

	Maximal graphs with respect to rank
	Introduction
	Maximal trees
	Maximal generalized friendship graphs
	Maximal graphs with small rank
	Declaration of competing interest
	Acknowledgments
	References


