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Employing proper interconnection networks is essential for enhancing the overall per-
formance of multiprocessor systems. Efficient size scalability is a critical consideration
when designing interconnection networks for cost-effective implementation and manage-
ment of communication overhead. Size scalability indicates how well systems can scale
capacity when expanding to permitted larger configurations based on the network topol-
ogy constraints. In this paper, we first explore establishing a formulation for evaluating
cost-performance scalability. Then, a comparison among hypercube, as a prominent and
widely used interconnection network topology, and its famous varieties is conducted given
their scalability. We then propose a novel variation of the hypercube, named Overlapped
Cube (or OCube, for short) on m,n, k ∈ N such that m ≥ n > k and denoted by OQm,n,k

and examine its topological properties. Comparing the scalability of some traditional net-
works and known variants of hypercubes demonstrates that OCube has the potential to
be an effective interconnection network with desirable scaling behavior.

Keywords: Interconnection networks; Network scalability; Hypercubes; Overlapped cubes.

AMS Subject Classification: 68M10, 68R10

1. Introduction

The performance of a multiprocessor system is mainly affected by its underlying
interconnection network, which is responsible for inter-node data communication. ⊗

∗Corresponding author.
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The topology of a multiprocessor system (and thus its interconnection network) is
defined by a graph where vertices show nodes and edges indicate the inter-node
channels or links. As the total cost of a machine is important, constructing sparse
graphs with small diameters is a key focus in the study of interconnection networks.
However, a small diameter implies that the maximum number of nodes required for
a message to pass between any two nodes in the network is low. This implements
low-latency inter-node communication, which is desirable for efficient data exchange,
and hence, results in higher overall system performance. Consequently, this makes
it easier to scale the network to a larger number of nodes while keeping the com-
munication overheads manageable. One element of manageability is the ability to
efficiently scale system size, called size scalability 23.

A multitude of network architectures have been investigated for application in
parallel computers 22,36,13,21. The network configurations most typically employed
in practical applications include trees, cycles, grids, tori, meshes, and hypercubes 30.
Of the various topologies, hypercube-based networks have received substantial re-
search interest. Hypercubes (also called n-cubes or binary n-cubes) are popular
interconnection networks used in parallel computer architectures. An n-dimensional
hypercube is comprised of N = 2n nodes placed at the corners of an n-dimensional⊗
cube 11. In exact words, the nodes of a hypercube network are labeled from 0 to
N − 1; two nodes are connected if and only if the binary representations of their
labels differ by one bit, which means their Hamming distance is 1. Consequently,
the degree of each node of an n-dimensional hypercube and its diameter is n. Harary
et al. 10 reported a comprehensive survey of the fundamental properties associated
with hypercubes including distance, coloring, domination, and Hamiltonian cycles.
Furthermore, different properties of hypercubes have been extensively studied in the
literature, as evidenced by a number of publications, including 29,6,3,5,24,19.

While hypercube architectures exhibit numerous beneficial topological, algorith-
mic, and fault-tolerance properties, they present some restrictions in practice. Sev-
eral hypercube variants have been proposed in the literature to address the limita-
tions of the original hypercube structure based on different approaches 27,1,10,24,7,35.
A significant drawback of hypercube topology is that the network size (number of
nodes) must be a power of two which is a severe restriction on the feasible network
sizes that can be constructed using hypercubes. Stated differently, hypercube net-
works cannot be constructed for any arbitrary number of nodes. Consequently, the
conventional feature of hypercube disregards size scalability. To address this restric-
tion, Katseff et al. 16 proposed the incomplete hypercubes which may be obtained by
pruning unnecessary nodes of a hypercube. While the structure inherits many nice
features of the hypercube structure, fault tolerance of the network is a significant
limitation of incomplete hypercubes. This limitation is particularly severe in incom-
plete hypercube networks where even a single node failure can cause the network
to become disconnected. Sen et al. 31 attempted to address the fault tolerance issue
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by introducing a new network topology, called Supercube which enjoys the same
structure of incomplete hypercube enriched by some extra links. This modification
results in improved fault tolerance at the expense of losing the property of being
embeddable in a bigger hypercube structure. Topological properties of supercubes
are studied in 37,33,34.

Structurally, different hypercube variants can be classified into two categories.
The first category includes those that can be regarded as edge-induced subgraphs
of a hypercube, such as incomplete hypercubes 16 and the connected cubic network
graphs 30. The second category comprises variants of network topologies that are
based on the hypercube, such as the supercube 31,34, the necklace-hypercube 26, the
Stretched-Hypercube 32, the Linear Crossed Cube 17, the Crossed Cube 4,7,20, the
Hierarchical cubic networks 9,14,15, the twisted cube 38, the Folded Hypercube and
the k-ary n-cube 8,2,12. ⊗

When designing interconnection networks, hardware scalability is critical for the ⊗
cost-effective implementation and operation management of a multicomputer sys-
tem. It indicates how gracefully the system scales to the next available and possible
size according to the definition of its network topology. Consequently, the primary
concern in designing interconnection networks is to evaluate size scalability which
has been discussed, descriptively. Note that performance scalability has been formu-
lated 23,28, but size scalability is not investigated quantitatively. This paper proposes
a new quantitative approach to model size scalability for interconnection networks
and then studies the size scalability of hypercube and its famous variants. Finally,
we introduce a new hypercube-based interconnection network topology by merging
two hypercubes with dimensions m and n with respect to a hypercube of dimension
k, where m ≥ n > k, called Overlapped hypercube. This variant is an induced edge
subgraph of the hypercube and possesses good size scalability while maintaining
other desirable hypercubic properties.

The rest of the paper is organized as follows. Section 2 gives some definitions and
propositions. In Section 3, we investigate the scalability of interconnection networks
and derive a hybrid cost-performance scalability measure. Section 4 introduces a
novel scalable hypercube-based interconnection network topology, named overlapped
cube, and examines its topological properties. Finally, Section 5 concludes the paper.

2. Preliminaries

In this section, we briefly give some definitions, notations, and propositions which
will be used later. From now on, we write X(Y ) for the property X of the object Y ,
and we may omit Y if the object is known from context. Let N0 = N ∪ {0}.

We begin with some familiar notions of graph theory.

Definition 2.1. A network (or graph) G is a tuple (V,E) where V is a non-empty set
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of vertices and E is a set of two-element subsets of V or edges.

So, if edge e ∈ E then there are some distinct x, y ∈ V such that e = {x, y}.
Sometimes, we may write e = xy.⊗

Definition 2.2. Basic characteristics: Let G = (V,E) represent a network.

• Each element of V is called a node (or a vertex), and each element of E is
called a link or channel (or an edge). The number of nodes is called size of
the network. We usually denote it by N .

• With V = {v1, . . . , vN}, the adjacency matrix of G is a zero-one square
matrix of order N whose (i, j) entry is 1 if vivj ∈ E and 0 otherwise. Note
that the adjacency matrix is not unique, as it strictly depends on the chosen⊗
ordering (or label) of nodes.

• For a node x, a node y is called its neighbor if {x, y} ∈ E; i.e., there is a link
in G between x and y. The number of all neighbors of x is called the node
degree of x. The maximum node degree in the network is called network
degree, denoted by M .

• For two nodes x and y of G, a path between x and y is a sequence x1x2 . . . xk
of nodes where x1 = x, xk = y, and xi+1 is a neighbor of xi for each 1 ≤ i < k.
The length of such a path is defined to be k−1; i.e., it is the number of links
that one passes from x to y along the path.

• For two nodes x and y of G, the length of the shortest path connecting x

and y is called the distance of x and y, denoted by d(x, y). For the network
itself, the length of the longest shortest path is called diameter, denoted by
D, and the average distance is defined to be

d̄ =

∑
x,y∈V d(x, y)

N(N − 1)
. (2.1)

• Two nodes x and y are called connected if there is a path between them.
• G is said to be connected if each two nodes of G are connected. It is called

disconnected if it is not connected.
• A network H is called a subgraph of G if V (H) ⊆ V (G) and E(H) ⊆ E(G).

H is called an induced subgraph of G if E(H) = {e ∈ E(G) | e ⊆ V (H)};
i.e., all nodes of H that are neighbors in G are also neighbors in H.

• For a natural number f , G is said to be f -fault-tolerant if after removing
any arbitrary f nodes, the remaining induced subgraph is still connected;
i.e., it is guaranteed the network remains connected even if f nodes of the
network become faulty 18.

Many types of interconnection network topologies have been introduced and
studied. Here we present some well-known topologies.
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Definition 2.3. Popular networks: Well-known networks of size N ∈ N and node set
V = {0, . . . , N − 1} include:

• Path (or array) is the network PN = (V,E), where E =
{
{i − 1, i} | 1 ≤

i < N
}

; i.e., line the nodes up in a row and link each node to its next and
previous neighbors (except for the nodes at the two ends).

• Star is the network SN = (V,E) where E =
{
{i, 0} | 1 ≤ i < N

}
; i.e., choose

a node and link all others only to it.
• Complete graph is the network KN = (V,E) where E =

{
{i, j} | 1 ≤ i <

j < N
}

; i.e., link each nodes to all other nodes.
• Hypercube, which can be defined only when N = 2n for a non-negative in-

teger n, is the network Qn = (V,E) where E consists of all pairs {x, y},
x, y ∈ V , where the binary representations of x and y as sequences of length
n are the same except exactly in one place. One may imagine Qn as two iden-
tical copies of Qn−1, with extra links between “same” nodes in two copies
— namely, between those nodes that have the same binary representation
except for their leftmost bit. For an arbitrary node x, we denote the corre-
sponding node in the other copy with x′ and call it the project of x.

• Incomplete hypercube is the network IHN = (V,E) as the induced subgraph
of Qn where n = ⌈log2N⌉ 16.

• Supercube, SCN , is an extension of incomplete hypercube IHN where n =

⌈log2N⌉, with all links of the form {r, s} for r < 2n−1 ≤ s and r′ ≥ n and
{r′, s} in corresponding Qn

34.

Proposition 2.1. Let G be a network, u ≥ 3 be a natural number, and v ∈ N0.

(1) For G = Qv, we have N = 2v, D = v, and M = v.
(2) For G = IHu, we have N = u, D = v, and M = v where v = ⌈log2 u⌉.
(3) For G = SCu, we have N = u, v − 1 ≤ D ≤ v, and v − 1 ≤ M ≤ 2(v − 1) where

v = ⌈log2 u⌉.

Proof.

(1) For each node, we have a binary sequence of length v bits. Each neighbor has the
same sequence with exactly one different bit; so each node is exactly connected
to v other nodes and hence M = v. For x, y ∈ V , there may be v different bits
to change at most; so D ≤ v, and to convert each string to its ‘negate’, we need
v changes; so D = v. Note that, doing these change operations from left bits
toward right bits, one finds that for x > y, there is a path connecting x to y of
length d(x, y) in which all contributing nodes are less than x.

(2) Since 2v−1 ≤ u < 2v, we have {20, 21, . . . , 2v−1} ⊆ V (IHu), and each of these
nodes has a link to 0; so M ≥ v. On the other hand, IHu is induced subgraph
of Qv; so M ≤ v.
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To calculate D, let x, y ∈ V (IHu). If x, y < 2v−1, then by (i) it is known that
d(x, y) ≤ v − 1. If x, y ≥ 2v−1, then the same argument works for connecting
x′, y′ < 2v−1, and projecting the path gives a path of length at most v − 1

between x, y. If x < 2v−1 ≤ y then d(x, y) ≤ d(x, x′) + d(x′, y) ≤ 1 + v − 1 = v.
Finally, u connects to its negate (namely 2v − 1− u) via a path of length v.

(3) Let V1 be the set of those nodes in SCu that has 1 as the leftmost bit, and take
an arbitrary node r in V .

If r ∈ V1, then for each s that {r, s} is a link in Qv, either s < u so {r, s} is
a link in SCu, or s ≥ u so {r, s′} is a link in SCu; hence r is linked to v other
nodes.

For r ̸∈ V1, then r < 2v−1 and it has v− 1 links to the nodes that are out of
V1. There are again two cases:

• If r′ ∈ V1, then {r, s} is a link in SCu if and only if s = r′; so r is linked to
v − 1 + 1 = v other nodes.

• If r′ ̸∈ V1, then all nodes s ∈ V1 with {r′, s} is a link in Qv would be linked
to r in SCu; so 0 (when no node in V1 is linked to r′ in Qv: consider 011 in
SC5) to v − 1 (when v − 1 nodes in V1 are linked to r′ in Qv: consider 011
in SC7) nodes of V1 are linked to r.

Therefore, v − 1 ≤ M ≤ 2(v − 1).
The diameter is v when u = 2v, and is v − 1 when u < 2v 31 .

We end up this section with some elementary concepts from mathematical anal-
ysis 25.

Definition 2.4. Let S be a non-empty subset of R.

• A u ∈ R is called an upper bound of S if s ≤ u for all s ∈ S. If S has an upper⊗
bound, then the least upper bound of S is called the supremum of S and is⊗

⊗ denoted by supS. That is, α = supS if and only if α is an upper bound for S
⊗ and no α′ < α has such property.

• An l ∈ R is called a lower bound of S if l ≤ s for all s ∈ S. If S has a lower⊗
bound, then the greatest lower bound of S is called the infimum of S and is⊗

⊗ denoted by inf S. That is, β = inf S if and only if β is a lower bound for S and
⊗ no β′ > β has such property.

• S is said to be bounded if has both lower bound and upper bound.⊗
⊗

Note that, existence of the least upper bound and greatest lower bound is an⊗
⊗ important property of the real line, sometimes called completeness of R.

Definition 2.5. Consider a bounded sequence a1, a2, . . ..

• Define a
(u)
n = sup{an, an+1, . . .} for each n ∈ N. The number inf{a(u)1 , a

(u)
2 , . . .}
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is called upper limit (or limit supremum) of the sequence, denoted by limn→∞an
(or lim supn→∞ an).

• Define a
(l)
n = inf{an, an+1, . . .} for each n ∈ N. The number sup{a(l)1 , a

(l)
2 , . . .} is

called lower limit (or limit infimum) of the sequence, denoted by limn→∞an (or
lim infn→∞ an).

Note that, since every bounded monotone sequence converges to a real number
(its supremum or infimum for ascending or descending sequence respectively), upper
and lower limits exist for a bounded sequence, even if sequence does not converge
itself. Trivially, lower limit lies below upper limit, and for a convergent sequence,
both lower and upper limits are equal to the limit of sequence. Moreover, both limits
preserve order, and we have the following version of the well-known ‘Sandwich’ ⊗
theorem.

Proposition 2.2. Consider sequences a, b, and c, where a and c are convergent and
an ≤ bn ≤ cn for all n ∈ N. Then

lim
n→∞

an ≤ lim
n→∞

bn ≤ lim
n→∞

bn ≤ lim
n→∞

cn. (2.2)

3. Cost-efficient Scalability

Usually, one must choose networks from a pre-determined ‘family,’ and so the ability
of networks to scale gracefully in response to demands for more nodes is a crucial
issue. Scalability of a network family refers to its ability to accommodate additional
nodes in order to maintain both cost and performance in a consistent way, as adding
even one single node may lead to the selection of a ‘big’ new network with many
unnecessary nodes.

Restricting cost to the number of nodes, the ratio of a requested network size over
the least possible network size provides a measure of cost-efficiency for the hardware
scalability of an interconnection network. For the sake of mathematical notation,
let G = {Gi}∞i=1 represent a family of possible networks with a strictly increasing
network size sequence {ai}∞i=1 of natural numbers, and let a0 = 0 if necessary. For
a requested network size r, define A(r) to be the least possible network size that is
necessary to contain r nodes; i.e.

A(r) = min
an≥r

an. (3.1)

Then, we may define partial cost-efficient scalability of G as the average of the ratios
r/A(r) up to m requested nodes; i.e.

S(p)
m =

1

m

m∑
r=1

r

A(r)
. (3.2)
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Here we added the superscript (p) for this ‘plain’ formulation of scalability. Clearly,
a linear array and a complete network have a full value of scalability 1, since for
every requested network size r, we have A(r) = r. The value of S(p)

m for 1 ≤ m ≤ 225

for hypercubes are depicted in Fig. (1). It may be seen that there is no limit value to
which {S(p)

m }∞m=1 converges while there is a natural number t > 25 such that values
of S(p)

m for m > t exhibit “alternating” behavior.

1 25 210 215 220

#Nodes

0.6

0.8

1.0

S
ca

la
b

ili
ty

Fig. 1. Scalability versus nodes for hypercubes. Transparent region shows the ultimate boundaries.

Since the sequence {S(p)
m }m≥1 does not converge, we try to use the same broad

concept of “limit” that is defined in Definition (2.5) to provide a suitable tool to
compare two families from the “scalability” viewpoint: for two families G and H, we
say that G enjoys strictly more scalability than H if the lower limit of S(p) for G lies
above the upper limit of S(p) for H; i.e.

lim
m→∞

S(p)
m (G) > lim

m→∞
S(p)
m (H). (3.3)

This definition gives a very tight condition, where a similar idea may be taken to give
more flexible variants, each with its own benefits. Some elaborate yet straightforward
computations show that if

lim
n→∞

an
an+1

= ρ, (3.4)

then

lim
m→∞

S(p)
m =

√
ρ and lim

m→∞
S(p)
m =

1 + ρ

2
. (3.5)

In Table (1) values of ρ and the upper and lower limits for some typical values of
an are shown.

Despite its nice yet simple formalization, the current approach to measure scal-
ability gives good values for bad families, as the number of nodes itself is not a
sufficient measure to prefer a network family to another, and more points should
be considered. Among many parameters, it seems that the role of network edge
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an n an+ b O(nk) 2n 3n Θ(kn) n! 22
n

ρ 1 1 1 1
2

1
3

1
k 0 0

lim
m→∞

S
(p)
m 1 1 1 3

4
2
3

k+1
2k

1
2

1
2

lim
m→∞

S
(p)
m 1 1 1

√
2
2

√
3
3

√
k
k 0 0

set size and node types are more important: a family with too few links (like ar-
rays) should be considered inappropriate since it implies a big diameter and also
lacks fault tolerance, while a family with too many links (like complete networks) is
also inappropriate as it forces high costs on connection backbone and needs heavy
changes to nodes type when adding a new node. In Fig. (2) values of this “plain”
scalability are shown: it assigns the highest possible scalability value to families that
are trivially inappropriate, as array (too few links, low fault tolerability, high diam-
eter), complete (too many links), and star (too few links, low fault tolerability, one
hub node against many leaves). The two cube variants, incomplete hypercube and
supercube, enjoy the same scalability value since they have the same order sequence
as those three, but with a more plausible size and diameter.

1 25 210 215 220

#Nodes

0.6

0.8

1.0

S
ca

la
b

ili
ty

array star complete incomplete cube supercube

hypercubehypercube

Fig. 2. ‘Plain’ scalability where ‘cost’ reduced to network order, for some known families of net-
works.

To give a lower scalability value to networks with too few or too many links, we
may take the effect of degrees and diameter into account: a low value of maximum
degree causes lower values for fault-tolerance together with a high diameter, whilst a
high value may imply a big degree. As the values of diameter and maximum degree
typically show a complementary behavior, we may consider their sum and compare
it with a ‘fair’ magnitude. Although there is no perfect interpretation, it seems that
the logarithm of the network size may give such a fair magnitude as it lies between
constants and linear polynomials, with many well-known good properties, as seen
in cube-based networks.

In general, we may think of a network as a logarithmic network if the average
of its diameter and maximum degree is proportional to the logarithm of network
size. The similarity between a designed network and a logarithmic network may be
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evaluated by comparing the average of the network’s diameter and maximum degree
with the logarithm of the network size. Denoting the diameter, maximum degree,
and logarithm of the network size as D, M , and L, respectively, such a comparison⊗
may be done in different ways. A simple idea is to consider the difference squared,
normalized by L:

(
D+M
2L −1

)2
measures the deviation from the logarithmic structure.

One may consider a constant weight parameter wl ≥ 0 to control the impact of this
parameter, and the whole coefficient

c(N) =

√
1 + wl ×

(
D +M

2L
− 1

)2

(3.7)

for the network with size N in the family of networks is a suitable magnification
factor for the denominator A(r) in r/A(r). Then, we may apply the coefficients on
the summands in S

(p)
m to obtain

S(ℓ)
m =

1

m

m∑
r=1

r

A(r)
× 1

c
(
A(r)

) . (3.8)

In Fig. (3), the new values are depicted, where scalability values for non-logarithmic
networks (array, complete, and star) tending to zero, while the logarithmic network
still remains more or less in its previous level of scalability. It worth mentioning that
there are many choices for such a coefficient with no difference in essence.

25 210 215 220

#Nodes

0.0

0.2

0.4

0.6

0.8

1.0

S
ca

la
b

ili
ty

array

star

complete

incomplete cube supercube

hypercubehypercube

Fig. 3. ‘Logarithmic’ scalability where terms are adjusted to give better values for logarithmic
structures as in Eq. (3.8) with wl = 0.1.
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As it may be seen in Fig. (3), Eq. (3.8) filters ‘inappropriate’ families; but we
should keep in mind that even for the remaining logarithmic families, the simplic-
ity of design is indeed a key advantage when it comes to interconnection network
architectures and their implementation. In the case of hypercubes, the nodes are
identical (regular structure). This uniformity contributes to lower implementation
costs since the same type of node can be replicated throughout the network. So, it
seems plausible to give better scalability values to regular and near-regular networks.

To address this, let t(N) be the number of node types — i.e. the number of
different node degrees in the network with size N , and we propose a penalty function
p(N) in terms of t(N) to rewrite Eq. (3.8) as

Sm =
1

m

m∑
r=1

r

A(r)
× 1

c
(
A(r)

) × 1

p
(
A(r)

) . (3.9)

Again, there are many choices for such a penalty function; but here we use

p(N) =
(
1 + wt × t(N)

)t(N)−1 (3.10)

for an arbitrarily chosen positive wt. The effect is shown in Fig. (4), where the values
show no change for the hypercube (as it is regular), and big fall-down for both
incomplete hypercube and supercube as they both have growing types in terms of
the network order.

25 210 215 220
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Fig. 4. ‘Logarithmic’ scalability with types, where a penalty is taken into account for a growing
number of types in logarithmic networks as in Eq. (3.9) with wl = 0.1 and wt = 0.025.
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4. Overlapped Cubes

In this section, we present the definition of the overlapped cube, OQm,n,k, and
then some characteristics of this family of networks are investigated. Intuitively,
an overlapped cube OQm,n,k consists of hypercubes Qm and Qn which are joined
together by a hypercube Qk as it is depicted in Fig. (5a). As it may be seen in
Fig. (5b), it may be considered as an induced subgraph of Qm+n−k: node labels of
the Qm block may be taken as those m-bit labels of Qm with n− k filling zeros at
right, where node labels of the Qn block may be taken as those n-bit labels of Qn

with m− k filling ones at left. Now, we formulate the definition as follows.

Definition 4.1. Let m,n, k ∈ N0, m ≥ n, and either n = k = 0 or n > k. Consider
the set V of all binary sequences of length m + n − k with ones in all first m − k

places or zeroes in all last n − k places. The overlapped cube has the node set
V (OQm,n,k) = V , and two nodes u and v are connected to each other if and only if
the corresponding sequences are the same unless just in one place.

Q0
m

Q1
n

Qk
Qm+n−k

(a) (b)

Fig. 5. (a) Intuitive idea behind the concept of overlapped cube: two cubes Qm and Qn intersect
at a small cube Qk. (b) The overlapped cube, embedded in a bigger cube Qm+n−k.

We denote these embedded copies of Qm and Qn by Q0
m and Q1

n respectively.
There are some examples of overlapped cubes in Fig. (6), and Fig. (7) shows the
adjacency matrix of OQ5,3,2, in which a recursive pattern of hypercubes could be
seen.

Note that, for a given (m,n, k) with m,n, k ∈ N0, m ≥ n > k or n = k = 0, we
have

∣∣V (OQm,n,k)
∣∣ = 2m + 2n − 2k and

∣∣E(OQm,n,k)
∣∣ = 1

2(m2m + n2n − k2k).
We call a natural number of the form 2m + 2n − 2k an OQ-number, denoted by

#OQm,n,k for m,n, k ∈ N0, m ≥ n > k or n = k = 0. We may list all triples as
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100 110 10 11

101 111 00 01

000 010

001 011

10000 11000 11110 11111

10100 11100 11101

00000 01000

00100 01100

100 110 00 01

101 111 10 11

000 010

001 011

1000 1100 1101

1101 1110 1111

1000 0100

0010 0110

(a)

(b)

Fig. 6. Examples of hypercubes and overlapped cubes: the 3-d hypercube Q3 and the 2-d hyper-
cube Q2 joind together in two different ways to provide (a) OQ3,2,1 and (b) OQ3,2,0.

Fig. 7. A visualization of the adjacency matrix of OQ5,3,2. Corresponding adjacency matrices of
Q5 and Q3 are highlighted, and their shared Q2 is highlighted in dark gray.

follows: let T0 = (0, 0, 0), and for r ∈ N0, if Tr = (m,n, k) then

Tr+1 =


(m,n, k − 1) k > 0

(m,n+ 1, n) k = 0,m > n

(m+ 1, 0, 0) k = 0,m = n

(4.1)
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and set Toq = {Tr | r ∈ N0}. So, Toq consists of all “allowed” triples for overlapped
cubes. We may denote components of Tr by mr, nr, and kr respectively.

Proposition 4.1. For r, s ∈ N0, if r < s then #OQ(Tr) < #OQ(Ts).

Proof. It is sufficient to show that for r ∈ N0, #OQ(Tr) < #OQ(Tr+1). Suppose
that Tr = (m,n, k). If k > 0, then

#OQ(Tr) = 2m + 2n − 2k < 2m + 2n − 2k−1 = #OQ(Tr+1). (4.2)

If k = 0 and m > n, then 2n+1 − 2n = 2n > 2n − 1 and

#OQ(Tr) = 2m + 2n − 20 < 2m + 2n+1 − 2n = #OQ(Tr+1). (4.3)

If k = 0 and m = n, then

#OQ(Tr) = 2m + 2m − 20 < 2m+1 + 20 − 20 = #OQ(Tr+1). (4.4)

Therefore, #OQ(Tr) as a function of r, provides a strictly increasing one-to-one
correspondence between N0 and the set of all OQ-numbers. It is straightforward
to check that there are 1

6(m
3 + 5m) OQ-numbers below #OQm,0,0. Also, there are

1
2m(m + 1) overlapped cubes whose size is between sizes of Qm and Qm+1, which
intuitively provide better scalability rather than hypercube networks, as it is seen
in Fig. (8).

For a given natural number t, we need an ocube with at least t nodes. To find
such an ocube, let m = ⌊log2 t⌋. If t = 2m, set n = k = 0, otherwise set n =

⌊log2(t − 2m)⌋ + 1, and k = ⌊log2(2m + 2n − t)⌋. Then #OQm,n,k is the least OQ-
number greater than t or equal to it.

Now, we investigate paths and diameter of ocubes. From definition (4.1), we
know that each node in OQm,n,k is a zero-one string of length m+ n− k. We split
such a node x as x0⊕ x̄⊕x1, where x0, x̄, and x1 are of lengths n− k, k, and m− k

respectively. For two nodes x, y in OQm,n,k, we may work on first, second, and third
part respectively to find a path between x and y. There are several cases:

• If x, y are both in Q0
m, then x1 = y1, at most m − k changes are needed for

converting x0 to y0, and then at most k changes are needed for converting x̄ to
ȳ. So at most m− k + k = m changes are needed for converting x to y.

• If x, y are both in Q1
n, then x0 = y0, at most k changes are needed for converting

x̄ to ȳ, and then at most n − k changes are needed for converting x1 to y1. So
at most k + n− k = n changes are needed for converting x to y.
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Fig. 8. Scalability with the same parameters as in Fig. 4, with overlapped cubes.

• For x in Q0
m and y in Q1

n, at most m− k changes are needed for converting x0
to y0, then k changes are needed for converting x̄ to ȳ, and then at most n− k

changes are needed for converting x1 to y1. So at most m−k+k+n−k = m+n−k

changes are needed for converting x to y.

Note that, in each case, all intermediate nodes remain in OQm,n,k. The process gives
a routing algorithm in OQm,n,k, and more, the following proposition is proved.

Proposition 4.2. The diameter of OQm,n,k is m+ n− k.

As it may be seen, the above procedure is a natural extension of the same procedure
for cubes. Ocubes still inherit more properties from their hypercube ancestors. Note
that Qr is (r − 1)-fault-tolerant.

Proposition 4.3. OQm,n,k is (n− 1)-fault-tolerant for k ≥ 1.

Proof. Since Q1
n as an induced sub-network of OQm,n,k is (n − 1)-fault-tolerant,

OQm,n,k is (n− 1)-fault-tolerant.

We close this section with some asymptotical properties of the average shortest
path in ocubes.

Proposition 4.4. d̄(OQm,n,k) is asymptote to 1
2m from below. It is asymptote to 3

4m

from above.
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Proof. Trivially, d̄(OQm,n,k) is decreasing with respect to k, and is increasing with
respect to n; so

d̄(OQm,0,0) ≤ d̄(OQm,n,k) ≤ d̄(OQm,m,0). (4.5)

Consider a OQm,m,0 with two Qm copies Q0
m and Q1

m connected by a node q.
Fixing a node x in Q0

m, there are
(
m
r

)
nodes y with d(x, y) = r. So

∑
y

d(x, y) =

m∑
r=1

r

(
m

r

)
(4.6)

=

m∑
r=1

m

(
m− 1

r − 1

)
(4.7)

= m× 2m−1 (4.8)

Now, take x and y in the first and the second copy except q respectively. Since d(x, y)
may be split as d(x, q) + d(q, y), the number of such pairs (x, y) with d(x, y) = l is

∑
r+s=l
r,s≥1

(
m

r

)(
m

s

)
=

(
2m

l

)
− 2

(
m

l

)
. (4.9)

Thus the sum of all distances between two copies is equal to

2

2m∑
l=2

l ×
∑
r+s=l
r,s≥1

(
m

r

)(
m

s

) = 2

2m∑
l=2

(
l

(
2m

l

)
− 2l

(
m

l

))
(4.10)

= 2
2m∑
l=2

(
2m

(
2m− 1

l − 1

)
− 2m

(
m− 1

l − 1

))
(4.11)

= 2× 2m
((

22m−1 − 1
)
−
(
2m−1 − 1)

)
(4.12)

= 2m
(
22m − 2m

)
. (4.13)

So, by Eq. (4.8), we have

d̄(OQm,m,0) =
2×m× 2m−1 × 2m + 2m×

(
22m − 2m

)(
2m+1 − 1

)(
2m+1 − 2

) (4.14)

=
3m× 22m − 2m× 2m(
2m+1 − 1

)(
2m+1 − 2

) . (4.15)

Therefore, by Proposition (2.2), we have

lim
r→∞

d̄
(
OQ(Tr)

)
mr

= lim
m→∞

d̄(OQm,0,0)

m
=

1

2
, (4.16)
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and

lim
r→∞

d̄
(
OQ(Tr)

)
mr

= lim
m→∞

d̄(OQm,m,0)

m
=

3

4
. (4.17)

5. Conclusion

In this paper, we introduced a measure for the cost-performance scalability of in-
terconnection networks considering the network size, diameter and degree, and the
variation of node degrees. We used the proposed scalability measure for comparing
different popular basic topologies and cube-based network topologies.

We then introduced a new interconnection network topology based on the hyper-
cube, called the Overlapped Cube (OCube), and studied its topological properties
and scalability behavior. The OCube is formed by two hypercubes which are joined
together by a hypercube.

Our findings showed that OCubes are more cost-performance scalable compared
to other cube-based interconnection networks, revealing their potential for better
scalability while preserving the main cubical properties.
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