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5.1 Introduction
5.1.1 What is nonlinear dimensionality reduction?

Dimension reduction refers to a collection of techniques used to transform high-dimen-
sional data into a lower-dimensional space while maintaining the relationships and struc-
ture between data points. This is carried out because high-dimensional data can be dif-
ficult and expensive to analyze and interpret, due to the sheer number of dimensions
involved. Dimension reduction techniques aim to reduce the dimensionality of these
datasets while retaining as much relevant information as possible and thereby simplify-
ing the data analysis process [1,2].

Dimensionality reduction techniques can be broadly categorized as linear and nonlin-
ear methods. Linear methods attempt to preserve the most variance in the data through
a linear transformation. One example of a widely used linear method is Principal Com-
ponent Analysis (PCA) [3-6], which finds a set of orthogonal axes that capture the most
variance in the data and projects the data onto those axes. PCA can be used to reduce the
noise in images. Another method for dimension reduction is Linear Discriminant Analysis
(LDA) [7]. Linear discriminant analysis’s goal is to maximize the separation between classes
and minimize the variation within each class. This means LDA is a supervised method that
finds a linear combination between high-dimensional points and maps it into a lower di-
mension. By applying PCA or LDA to the image data, you can identify the most important
features, remove the noise, and make machine learning algorithms faster. This can be use-
ful in a variety of applications such as facial recognition, object detection, and medical
imaging.

Dimensionality linear methods such as PCA assume data on a linear subspace. How-
ever, in many situations, data can lie in a nonlinear subspace. In these cases, data struc-
tures like nonlinear manifolds, nonlinear interactions, non-Gaussian distributions, and
high-dimensional data may not be properly recognized by linear methods. Hence, non-
linear dimension reduction methods attempt to preserve nonlinear relationships between
data points by preserving the local structure of the data. One example of a nonlinear
method is Locally Linear Embedding (LLE) [8], which represents each data point as a lin-
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ear combination of its neighbors, which is a nonlinear relationship between points, and
then finds a low-dimensional embedding by optimizing a cost function that preserves
the local structure of the data. LLE can be used to identify the underlying structure of
high-dimensional data, including images, texts, and gene expressions. By reducing the di-
mensionality of the data, LLE can identify the most important features that contribute to
image recognition, natural language processing and particular diseases. For an example of
applying the LLE method, we have embedded high-dimensional data like handwritten im-
ages of digits ‘4’ and ‘9’ by LLE and transformed our images into two-dimensional space in
Fig. 5.1. This figure indicates that images of digit ‘4’ are close to each other and ‘9’s behave
in the same way.

FIGURE 5.1 Dimension reduction on MNIST dataset using LLE for digits ‘4’ and '9".

Nonlinear dimensionality reduction techniques have a wide range of applications in
fields such as computer vision, natural language processing, and bioinformatics. For ex-
ample, these techniques are used for feature extraction and image classification in com-
puter vision, document clustering, and topic modeling in natural language processing, and
gene expression analysis and drug discovery in bioinformatics [1,9].

5.1.2 Why do we need nonlinear dimensionality reduction?

High-dimensional data is ubiquitous in many fields, such as biology, finance, and com-
puter science [10]. This data can be difficult to visualize, process, and analyze due to its
high dimensionality. Furthermore, high-dimensional data may contain complex nonlin-
ear relationships between features, which can be difficult to model with linear methods.
Dimensionality reduction techniques can alleviate these challenges by transforming
high-dimensional data into lower-dimensional spaces while preserving its essential char-



Chapter 5+ Linear local embedding 131

acteristics. Linear dimensionality reduction methods, such as PCA and LDA, are widely
used due to their efficiency and ease of implementation. However, they make the assump-
tion that the relationship between the features is linear, which may not hold for many
real-world datasets including image datasets.

Nonlinear dimensionality reduction techniques are needed to capture the nonlinear
relationships between features that may exist in high-dimensional data. These techniques
model the data as a nonlinear function of the input variables, allowing for a more accurate
representation of the data structure. Furthermore, nonlinear dimensionality reduction
techniques can reveal the underlying structure of the data, which may not be visible in
the original high-dimensional space.

For example, consider a dataset of images of handwritten digits. In the high-dimen-
sional space, each image is represented as a vector of pixel values. Linear dimensionality
reduction techniques may not be able to capture the complex relationships between the
pixels that correspond to the curvature of the digit strokes or the angles between them.
Nonlinear techniques, such as t-SNE [11] or Isomap [2], can capture these relationships
and produce a more informative visualization of the data.

Nonlinear dimensionality reduction techniques can also be useful for clustering or
classification tasks. In high-dimensional data, the inherent structure of the data may be
obscured by noise or irrelevant features. Nonlinear dimensionality reduction can help
identify the relevant features and reduce the impact of noise in the data, leading to more
accurate clustering or classification results.

In conclusion, nonlinear dimensionality reduction techniques are necessary to han-
dle high-dimensional data with complex nonlinear relationships between features. These
techniques can capture the underlying structure of the data, reveal the relevant features,
and reduce the impact of noise, leading to more accurate modeling, visualization, and
analysis of the data.

5.1.3 What is embedding?

An embedding is a mathematical concept used in machine learning, data analysis, nat-
ural language processing, and computer vision to represent complex data or objects in
a lower-dimensional space [12,13]. The goal is to reduce the dimensionality of the data
while preserving certain properties or relationships between the objects. There are several
techniques for constructing embeddings, but they all aim to maintain the structure of the
original data.

One common approach for constructing embeddings is to use dimensionality reduc-
tion techniques such as multi-dimensional scaling (MDS), PCA, LLE or t-SNE. These meth-
ods aim to find a lower-dimensional representation of the data that captures as much of
the original structure as possible. For instance, if one needs to visualize a dataset of high-
dimensional points in a two-dimensional plot, applying PCA or MDS can help obtain a
two-dimensional embedding that shows the structure of the data. One interesting use of
LLE is microarray data analysis [14]. The microarray data are high dimensional in nature
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and we can use them for cancer classification. t-SNE is particularly useful when visualizing
high-dimensional data in two or three dimensions.

Machine learning algorithms can also learn embeddings from data. The primary goal
is to learn an embedding that is useful for tasks such as classification, clustering, or rec-
ommendation. For instance, in natural language processing, word embeddings are used
to represent words as vectors that capture their semantic meaning. These embeddings
can be used as input to neural networks for sentiment analysis, language translation, or
question-answering.

In image recognition, deep convolutional neural networks can be used to learn feature
representations of images that capture important features of the images, such as edges,
textures, and shapes. These embeddings can be used for tasks such as object recognition
or image captioning.

In summary, embeddings are a crucial component of many modern data-driven tech-
nologies. They are constructed using various techniques, including dimensionality reduc-
tion and machine learning algorithms, and are useful for several applications in fields such
as machine learning, data analysis, and computer vision.

5.2 Locally linear embedding

One of the most important tasks in the data science world is feature selection and extrac-
tion. Let us imagine you have a dataset with thousands of features and you want to train
a model on it. This number of features can be a problem. The computation power needed
to train on such data is too high and not efficient. Feature selection [15], refers to choos-
ing a subset of our features that are more useful to us. However, sometimes finding these
features is not that easy and features can be complicated. In this case, we have another
concept named feature extraction. Feature extraction algorithms [16], are techniques to
make data more relevant and easy to analyze and compute. One of these techniques that
is a nonlinear algorithm is Locally Linear Embedding.

Locally linear embedding (LLE) [8] is an embedding method, which is a dimension
reduction method that we can use for manifold learning and feature extraction. The al-
gorithm is based on a simple principle, “the points that are close to each other in high-
dimensional space must be close to each other in reduced space” and this principle also
works for far points. You can imagine that LLE takes a folded line and straightens it in a
way that close points in that folded line are still close in a straight line in embedded space.
For illustration, in Fig. 5.2 there are sphere shaped data points in R? space and with LLE
we can transform this sphere into a R” space and by saving the features, the points that
were close to each other in R3 space are still close to each other in R? space. In fact, we just
unfolded the sphere with the LLE algorithm. Hence, we can summarize the LLE algorithm
in the three following steps:

1. For each high-dimensional data point {x; € R4 }_,» find k nearest neighbors (we will
discuss this algorithm in the next section).
2. Find weights between every point and its neighbors.
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3. Find {y; € RP}!_,, which are the new coordinates in reduced space, where p < d.
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FIGURE 5.2 Unfolding (embedding) a sphere from 3D space into 2D space with LLE.

5.2.1 k nearest neighbors

A classic supervised machine learning algorithm for classification is k-nearest-neighbors
algorithms [17]. k nearest neighbors (k-NN) is a non-parametric supervised algorithm,
which means there is no learnable parameter in this algorithm. The idea is when we want
to predict the new point x belongs to which class, we find the k nearest neighbors of it with
a distance metric and predict the class that has a high number of neighbors. As you may
have guessed, the k-NN algorithm does more computation in test time rather than train-
ing time. Parameter k is a hyperparameter that we should choose based on our data and
experiment.

As mentioned, different metrics can be used to calculate the distance between points,
some of which will be explained below.

5.2.2 Distance metrics

A metric distance is a function that defines the distance between two elements, which can
be anything like data points in RV space or words in a dictionary. In this case, our elements
are RN points and if d(x, y) is a distance function it must have these properties:

1. The distance from a point to itself is 0: d(x, x) = 0.

2. The distance between two points cannot be negative: d(x, y) > 0.

3. The distance between x and y must be the same as y and x: d(x, y) =d(y, x).
4. For points x, y, and z: d(x, z) < d(x, y) +d(y, 2).

Here, we explain some common metrics.

* Minkowski distance: Minkowski distance is a measure to calculate the distance between
two points in N-dimensional space. You may hear about Euclidean distance or Man-
hattan distance, these distances are Minkowski distances. The general formula of the
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Minkowski distance is:

N
. 1
distance(X,Y) = | Z [xi — vil"|7,

i=l

where X and Y are two arbitrary N-dimensional points. Here, if you put » = | you obtain
Manhattan distance, and r = 2 you obtain Euclidean distance.

* Jaccard distance: In Minkowski distance, we measure the distance between points in
R, but what if we want to define a metric for sets? For this, we introduce the Jaccard
index and with that, we define Jaccard’s distance. The Jaccard index is:

|AN B|
|AUB|’

-Iiml('x(A~ B) =

where A and B are two arbitrary sets. This index measures the similarity between two
sets, but in distances, we need the opposite, hence:

|AN B

distance(A, B) =1 — Jipgex =1 |[AUB|’

e Cosine distance: Cosine distance shows the distance in direction view and points that
are near with Cosine distance can be very far away in Minkowski distance. This metric
can be calculated from the dot product of two vectors. Hence, we can use the following
formula to construct the Cosine distance between two vectors X and Y, each of which
has N elements:

Xy L XY,

i=1
XY \/Z{LIX?\/Z:N:IYiZ

The introduced distances as well as other available distances, can help us gain infor-
mation about how two points are similar or different. However, how to choose one among
them? This depends on the intended application. However, in experience, it is shown that
the Cosine metric works much better with face image datasets and by calculating the direc-
tions of face embeddings, we can achieve better evaluations by this metric. This is because
the pose and dressing of the faces are different and the features are not that close. An ex-
ample of that is ArcFace embedding [18] that uses Cosine similarity. However, in other
datasets such as manifolds and curves datasets, the Euclidean distance works better, which
is shown in Fig. 5.2 with a sphere shape.

distance(X,Y) =cos (x) =

5.2.3 Weights

After finding the k nearest neighbors for each point in our data, we have to find weights. In
Fig. 5.3 you can see that we find five nearest neighbors of x; € R? with Euclidean distance
and then map them in R? space with the found weights. Remember these weights are not
the new distances!
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FIGURE 5.3 Embedding E? space to 2* space using five neighbors.

The idea is to find the best weights for reconstruction. We will discuss this reconstruc-
tion later, but now we just make the weights to reduce our space dimension, to travel
between folded space and embedded space. For weights, we are dealing with an optimiza-
tion problem:

n k
oz e 2 2
mlr(lwr)uze e(W) = E ||lx; — E wijxijll3,

i=l] Jj=1

k
subject to Zw,-,-:l, ie{l,2,..n}
j=l

In this problem » is the number of data points, & is the number of neighbors for each data
point, W is the weight matrix, and w;; is the weight between the ith data point to the jth
neighbor, which is x;;. As you can see, the term Zﬁ'-:l w;; = 1 means that the sum of the
weights for every point is one. The question is can we have negative weights through this
optimization problem?

5.2.4 Coordinates

After solving the weights optimization problem, in the next step, we should embed data to
alower-dimensional embedding space with our weights. Here again, we have an optimiza-



136 Dimensionality Reduction in Machine Learning

tion problem in finding the embedded coordinates:
n n

. . . 2

minimize ;—1 [lyi — ,-E—n wijyjll3,

. l n T
subjectto -~ Zl yivl =1,
i=

Z yi =0,

i=1

where [ is the identity matrix, ¥ are the new coordinates in reduced space (y; € R” in which
p is the dimension of the reduced space) and w;; is the weight, we calculated for data point
x; and its jth neighbor.

In the above formula, there are points that are not the neighbors of point x;, so there are
no weights for them and in this case, we put zero for their weights:

Wij, ifx_,~ € k—NN(x;),
0, otherwise.

Another feature that we understand from this optimization problem is that the sum of our
embedded coordinates is 0. Hence, this optimization problem makes sure that the mean
of embedded data is 0!

To solve this problem let us define a matrix 1 in which 1; =0, ..., 1, ...0] in a way that the
ith element is one. Now, we can rewrite y; as Y7 1;. After rewriting the second term, we can
write the problem again in this new form:

n
YT =y wil 3= 1Y 1 = Y w7,

i=1

where every row of W (w;) is the weight vector for each data point and F is the Frobenius
norm of the matrix. We continue to simplify the problem:

Y71 — Y w3 = te((1 = WYY (1 = W)T)
=tr(Y (U =W -=W)Y)=tr(Y" MY).

Here, tr(.) means the trace of the matrix and we can define the Laplacian matrix of W as
(I — W), as every column of this matrix adds up to 1. If we consider M = (I — W)" (I — W),
the final equation is:

miniymize tr(Y" my),
()

. 1
subjectto —-YTy =1,
n
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yT'1=0,

where 1 and 0 are matrices and 1 € R” and 0 € R”. Now, we approach solving this prob-
lem by the assumption that the second constraint is satisfied implicitly [8] and write the
Lagrangian for our final equation as:

L=tr(Y"My) —tr(AT(lYTY —I));
n

where A € R"*" are Lagrangian multipliers in a diagonal form. To solve the equation, we
have to obtain a derivative of £ and put it equal to zero:

AL
——-=2MY—EYA=O,
aY n

1
= MY =Y(-A),
n

which is the eigenvalue problem for M [19] and it means the columns of Y are the eigen-
vectors of M that are the diagonal elements of %A.

In summary, LLE is a technique used to reduce the dimensionality of high-dimensional
data while preserving its local structure. LLE first constructs a graph by connecting each
data point to its k£ nearest neighbors in the high-dimensional space. It then finds a set of
low-dimensional embeddings that preserve the pairwise distances between neighboring
points in the graph. Actually, the LLE technique is based on the assumption that high-
dimensional data points can be approximated linearly by their nearest neighbors. The
algorithm minimizes the difference between the original data and their reconstructed
counterparts to reconstruct the high-dimensional data points. Implementation of stan-
dard LLE is reviewed below to refer them to variants of LLE implementation steps, which
is the subject of our next section:

1. Parameter selection: Choose the number of nearest neighbors, k, and the number of
dimensions for the low-dimensional embedding, p.

2. Finding nearest neighbors: Calculate the pairwise Euclidean distances between all data
points then find the k nearest neighbors for each point.

3. Computing weights: For all data points, compute the weights that minimize the cost of
reconstructing the point from its neighbors. This will be done by solving a least squares
problem with constraints. The weights W can be computed by minimizing the cost
function: e(W) =" ||x; — Z(w,—,—x,—,)”% for all i and all j in the set of k nearest neigh-
bors of x;, subject to the constraint that for each i, ) w;; = 1 for all j in the set of k
nearest neighbors of x;.

4. Computing embeddings: Weights will be utilized to compute the low-dimensional em-
beddings. This is done by solving an eigenvalue problem on the matrix (1 — W) (1 — W),
where / is the identity matrix and W is the weight matrix.
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5.3 Variations of LLE

In the previous section, we reviewed implementation steps for standard LLE and now we
can explain the implementation of variants of LLE including inverse LLE, kernel LLE, in-
cremental LLE, robust LLE, weighted LLE, landmark LLE, supervised and semi-supervised
LLE, using references to standard LLE steps.

5.3.1 Inverse LLE

Inverse LLE (ILLE) is a technique used for nonlinear dimensionality reduction [20]. It is
designed to reconstruct high-dimensional data points from their low-dimensional em-
beddings. Inverse LLE is an inverse problem of LLE. It takes a set of low-dimensional
embeddings obtained from LLE and aims to reconstruct the original high-dimensional
data points that generated those embeddings. To achieve this, ILLE identifies the k nearest
neighbors for each embedding in the low-dimensional space and uses them to interpolate
the high-dimensional data points. This interpolation process is computationally expensive
and involves solving a set of optimization problems to minimize the difference between
the interpolated high-dimensional data points and the original data points [21]. Here are
the ILLE implementation steps:

(a) Finding nearest neighbors in embedded space: For each low-dimensional point, find
its k nearest neighbors in the embedded space.

(b) Computing weights: For all low-dimensional points, compute the weights that mini-
mize the reconstruction cost of the point from its neighbors in the embedded space.
This can be done by solving a constrained least squares problem, similar to the for-
ward LLE process.

(c) High-dimensional points reconstruction: Weights are used for each high-dimensional
point reconstruction from its neighbors. This is done by taking a weighted sum of the
high-dimensional coordinates of the neighbors, using the weights computed in the
previous step by the formula x; =) w;;x; for all j in the set of k nearest neighbors of
x; in the embedded space.

Inverse LLE can be useful in a variety of applications, such as image and speech pro-
cessing, where the original high-dimensional data may not be easily accessible, but a low-
dimensional representation is available. It can also be useful in data compression where
the low-dimensional embeddings can be used to store the data more efficiently. LLE can-
not be used in these cases due to a lack of original data.

5.3.2 Kernel LLE

Kernel Locally Linear Embedding (KLLE) is a nonlinear dimensionality reduction tech-
nique that aims to preserve the local structure of high-dimensional data in a low-
dimensional space using a kernel function [22]. KLLE is an extension of the standard LLE
algorithm and is particularly useful for nonlinear manifolds. Kernel methods including
kernel LLE use a concept called the kernel trick [23]. In dimensionality reduction, the ker-
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nel trick is utilized to enable performing linear operations on data that has been mapped
into a higher-dimensional space using a nonlinear function called a kernel function. This is
beneficial for kernel LLE as it can capture more intricate relationships between data points
and preserve more of the original data’s local structure. However, selecting an appropriate
kernel function and parameter values is critical to prevent overfitting or underfitting of the
data. The steps to implement KLLE are as follows:

(a)

(b)

(c)

Kernel mapping: A kernel function K (x, y) must be chosen to map the data points
from the original space into a higher-dimensional space. Gaussian kernel, polynomial
kernel, and sigmoid kernel are the usual kernel functions. For instance, the Gaussian
kernel is defined as:

2
—llx=yll5

K(,\'. \) —=¢ 202

where the o parameter controls the width of the Gaussian function. A discussion on
the geometric properties of various kernel functions and a tutorial on how to imple-
ment them in Python are presented in [24-27].

Finding nearest neighbors: For all data points in the mapped space, find its k nearest
neighbors using the Euclidean distance metric. The distance between two points x;
and x; in the mapped space is computed using the kernel function:

d(.\‘,’,.\‘j)z K(x;, xi) —-2K(.\',‘.Xj)+ K(xj,xj).

Computing weights: For all data points, compute the weights that reconstruct the
point from its neighbors in the mapped space in the best way. Computing weights
needs least-squares problem solving with constraints, which is given by:

n k
minimize ¢(W) = Z [ (x;) — Zu.-,-,<1>(x,-,-)||§.
i=1 f=1
k
subject to Z“”-i =1, ief{l,2,..,n}L
j=1

Here, ®(x;) is the mapped data point, ®(x;;) is the jth nearest neighbor of ®(x;) in
the mapped space, and w;; is the weight to represent how well ® (x;) reconstruction is
done from ®(x;;). To solve this optimization problem, a matrix equation can be made
and solved using a method like the Moore-Penrose pseudo-inverse:

W=(C+rn",
W
> wij

Here, C is the Gram matrix of the neighbors, 1 is a regularization parameter, / is the
identity matrix, and 1 is a column vector of ones. For more details, you can read about
the Moore-Penrose method in [28].

W=
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(d) Computing embeddings: Compute the low-dimensional embedding vectors recon-
structed by the weights calculated in the previous step in the best way. Here, solving
another optimization problem is needed, which is given by:

n n
minimize Z llyi — Z wij yill3,
I 2

&) i=1 j=1

) I n =
subject to - X% yivl =1,
=

Here, y; is the low-dimensional embedding of ®(x;), y; is the low-dimensional em-
bedding of the jth nearest neighbor of ®(x;), and 7/ is the identity matrix. To solve
this optimization problem, you can compute the eigenvectors and eigenvalues of the
matrix M = (I — W) (I — W), and then select the eigenvectors corresponding to the p
smallest non-zero eigenvalues as the columns of the embedding matrix Y. p is chosen
by parameter selection in standard LLE, as we mentioned before.

Kernel LLE is a powerful technique for reducing dimensionality that can capture com-
plex relationships between data points better than other LLE methods. KLLE utilizes the
kernel function to map the original data into a higher-dimensional space where linear op-
erations can be performed to maintain the local structure of the data. This makes KLLE
much more useful for data with nonlinear dependencies, such as natural language pro-
cessing or computer vision datasets. In addition, KLLE has been successfully used on un-
supervised feature learning, allowing it to learn complex hierarchical illustrations of data
with no explicit labeling.

5.3.3 Incremental LLE

Big data refers to large datasets that are not easy to process by traditional methods. Data
with a large number of entries needs huge statistical power and can end up with a more
false discovery rate. LLE is not always useful particularly for big datasets as it requires all
the data to be stored in the memory (RAM). This can cause problems for large datasets
that can not fit into the available RAM capacity. Incremental LEE (INLLE) is an extension of
the LLE algorithm, which is a popular nonlinear dimensionality reduction technique [29].
The main advantage of incremental LEE is that it can handle large datasets that cannot
be stored in memory by processing the data incrementally, one batch at a time. The algo-
rithm first computes the LLE embeddings for the initial batch of data and then updates the
embeddings, when new data is added.

Incremental LLE is an approach that addresses memory problems by dividing the
dataset into smaller batches and computing the low-dimensional embeddings for each
batch, separately. Then, the embeddings are merged to obtain the final low-dimensional
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representation of the entire dataset. In this way, incremental LLE can handle larger
datasets than standard LLE without requiring excessive memory. However, there are some
disadvantages to using incremental LLE. One drawback is that splitting the data into
batches can result in a loss of information and introduce artifacts in the embeddings. An-
other issue is that the choice of batch size and overlap can affect the quality of the final
embedding and require careful selection. The steps to implement INLEE are as follows:

(a)

(b)

Initialization: Assume we already have n data points and the embedding is obtained
by standard LLE methods. The eigenvectors Y are orthonormal, so the matrix Y is or-
thogonal. With respect to Section 5.2.4, we have MY = Y(% A) and this can be restated
as:

1

YTMy = =-A.
n

Y represents the matrix of embedded coordinates obtained from the original data
points. Let us consider truncated Y and so we have p eigenvalues. A represents the di-
agonal matrix of eigenvalues in the LLE formulation, M is the weighting matrix used
in LLE to determine the local relationships between data points. Therefore Y is in
R"*P, Aisin RP*?, and M is in R"*".

Adding new data points: Consider we have ¢ new data points. The equation becomes:

- |
Yo MyYy = ~Au.

Here, the U index is related to updated points (union of old and new points) and so
Yu isin R+Oxp and My isin R(n+t)x(n+l)_

Updating the eigenvalues: Since we are considering the smallest eigenvalues when
truncating, the eigenvalues in both Ay and A are very small, so we can say that we
approximately have Ay >~ A.

Updating the embedded coordinates: Solve the following optimization problem to up-
date the coordinates of new data points in embedded space:

T
minimize ||YIMyYy — =A%,
i 1Yy My Yy = 1%

1

subjectto Y/ Yy =1,

n

¥71=0.
Here, ||.|| r represents the Frobenius norm.
Solving the optimization problem: This optimization problem can be solved using the

interior point method [30]. The Lagrangian of this problem is (by ignoring the second
constraint):

1 1
L=YMyYy - ;Ai —tr(AT(;YJYU =D
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The derivative of this Lagrangian concerning Yy is:
L
Yy

1
=4(YIMyYy — ~MMyYy.

(f) Final embedding: The solution Yy € R"+9*7 gbtained by optimization contains the
row-wise p-dimensional embeddings of both old and new data.

Overall, incremental LLE is a powerful tool for dimensionality reduction in large, evolv-
ing datasets. It has applications in a variety of fields. By allowing for the incremental addi-
tion of new data points and the efficient computation of embeddings for large datasets, it
opens up new possibilities for data analysis and machine learning. However, as with any
algorithm, it is important to carefully tune the parameters and consider the limitations and
assumptions of the method to obtain the best results.

The stability of incremental LLE can be influenced by the selection of the batch size. If
the batch size is too small, the low-dimensional embeddings may not accurately represent
the local structure of the data. Conversely, if the batch size is too large, incremental LLE
may not be able to capture the global structure of the data. For instance, suppose there is
a dataset with a complex and nonlinear structure, where the local structure varies greatly
across the dataset. If the batch size is chosen to be very small, incremental LLE might only
capture the local structure of each batch, resulting in low-dimensional embeddings that
fail to reflect the global structure of the dataset. Alternatively, if the batch size is set to be
very large, incremental LLE may not be able to capture the fine details of the local structure,
and the embeddings might lose significant information.

In real-world applications, the batch size for incremental LLE depends on the size and
complexity of the dataset, as well as the available computational resources. Finding an
optimal batch size that balances capturing the local and global structure of the data may
require some experimentation.

5.3.4 Robust LLE

An outlier is a data point that is significantly different from other data points in a dataset.
Outliers can occur in any type of dataset, including numerical, categorical, and textual
data. They can be the result of measurement errors, data processing errors, or represent ac-
tual extreme values. Outliers can cause several problems in data analysis, such as skewing
statistical measures, affecting model accuracy, and reducing the interpretability of results.
They can also lead to false assumptions about the underlying data distribution and re-
lationships between variables. Therefore it is important to identify and handle outliers
appropriately before conducting any analysis or modeling.

Robust Locally Linear Embedding (RLLE) is a variant of Locally Linear Embedding (LLE)
that is designed to handle outliers and noise in the data [31,32]. RLLE achieves this by
using a robust estimate of the reconstruction weights that are less sensitive to outliers.
There are several methods to implement robust LLE and in this chapter we will discuss the
implementation steps of RLLE using the least squares problem method given by [31]:



(a)

(b)

(9]

(d)
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Initialization: Initialize the reliability weights, biases, and PCA projection matrices for
each data point x;.

Iteration steps: Iterate between the following steps until convergence:

i. For all data points like x;, use PCA to minimize the error of weighted reconstruction
by solving the following least squares problem:

k k
mil}gr)lize Y Gijeij) =Y aijllxij — bi — Piyijll3,
j=1 j=1

where b; € R is a bias, P; € R¥*? is PCA projection matrix, y;; € R” is the embedding
of xij, ajj for j =1 to k are the reliability weights, and ¢;; is the reconstruction error
between the original data point x;; and its reconstruction using the weighted PCA
projection matrix and bias.

ii. Update the bias b; using the following formula:

Z§=| (ajjxij)
————,
Zj:l aij

iii. Update the columns of P; as the top p eigenvectors of the covariance matrix over
the neighbors:

b,’ =

k
1
Si = % Z; ij(xij = bi)(xij — b))
=

iv. Use the Huber formula to update the reliability weights {a;; }’J‘izlz

1, if e;j <ci,
4ij =V e

= . o

o if e;j > ci,

where ¢;; is defined in previous steps and ¢; is the mean error residual, i.e., ¢; =
5 e

Calculating mean weights: Calculate the mean reliability weights over the neighbors
of each point x; as s; = | Z’;=, ajj.

Weighting the objective function: Weight the objective function of the standard LLE
embedding optimization problem using the mean reliability weights to make the em-
beddings robust to outliers, the formula of which is given by:

n n
min(ierize Zsi”,\"i - Z(wij.vj)llé

i=1 j=1

with the constraints in standard LLE embedding.
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Hence, we have changed the optimization problem in a manner that is robust to out-
liers, so finding the optimum solution to this problem can lead us to an errorless embed-
ding.

Stock prices, medical data, and customer data are some examples of datasets with prob-
able outliers. In the context of dimensionality reduction techniques like LLE and RLLE,
outliers can lead to distortions in the low-dimensional embeddings, making it difficult to
accurately capture the structure of the original high-dimensional data. However, RLLE is
designed to be more robust to outliers than LLE, by using a robust estimator of the local
covariance matrix to better handle the influence of outliers. As a result, RLLE may be a
better choice for datasets with outliers, compared to LLE.

5.3.5 Weighted LLE

Weighted LLE (WLLE) is an extension of LLE that allows for the incorporation of user-
defined weights to control the contribution of each data point to the local reconstruction
of its neighbors [33]. The idea behind WLLE is to adjust the reconstruction weights matrix
in such a way that data points that are more important or informative for the task at hand
receive a higher weight. Weighted LLE can be implemented using various methods, in this
section we will discuss two of them including weighted LLE for deformed distributed data
and weighted LLE using the probability of occurrence.

5.3.5.1 Weighted LLE for deformed distributed data
The steps to implement this method are as follows:

(a) Computing weighted distance: For all pairs of data points like x; and x;, compute the
weighted distance using the formula:

[lxi —x;ll2

o + Bi

dist(xj,xj)= —
( ; 'I) (,\',‘—.\’,‘)l T

Jlxi—x;ll2
Here, ||x; — x;||2 is the Euclidean distance between x; and x;, ; and g; are constants,
and 7; is a data-dependent parameter.
(b) Calculating parameters: Compute the parameters «;, §;, and r; using the formulas:
mi 4 [1mi]2

Bi= 3

T = ’ o = ,
[lmi|l2 (& (&)

where m; is the average of vectors from x; to its k nearest neighbors, ¢; is the average
of the squared lengths of these vectors, and ¢ and ¢> are constants that depend on
the dimensionality of the input space, d [8].

(c) Finding nearest neighbors: Compute the k nearest neighbors for each data point using
weighted distance. This makes the graph of k nearest neighbors.

(d) Computing weights: For all data points, compute the weights that minimize the cost
of reconstructing the point from its neighbors. This needs to solve a constrained least
squares problem, similar to the standard LLE process as we mentioned before.
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(e) Computing embeddings: Compute the low-dimensional embeddings using weights.
Here, solving an eigenvalue problem on the matrix (/ — W)’ (I — W) is needed, where
I is the identity matrix and W is the weight matrix.

5.3.5.2 Weighted LLE using the probability of occurrence
In this method, similar steps need to be taken, but the distance and the Gram matrix are
weighted by the probabilities of occurrence of the data points:

(@) Computing weighted distance: For all pairs of data points x; and x;, compute the
weighted distance using the formula given by:

2
[lxi —x;ll3

disrz(x;.xj) =
Pi

where p; is the probability of occurrence of data point x;.

(b) Finding nearest neighbors: This step is similar to the previous method.

(¢) Computing weighted Gram matrix: Compute the Gram matrix and weight its ele-
ments by the probabilities of occurrence of the data points:

Gila,b)= /pip;jGi(a,b),

where, p; and p; are the probabilities of occurrence of data points x; and x;, respec-
tively.

(d) Computing weights: This step is also similar to the previous method and the standard
LLE section.

(e) Computing embeddings: Compute the low-dimensional embeddings using weights
similar to the previous method.

In both methods, the final steps of the algorithm are the same as in standard LLE. The
most important difference is how distance and weight are computed.

The main advantage of weighted LLE is that it allows the user to incorporate prior
knowledge or domain-specific information into the embedding process by assigning dif-
ferent weights to the data points.

5.3.6 Landmark LLE for big data

Landmark LLE (LLLE) is an extension of the LLE algorithm designed for handling big data
[34]. LLE is a popular technique for nonlinear dimensionality reduction, but it is not scal-
able for datasets that cannot fitinto memory. Landmark LLE solves this issue by processing
data incrementally. As we have mentioned before in Section 5.3.3, Landmark LLE, similar
to incremental LLE, is for handling large datasets but they are different in their approach.
Landmark LLE is a technique that involves selecting a small subset of data points called
landmarks and calculating low-dimensional embeddings for each data point concerning
these landmarks. This technique helps reduce the computational complexity of the LLE al-
gorithm by computing the pairwise distances only between the landmarks and data points,
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rather than between all data points. Landmark LLE is especially useful when the dataset is
too large to fit into memory but the landmarks can be loaded into memory. In contrast,
incremental LLE is a technique that processes data in smaller batches, calculates the low-
dimensional embeddings for each batch separately, and then combines them to produce
the final embedding. This technique allows incremental LLE to handle larger datasets that
exceed the available memory by processing only a subset of the data at a time. These are
the steps to implement LLLE using locally linear landmarks:

(a)

(b)

(c)

(d)

(e)

Landmark selection: Choose a subset point from data points X € R?*" as your land-
mark and call it X € R?*", where m < n. This reveals that m landmarks are chosen
from n main data points.

Calculating projection matrix: Compute the projection matrix U € R"*" that maps
the Y € R"*? to the Y € R”*P_ This is given by ¥ = UY. The projection will also work
for the input space, which is given by X7 = U X7,

Optimization for finding projection matrix: To find the optimal projection matrix, the
following optimization problem must be solved:

n
minimize Z [[x; — Xa; ||§,
)

i=l

subjectto 1Ta; =1, ief{l,..., n}.

The solution to this optimization problem is given by:

17,~ = G,‘ _1_.7.

@0 17(GH—"1

where G; = (x;17 — X)T (x;17 — X), and 1 is a vector of ones.

Landmark embedding: Embeddings of the landmark points must be computed by
solving the following optimization problem:

minimize tr()7Tl7TM0 )7).
Y)

| P
subjectto —YTUTUY =1.
n

Here, M=0TMU , and M is a square matrix of size m x m, where m is the number
of landmarks selected. The entries of the matrix # are computed based on the pair-
wise distances and relationships between the landmark points. The solution to this
optimization problem is given by the p smallest eigenvectors of M, not considering
eigenvectors with zero eigenvalues.

Data embedding: Eventually, use the obtained embeddings of the m landmarks in or-
der to approximate the embeddings of all n data points, by the ¥ = UY formula as
given in step (b).
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Landmark LLE using locally linear landmarks is particularly useful for large datasets,
where m <« n because computational complexity is highly reduced by only computing the
embeddings for the m landmarks and then approximating the embeddings for the remain-
ing data points.

5.3.7 Supervised and semi-supervised LLE

Locally Linear Embedding is a popular nonlinear dimensionality reduction technique that
has been widely used in various fields. However, LLE suffers from several limitations, such
as its inability to handle large datasets and the need for the entire dataset to be stored
in memory. Semi-supervised LLE and supervised LLE are extensions of LLE that address
some of these limitations. Supervised and semi-supervised LLE are different from land-
mark and incremental LLE in that they incorporate extra information to aid in the process
of dimensionality reduction, whereas the latter two methods only rely on the inherent
structure of the data itself.

5.3.7.1 Supervised LLE

Supervised LLE (SLLE) is a variant of LLE that incorporates class labels to guide the em-
bedding process [35]. The objective of SLLE is to preserve the local structure of the data
while also preserving the class labels. The steps to implement SLLE are as follows:

(@) Distance matrix modification: In SLLE, the Euclidean distance matrix D € R"*" is
changed to increase the inter-class variance of data artificially. This can be done by
increasing the distances of points that are from different classes. The new modified
distance matrix D’ is given by:

D' =D +0(dnar)(117 = Q).

Here, 117 € R"*" is the matrix of ones, d,uq, € R represents the diameter of data given
by:
dmax = maxi, j (Hxi — X [12)

and Q is a matrix with the following elements:

1, ifc # cj,

Qi j)=
0, otherwise,

where ¢; represents the class label of x;, and 6 € [0, 1]. When 6 =0, SLLE becomes LLE,
which is no longer supervised. When ¢ = 1, SLLE is fully supervised. When 6 € (0, 1),
we have partially supervised SLLE that is neither supervised nor unsupervised.

(b) k-nearest-neighbors graph: Find the k-nearest-neighbors graph using the modified
distances similar to the way we did in the standard LLE section.

(¢) LLE algorithm: The rest of the algorithm is completely similar to the standard LLE.
The only important point where SLLE differs from other LLE algorithms is its modified
distance matrix.
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5.3.7.2 Semi-supervised LLE

The semi-supervised LLE (SSLLE) algorithm has several advantages over its supervised
counterpart [36]. For one, it can handle missing labels and noisy label assignments, which
are common in real-world datasets. Additionally, it can be used to learn embeddings in a
low-dimensional space that captures both the geometric structure and the semantic re-
lationships between data points. This makes it useful for a wide range of applications,
including image and speech recognition, natural language processing, and bioinformat-
ics. The steps to implement SSLLE are as follows:

(@) Distance matrix modification: In semi-supervised LLE, not all data points have labels
but a certain number of them do have labels. The distances are computed as:

(V1 —e-D"%y -9, ifg =icy;

1—e D"y, if x; or x; is unlabeled,
VeP"ly, otherwise.
Here, y = average; .(||x; — xj|2), D"(i, j) = DG.))_ \where m; = average, (||x; — x,||2)
’ (5 AL A R Ve * Jmixm;’ k r I il

forallrel,... n.
(b) k-nearest-neighbors graph: Similar to the supervised method.
(¢c) LLE algorithm: Similar to the supervised method.

The main technique of both supervised and semi-supervised methods is to compute
modified distances between data points based on their class labels, and the rest of the
problem can be easily addressed using standard LLE methods using modified distances.

In summary, semi-supervised LLE is a powerful technique for learning embeddings in
a low-dimensional space that preserves both the geometric structure and the semantic
relationships between data points. By incorporating label information in the optimization
problem, it can handle missing or noisy labels and provide more informative embeddings.
The algorithm has a wide range of applications and can be used in combination with other
machine learning methods to improve performance on various tasks.

5.3.8 LLE with other manifold learning methods

LLE is a nonlinear method for embedding, but some of the parts are not nonlinear, such
as finding the k nearest neighbors commonly uses Euclidean distance, which is a lin-
ear method. However, we can use other distances that are used in manifolds and curves
that are not linear. In this section, we want to talk about geodesic distance [37] and we
call this method ISOLLE. Geodesic distance is the shortest path between two data points
on a manifold and finding this distance is not as simple as the Euclidean one. Here, we
should travel in our manifold to find the shortest path between points and this calcula-
tion needs high-level mathematics. ISOLLE finds this distance with an interesting idea, in
which we construct a graph with a k-NN algorithm that uses Euclidean distance and then
finds the shortest path between two data points using a classic shortest path algorithm in
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the weighted graphs. Since the weights are the Euclidean distance, a Dijkstra algorithm in
this case will do the job in a good time complexity O(n log, n). By gathering all these ideas
the final formula for geodesic distance is:

© _ N
D;; :mranHh‘—'iHHZ-

i=2

In this formula, z is a sequence of data points and r; € {x;}?_, and matrix D¢’ is the geodesic
distance matrix after calculating our distance metrics. Then, the rest of ISOLLE is the same
as LLE.

5.4 Implementation and use cases
5.4.1 How to use LLE in Python?

Utilizing LLE inside a Python environment is possible using the “sklearn.manifold” library.
This library includes a considerable number of manifold learning embeddings and algo-
rithms, which can be easily accessed. In this case, our goal is to make use of the library on
the S curve manifold. § curve simply illustrates the Latin letter ‘S’, which is 3D shaped. In
order to use the above-mentioned library, you can import it from “scikit-learn” and use it
for embedding in the following way:

1 from sklearn.manifold import LocallylLinearEmbedding

2 embedding LocallyLinearEmbedding (

3 n_neighbors : number of neighbors,

1 n_components : number reduced coordinates,

5 reg : regularization constant,

6 eigen_solver('auto', 'arpack', ‘'dense'):solver on eigenvectors,
7 max_iter : maximum number of iterations,

8 method : ('standard', 'hessian', 'modified', 'litsa;),.

9 different variations of LLE that are in sklearn.manifold

10 )

Scikit-learn provides various facilities and hyperparameters, as is clear in the code, the
method “LocallyLinearEmbedding” has an “n_neighbors” parameter. It is the number of
nearest neighbors that must be extracted for all data points. “n_components” is the lower-
dimensional space that the original data must reduce to it. The parameter “reg” is the
regularization constant, which users are not advised to change, and the best practice is to
leave it with its default values. Regularization is a sensitively important method, and scikit-
learn’s developers have found a useful functional constant for it. The “eigen_solver” as it
literally sounds, is the solver on eigenvectors. The “max_iter” is the number of iterations
to fit the weights for our embedding, and last but not least, the “method” is the algorithm
that is used to find the embedding.

At this stage, our goal is to use LLE on the S curve but to achieve this, data points need
to be created. The “s_curve” has already been implemented in the “sklearn.datasets” li-
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brary as a dataset. A number of 3600 data points are utilized for the curve, then it has been
plotted and the results are illustrated in Fig. 5.4.

import matplotlib.pyplot as plt
import mpl_toolkits.mplot3d

from sklearn import datasets

n_samples = 3600
S_points, S_color datasets.make_s_curve(n_samples, random_state-0)

© ® N M e W N -

X, ¥, z = S_points.T

10 fig, ax = plt.subplots{subplot_kw=('projectien' : '3d"'}])
11 ax.scatter{x, y. z., ¢~S_color, cmap=pit.cm.rainbow)

12 plt.show()

FIGURE 5.4 S curve dataset.

Next, our intention is to reduce the above-mentioned S curve dimensions, from R3 to
R? using LLE. The value 10 is determined to be the parameter for k nearest neighbors, and
2 is the value for the dimension of reduced space. The standard LLE is the method that has
been used, so an LLE object is created and assigned to a variable with a similar name in
the following piece of code. In line number 10, data points are fitted and transformed from
the $ curve and saved into the coordinates. Having been plotted, the reduced coordinates
reveal 2D data points that can be seen in Fig. 5.5.
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from sklearn.manifold import Locallylineartmbedding

n_neighbors 10
n_components = 2

LLE = LocallyLinearEmbedding(method = "standard",
n_neighbors n_neighbors,
n_compenents = n_components)

® o N AW e W N =

10 coordinates = LLE.fit_transform(S_points)

11 P USAL coordinates.T

12 plt.scatter(x, ¥, ¢ = S_color, cmap=plt.cm.rainbow)
13 plt.show()
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FIGURE 5.5 Embedded S curve with standard LLE.

Asyou can see in Fig. 5.5, the S curve has transformed successfully, satisfying the condi-
tions mentioned in Section 5.2. Hence, the points have kept their distances in R?, relative
to the distances they used to have in R3.

In addition, LLE in scikit-learn has different methods. In Fig. 5.6 the different outcomes
of the S curve using standard LLE, modified LLE [38] and PCA are shown, respectively.
The comparison between standard and modified LLE indicates that using LLE variants can
provide useful reduced data for analysis purposes. Additionally, by making use of PCA, it is
clear that both distances and shapes remain the same, but due to the difference in princi-
ples, it cannot be claimed that the reduced coordinates present the unfolded data and the
same curve with reduced dimensions. Note that the output of LLE on the S curve has some
differences in Figs. 5.5 and 5.6. The reason for these small differences is the random state
and choices that the scikit-learn generates to solve the optimization problem. Now, let us
test LLE on a more applied dataset in the next section.

5.4.2 Using LLE in MNIST

A well-known recommended dataset to use, while working on data science-related fields
is the MNIST dataset. The MNIST dataset includes a massive number of images made of
digits ‘0’ to ‘9’, where images are in 28 x 28 resolution. This resolution seems to be high and
complex indeed, so it may cause a slow recognition for our application. In this case, our
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Standard LLE on S curve Modified LLE on S curve PCA on S curve
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FIGURE 5.6 Comparing standard LLE, modified LLE, and PCA.

purpose is to use LLE for dimensionality reduction, followed by a k-nearest-neighbor clas-
sifier. For our demo project, the dataset needs to be loaded first, and because of time and
processing issues, a smaller version of the dataset named “digits” is used in “scikit-learn”.
As is clear in the given code, the dataset is loaded into an axis, where X stands for images
of digits, and y illustrates the digit that all images represent. All images in the mentioned
dataset are in a resolution of 28 x 28, that simply means if images are flattened, the size of
the high-dimensional space is 784, our goal is to make use of LLE in order to reduce it to

the number 2.

from sklearn.datasets import load_digits

1
2

3 digits load_digits(n_class=6)
4 X, ¥y = digits.data, digits.target
5 fig:mnistembed
6 print("X Shape:
7

. X.shape)

print("Y Shape: ", y.shape)

Next, the dataset is split into train and test sets for evaluation. It is declared that 10
percent of existing data will be used for the test set and the other 90 percent for training:

1 from sklearn.model_selection import train_test_split
2 X_train, X_test, y_train, y_test = train_test_split(X, v,
3 test_size 0.1, random_state=42)

Therefore LLE may be used for our dimensionality reduction purpose. As before, LLE
needs to be imported from “sklearn.manifold”, the number 10 as the value of k in &k nearest
neighbors, and the number 2 as the value for reduced space dimension. At the next stage,
LLE is fitted, the weights are trained on the training dataset, and then both the train set
and test set are transformed with it. Fig. 5.7 illustrates the embedding in R>.
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import matplotlib.pyplot as plt
from sklearn.manifold import LocallylLinearEmbedding
embedding = LocallyLinearEmbedding(

n_neighbors=10, n_components=2, method="modified"
transitions_train = embedding.fit_transform(X_train)
trainsitions_test embedding. transform(X_test)
X, y = transitions_train.T
plt.scatter(X, y, c=y_train)
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FIGURE 5.7 The digits dataset after embedding.

Now, k-NN may be used as a classifier. k-NN is mentioned specifically in Section 5.2.1
in order to help with LLE weights finding, here it is used for classification. We use k-NN in
“scikit-learn” as the following approach:

from sklearn.neighbors import KNeighborsClassifier

knn KNeighborsClassifier(n_neighbors=10)
knn.fit(transitions_train, y_train)

- R, T S I R

pred = knn.predict(trainsitions_test)

Ultimately, model evaluation is done by checking accuracy, precision, and recall. Accu-
racy demonstrates how accurate the model is in label prediction, and it is calculated by
dividing true predictions by the size of the test set. Precision represents the quality rate,
and recall is the rate of quantity. Let 7 P be true positive, ' P be false positive, TN be true
negative, and FN be false negative, accuracy, precision, and recall can be calculated as
follows:

TP+TN

Accuracy = ,
y TP+ FP+TN+FN
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Precision = L
" TP+FP’
TP
Recall = ———.
TP+ FN

Built-in ratings are used in the sklearn.metric for the evaluation of this project.

from sklearn.metrics import accuracy_score,precision_score,recall_score

1
2

3 print(“Accuracy: ", accuracy_score(y_test, pred))

1 print("Precision: *, precision_score(y_test, pred, average="macro®))
5 print{"Recall: ", recall_score(y_test, pred, average~"macro"))

The evaluation of the test leads us to an accuracy of 0.954, a precision of 0.954, and a
recall of 0.955, which are significantly reliable rates.

5.5 Conclusion

LLE is a powerful nonlinear technique for dimensionality reduction, that has found many
applications including in computer vision, bioinformatics, and image processing. In this
chapter, we learned about a simple principle that LLE uses for dimension reduction and
we defined an optimization problem to solve it. We transformed the problem into an
eigenvector problem and then expanded the idea with other approaches by explaining the
variants of LLE such as weighted LLE, inverse LLE, kernel LLE, etc. Then, we used LLE as
a tool used in data science and machine learning applications. We used the scikit-learn
library with Python to implement LLE and compared it with other dimension reduction
methods like PCA. After that, we used this technique on the MNIST dataset to solve a cat-
egorical classification problem and evaluated it with some metrics. As we say, LLE is not
the best embedding that could be found but it is not the worst either, if you have the right
data, LLE can be very helpful.
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