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Abstract—Data rewarding is a novel business model that leads
to an economic trend in mobile networks. In this scheme, the
advertiser incentivizes mobile users (MUs) to watch advertise-
ment (ads) and, in return, receive a reward in the form of
mobile data. In this work, we model the interaction between
an advertiser who has asymmetric information about MUs and
MUs who are connected to each other under a network, using the
contract theory approach. We obtain the necessary and sufficient
conditions for an optimal and practical contract to motivate
MUs to participate in the data rewarding scheme and encourage
them to declare their private information truthfully. The formu-
lation of this contract is a non-convex-constrained optimization
problem. Using lemmas and propositions, we reformulate the
initial optimization problem that is challenging to solve as an
optimization problem with convex constraints and prove that
these two problems are equivalent. Then, with the help of a
distributed and non-convex algorithm, we obtain the amount of
ads demand and incentive reward.

Index Terms—Data rewarding, contract theory, asymmetric
information, incentive compatibility, distributed algorithm.

I. INTRODUCTION

Owing to the remarkable expansion of mobile traffic vol-
ume, the global revenue generated by mobile phone services
is approaching a saturation point [1]. Consequently, network
operators are seeking innovative data pricing strategies in
their marketing efforts to establish new revenue streams and
augment their earnings [2], [3]. One method of achieving
this objective is by providing greater flexibility to MUs and
deriving additional revenues from third-party sources such as
advertising companies. To this end, network operators have
proposed two schemes for data markets: data rewarding and
sponsored content [4], [S5]. These schemes offer a promising
business approach that ensures the profitability of network
operators [4]. Extensive research has been conducted on the
design of sponsored content, as evidenced by various scholarly
papers [6], [7], [8]. However, our particular focus in this paper
lies in exploring the data rewarding scheme.

The data rewarding scheme operates by enabling MUs to
view advertisements offered by network operators, in ex-
change, MUs receive rewards from the advertisers, typically in

Corresponding Author: Hamed Kebriaei.

This work was supported in part by the Institute for Research in Fundamental
Sciences (IPM) under Grant CS 1403-4-340.

Alireza Baneshi, Mina Montazeri and Hamed Kebriaei are with the

School of Electrical and Computer Engineering, College of Engineering,
University of Tehran, Tehran, Iran. Emails: {alirezabaneshi@ut.ac.ir, mon-
tazeri70 @ gmail.com, kebriaei@ut.ac.ir}.
H. Kebriaei is also with the School of Computer Science, Institute for
Research in Fundamental Sciences (IPM), Tehran, Iran. Mina Montazeri is
also with the Urban Energy Systems Laboratory, Swiss Federal Laborato-
ries for Materials Science and Technology, Diibendorf, Switzerland. Email:
{mina.montazeri@empa.ch}.

the form of mobile data [9]. MUs have the freedom to utilize
the rewarded data for any mobile content of their choice, while
the advertiser’s profit solely stems from delivering advertise-
ments to MUs, rather than how MUs utilize the rewarded data.
This scheme guarantees the profit of the network operator.

Incentives play a crucial role in encouraging MUs to par-
ticipate and increasing advertisement viewership within the
data rewarding scheme. The advertiser designs an incentive
mechanism that offers rewards to MUs, with the aim of
maximizing her profit. Research studies have consistently
demonstrated the impact of incentives on attracting viewers.
For example, a survey conducted by Bangera et al. showed
that 76% of respondents are interested in watching ads in
exchange for mobile data [10]. In a separate experiment, Sen et
al. investigated the effect of financial incentives on viewership
and found that users positively respond to such incentives,
leading to increased ad views [11].

In [12], interactions between the advertiser and MUs in
the data rewarding scheme are modeled with the Stackel-
berg game. However, this paper relies on the assumption of
complete information, which is not applicable in real-world
scenarios. To address this limitation, contract theory provides
a framework for designing mechanisms under asymmetric
information, where the designer lacks knowledge of the agent’s
private information and aims to encourage truthful disclosure
[13], [14]. In the context of data rewarding, [9] utilized
contract theory to design incentive rewards. The authors mod-
eled the interaction between the advertiser and MUs, who
have multi-dimensional private information, using a multi-
dimensional contract. By using the structural features of the
problem, they converted the multi-dimensional contract into a
one-dimensional contract and calculated incentive rewards.

However, the aforementioned research assumes that MUs
are not influenced by each other, which may not accurately re-
flect real-world dynamics. In reality, individuals’ decisions are
often influenced by their social connections and interactions.
When people see their friends or peers engaging with ads, it
can create a social influence that motivates them to watch ads
[15]. Research by [16] exemplifies how friends’ preferences
within a social network influence purchasing decisions and
engagement with ads. Word-of-mouth recommendations can
amplify the network effect and encourage more people to
engage with ads [17]. Also, social media influencers can rein-
force the network effect by endorsing or promoting certain ads,
which motivates their followers to engage with those ads [15].
Social networks like Facebook exemplify platforms where the
behaviors of MUs mutually influence one another [18]. In such
systems, the interactions among MUs can be represented as
a graph, where nodes correspond to MUs and edges signify
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the influence of their connections. These interdependencies are
commonly referred to as “network effects” [19].

In this research, we propose an optimal incentive mech-
anism in the framework of contract theory for the data re-
warding scheme when MUs interact with each other and have
private information. Contract items are designed to achieve the
following three aims: 1) maximizing the advertiser’s profit,
2) ensuring MU participation (Individual Rationality (IR)),
and 3) encouraging MUs to disclose their private information
truthfully (Incentive Compatibility (IC)). To accurately reflect
the real setups in the data rewarding scheme, we assume
that MUs can influence each other’s behavior through social
interactions represented by a graph. Furthermore, we assume
that MUs’ private information, also known as their “type”,
can be modeled by a discrete distribution function. This
private information indicates the strength of social network
relationships between MUs [20], [6].

We model the data rewarding scheme as a non-convex con-
strained optimization problem. The advertiser seeks to obtain
incentive rewards that maximize her profit while satisfying the
incentive compatibility and individual rationality constraints.
The network effects term in this optimization problem causes
double complexity, making it non-convex and having coupling
variables. As a result, designing and solving the contract for
this problem differs from contracts of other applications such
as [21], [22], [23]. While past research has tried to simplify
the issue by making assumptions and turning it into a convex
problem, these assumptions can be restrictive. As a result, we
tackle the issue in its true form as a non-convex problem. In
addition to the complexity caused by the coupling variables,
traditional centralized methods are not suitable for solving
these problems due to the distributed nature of the investigated
system. The centralized framework has some performance lim-
itations such as high communication requirements, significant
computational load, limited flexibility and scalability, and most
importantly, lack of user privacy [24]. Therefore, we derive
the ads demand and incentive reward using a non-convex
distributed algorithm. We analytically reformulate the contract
optimization problem with complex non-convex objective and
non-convex constraints into an equivalent simpler optimization
problem with non-convex objective but convex constraints.
Proofs demonstrate that the proposed contract guarantees
MUs’ participation and encourages them to truthfully disclose
their private information (IC and IR constraints). Through
rigorous evaluation, we validate the data rewarding scheme’s
performance efficiency compared to benchmark schemes. In
summary, the main contributions of this paper are as follows:

o We propose an incentive mechanism for the data reward-
ing problem under information asymmetry, where the
social interaction of MUs is represented by a graph.

o We reformulate the “ads demand” and “incentive reward”
allocation problem from an optimization with numerous
non-convex constraints into a tractable optimization.

o Due to the network nature of the system and the advan-
tages of the distributed framework and the non-convexity
of the problem, we use a non-convex distributed algo-
rithm to obtain the ads demand and incentive reward.

o We derive a reformulation for the contract problem.This

allows us to simultaneously maximize the advertiser’s
profit while ensuring MUs’ participation and truthful
disclosure of private information.

II. SYSTEM MODEL AND PROBLEM FORMULATION

In this section, we first describe the data rewarding ecosys-
tem. Subsequently, in order to formulate the optimal contract
within the data rewarding scheme between the advertiser and
MUs, we delve into the utility functions of each party.

The data rewarding ecosystem comprises three entities:
advertiser, network operator, and a set of MUs AN =
{1,2,..., N} that interact with the advertiser. Each MU has
private information, known as the type of MU;. This type,
denoted as +;, represents the “true type” of MU; and its value
belongs to the set B = {ﬁl,ﬁQ, e ,ﬂM}.

In this scheme, the network operator provides mobile data
to MUs. This is typically done through a flat-rate data plan
(C, D) that is set for a specific period (e.g., monthly). Here, the
parameter C' > 0 represents the subscription fee, while D > 0
signifies the amount of data included in the subscription. Then,
each MU watches the ads provided by the advertiser and in
turn, the advertiser provides an incentive reward to MU so
that MU is encouraged to watch more ads. In this way, the
advertiser earns revenue from providing advertisements. Also,
the advertiser pays the ad display fee to the network operator.
The schematic of this market is demonstrated in Figure 1.

The advertiser designs a set of contracts for different types
of MUs. This contract includes a set of pairs of “Ads Demand
Volume (x)” and “Reward Amount (R)”. The advertiser an-
nounces the contracts to the MUs, and then the MUs announce
their type to the advertiser and receive the corresponding
contract. MUs are free to announce their type to the advertiser.

Let 4; be the “announced type” by MU;. Notably, the
announced type may differ from the true type of MU, as
MUs may strategically misrepresent their type to maximize
utility. Then, we define z; (; = 87), and R; (%, = 89) as
the duration of ads (ads demand) and the incentive reward
(reward amount) received by MU; with announced type (39,
respectively. For simplicity, we use z§ = z; (§; = 8) and
Rg = R; (¥; = 7). In other words, in x? and R;J-, the
superscript index ¢ signifies that the value of the announced
type of MU; is the g-th element of the set B.

Therefore, we can express the utility of MU, with ; = j3°
and 4; = B9, Vi,g e M ={1,2,..., M} as follows [9], [20].

Uj(z?, R, X_;, ") = S(z?) — p¢ (27) + 6R? — C

N M
i,.4 1,1
+5' @] E E gikApxy- (D)
k=11=1
where
AT M 1 M
X,j—[:rl,...,xl e T gy T,
1 M 1 Valll
Ij+1,...7Ij+1,...,IN,...7xN}

is the ads demand of other MUs excluding MUj. S(x%) models
the total benefit of MU; with 4; = 39 from utilizing the
mobile services. Inspired by [25], [9], we model this function
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Fig. 1: An interactive framework for Data Rewarding scheme.

as S(zf) = O[D + 7é(x])], where the parameter 6 > 0
represents valuation from one unit of content consumption.
The increasing function <;$(:c]q) indicates the amount of data
used to watch ads by MU; with 4; = 9, and 7 is a
scaling factor. The second term pp(z) indicates the disutility
resulting from watching ads, and the constant p is the MU’s
average disutility from watching ads [25].

Inspired by [6], [26], the term B'z? > | S0, gjrAlal,
represents the external benefits due to the network effects
exhibited by the rewarding platform. In this formulation, g,
indicates the strength of MU}, to influence MU;. For example,
the larger the g;1, the more participation of MUy, the more
profit MU; makes. We consider that for all j and &, g;; € [0, 1]
and for all j, g;; = 0. All g;, are commonly known [20], [27].

Earlier, we mentioned that the parameter «y;, which rep-
resents the MU’s type, controls the strength of the network
effect for each MU [20]. The type of each MU is private
information, meaning that only the MU itself knows it, and
neither the advertiser nor other MUs know about it. However,
it is reasonable to assume that the probability distribution over
the types of all MUs is commonly known [28], [27], [29]. This
is because the advertiser can estimate statistical information
about the distribution of MU private information by learning
from MU’s historical behavior or by conducting a MU survey.
The probability that MU; belonging to $* is denoted as A’
with S, * =1,Vj € N. Note that since each MU has
uncertainty about the ads demand of its neighbors, the last term
in (1) has appeared as the expected value of X _;. Also without
loss of generality, we consider ' > 32 > ... > gM > (.

The profit of the advertiser is advertising revenue minus the
cost to be paid to the network operator for buying ads slot and
the incentive reward cost offered to MUs [25]. The expected
profit of advertiser from all types is given as follows,

N M
HXR) =33 X [oh (o) — ;= OR]], @
j=1i=1
where Jh(it;-) represents the ads revenue from the volume
of ads seen by MU, with 4; = °. o is the advertisement
revenue coefficient. qx§- represents the cost to be paid to the
network operator for delivering the ads to MU; with 4; = 3.

.
Also, we define, X = [z1,...,2}/, ... ak,... . 2¥]

R=[Rl,...,RM .. R\, . RY]".

and

III. CONTRACT BETWEEN ADVERTISER AND MUS

The advertiser aims to design a data rewarding strategy
without knowing MUs’ private information, to maximize its
expected profit. The contract designed by the advertiser is
intended to fulfill three objectives: maximize the advertiser’s
profit, motivate MUs to watch ads and participate in this
scheme, and ensure that MUs truthfully announce their type
to the advertiser. Such a contract is deemed feasible and
optimal. The second and third objectives are met through the
implementation of IR and IC, respectively. Thus, a contract is
guaranteed to be feasible if it fulfills both IR and IC. If the
advertiser’s profit is also met along with these conditions, the
contract is optimal. In the following, we define the IR and IC.

Definition 1. A mechanism is individually rational if each
MU can achieve a non-negative utility by announcing her type
truthfully, i.e.,

Uj(t, R X, ) >0  YjeN, VieM. (3

Definition 2. A mechanism is incentive compatibility if each
MU can achieve equal or higher utility by announcing her
type truthfully, i.e.,

VieN, Vi,ge M, i+#q.
Thus, the feasible set of all contracts is defined as S =
{(acz, R;) | (3), (4)} From the contract theory point of view,
the advertiser needs to maximize its profit while the contract is

feasible (i.e., satisfying both IR and IC constraints). Hence, the
optimal contract is the solution to the following optimization

N M
max =33 A [oh (z}) —ga5 —0R]] (5
A j=1i=1
st. Uj(zi, R, X_;,8)>0 VjeN, VieM,
Uj(x, R, X5, 8°) > Uj(2?, RI, X5, 5Y)
VieN, ViqgeM, i#q,
>l >0 VieN, Vie M.

A. Reformulation as Equivalent Optimization Problem

Based on (5), we face a non-convex optimization with N M
IR constraints and NM (M — 1) IC constraints, all of which
are non-convex. In what follows, we aim to derive a tractable
reformulation of the problem with convex set of constraints
which is equivalent to optimization problem (5).

Lemma 1. Under the feasible contract, the IR constraint is
satisfied for all 5 if and only if the IR constraint is binding
(or active) on the lowest type, which means,

Uj(z}", R X_;,8M) =0 VjeN. (6)
Proof. See Appendix A. |

Lemma 1 allows us to infer that the IR constraint in
(5) can be replaced with its equivalent constraint, namely,
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(6). Furthermore, the equation (6) serves as a necessary and
sufficient condition for the IR constraint.

Definition 3. Local Upward IncentivelCor'zstraint (LUIC):
LUIC (3, = §.4; = B%Y) ¢ Uj(ah R, X_;.f) >
U™ R X5, 89, Vi e N, Vie{1,2,...,M — 1}

Definition 4. Lgcal Downward Incentiv¢ Constraint (LDIC ):
LDIC (ls/j 2617?)/] :51_1) Uj(x;7R;7X7]761) Z
Uj(gg;.—l’Rz,—l,X_jﬁz)’ VieN,Vie{2,3,...,M}

J

Lemma 2. The solution of (xg, R;) in (5) is IC if and only if
all of the following conditions hold:

Uj(x;7R37X7]7ﬁl) Z Uj(£§+17R§‘+17X7j7ﬂi)7 (7)
VieN, Vie{l,2,...,M—1}
Uj(xé'»R;vX*jvﬁi) Z Uj(x;"_laRj‘_lvxfjvﬁi)v (8)
VieN,Vie{2,3,...,M}
1 2 M )
Tp > x> 2wy, VieN 9
Proof. See Appendix B. O

Lemma 2 indicates necessary and sufficient conditions for
the IC constraint, meaning that in (5), the IC constraints can
be replaced by the LUIC, LDIC, and monotonicity constraints.
Next, we demonstrate that the optimal contract occurs in set
S’ C S, which is defined as follows:

S ={(x} Bj)| 2j = 2f > = 2},
Uj(zy', R} X_;,8M) =0,
U](I;7R;ax—]a/81) = Uj(x;+1aR;‘+1aX—jaBZ)}

To demonstrate this, it is enough to prove that in the
optimal contract, we can replace the IC constraint with
asjl > x? > > xé‘/[ and Uj(aj, R;, X—j,8') =
Uj(x;-Jrl,R;-H,X_j,ﬂl). Because we have proved in
Lemma 1 that the IR constraint can be replaced by

Uj(xé\/[,Ré\/[,X_j,BM)ZO.

Lemma 3. In the optimal contract, the IC constraint can be
replaced by

Uj(x§'7R;'7X—jvﬂi) - Uj(x§'+17 Ri‘_‘—lax—jaﬂi)a

J

VieN, Vie{l,2,...,M —1}, (10)
and
1 2 M .
xp>a; > >y Vi eN. (11)
Proof. See Appendix C. O

From Lemma 3, we conclude that in the optimal
contract, IC constraint is guaranteed if the conditions
Uj(xt, RS, X5, BY) = Us(aft R 2h, B7), Vi e N, Vi €
{1,2,...,M — 1} are met. This means that if MU;’s an-
nounced type is 4°*! and its true type is 3¢, it has the same
utility as when its announced type is 3°. Thus, we can use
Lemma 3 to replace NM (M — 1) IC constraints with only

N(M — 1) constraints. With the help of Lemmas 1 and 3, we
reformulate the optimization (5) as the following optimization.

N M
max II = ZZA; [ah (x;) — qx3 — HRﬂ (12)
xR
PR j=11i=1
st. UiV RY,X_;, M) =0 VjeN,
Uj(x;WR;vajvﬁi) = Uj(x;‘+1vR;'+17X7jvﬁi)
VieN, Vie{l,2,...,M -1},
:E}Zx?Z--~2x§VI VjeWN,
Vi eN, Vie M.

The optimization problem (12) is equivalent to the optimiza-
tion problem (5). In (12) compared to (5), the constraints have
become simpler and their number has decreased significantly.
However, the problem’s constraints are still non-convex, and
we are faced with two optimization variables. Hence, we use
the following proposition to deal with these challenges and to
investigate the solution to the optimization problem (12).

Proposition 1. The optimal solution of the optimization (12)
is the same as the solution to the following optimization.

N M

e 3250 ot o) - 00 o) -

J j=11i=1

N M
+60 [D+ ¢ (x;)ﬂ + Z; x; Z Zgjk)\ﬁcxfc} (13a)
k=11=1
Vi eN,

Vi eN, Vie M.

(13b)
(13c)

>zl > >

z>zt >0

where, for all, j € N
B 22:1 /\? -t 22;11 )‘f
BN

Proof. See Appendix 1. [

' Vie{2,3,...,M},
Z; =
for i=1.

In this way, we arrive at the optimization (13). This op-
timization is precisely equivalent to optimization (5), with
two key distinctions: the constraints in this formulation are
convex, and the number of constraints has been reduced. These
constraints are linear and easier to deal with. Also, the number
of optimization variables in the problem has been reduced, and
it has only one optimization variable.

IV. DISTRIBUTED ALGORITHM FOR CONTRACT PROBLEM

Due to the coupling variables (z%) in the optimization
problem (13) and the distributed nature of the investigated
networked system, traditional centralized strategies are not
suitable solution methods. In addition, the centralized frame-
work has some performance limitations, such as high commu-
nication requirements, substantial computation burden, limited
flexibility and scalability, and most importantly, lack of pri-
vacy [24]. In what follows, we reformulate the problem in
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distributed form and propose an algorithm to solve it. We
rewrite the optimization problem (13) as below,

N
F=> F(X
j=1

s.t. QX <0,

(14)

max
X
0<X<x,

where X is the coupling and global variable of the optimiza-
tion problem. 0, X denotes the vector of all zeros and all z,
respectively. QX < 0 is the compact form of N(M — 1)
constraints (13b), with Q) € RNM-1)xNM Algo, without loss
of generality, we denote the set containing all these constraints
by Q. The objective function of MUj is as follows

M

> {3 ot ) - - o) -

i=1

Fj(X) =

9[D+T¢(.’IJ§-)} +Z1x; Zgjk)\fcxﬁc}. (15)

k=11=1

The objective function of (14) is not concave, but the con-
straints are convex. Therefore, we are facing a non-convex
problem. In the following, we adopt a distributed algorithm to
solve the non-convex optimization (14).

Let G = (NV,&,G) denotes the directed communication
graph of MUs, where N' = {1,2,..., N} corresponds to a set
of MUs and the set of edges £ C N X A corresponds to social
relations. G is a weighted adjacency matrix for graph. We have
denoted the jk-th element of the weighted adjacency matrix
by g,i. The weighted adjacency matrix is common knowledge,
meaning that all g;, are commonly known [27].

In the proposed algorithm, MU starts with an initial estima-
tion of the solution to the problem, i.e., the global variable X,
where we denote it by X () (0) € Q. Then, in the update and
projection step, MU; generates a temporary estimate X,
Next, MU; observes the values of X by communicating
with its neighbors and computes the weighted average.

The weight matrix A is defined as A = [a]]; .\, € RNV,
where the scalar al is the weight that MU, assigns to the
information X(") obtained from a neighboring MU,. and
denotes the jr-th element of the weight matrix A.

Algorithm 1 summarizes the procedure for calculating X (7).
In Algorithm 1, « is the gradient step size and d; (k) is the
gradient of Fj at point XU (k —1). Also, Prq(.) is the
projection operator onto the set Q.

The sequence X) converges to the set of Karush-Kuhn-
Tucker (KKT) points of the objective function F' on the set
of constraint @, for all j € N. These KKT points are not
necessarily the optimal solution, nevertheless, Theorem 1 in
[30] ensures that the constraints of the problem, which are the
IR and IC constraints in our case, are satisfied.

Assumption 1. The gradient step size is a sequence such that
ar = ag/kS, where ag > 0, 5 < ¢ < 1. Also, the spectral
radius p of matrix AT (IN — 11T/N) A satisfies p < 1, where
1 denotes to the N x 1 vector whose components are all equal
to one, and T denotes transposition.

Algorithm 1: Non-Convex Distributed Projected Gra-
dient Algorithm

Initialize: % < 1, set a gradient step size oy
X0 eQ VieN

do

for j=1:N do

Pick the ascent direction as: d; (k)
Update and Projection:

XUMM47PW(XUNk7D+aMQ%D

Consensus:
N . o~
k)« Y al X0 (k)
r=1
end
§ + max | XW (k) — X (k—1) ||
JjEN
k+—k+1

while § > €410p;

Proposition 2. Under Assumptions I, weights rule, doubly
stochastic of the matrix A, and Periodically Strongly Con-
nected graph G, the estimation sequence (X(j) (k))k>0, for
j € N, converges to the set of KKT points of the objective
function F on the set of constraint Q [30].

Proof. See Appendix E. O

Therefore, using Algorithm 1, the ads demand is obtained by
solving the optimization (13). Then, using (33), the incentive
rewards corresponding to each ads demand are calculated.
Hence, the contract items are obtained for each MU.

Remark 1. It’s worth mentioning that from a technical
point of view, the heterogeneity in MUs’ parameters (i.e., the
uniqueness of the parameter value for each MU) doesn’t pose
a problem. This is because each Lemma and its corresponding
proof hold true for MU ;, irrespective of the other MUs.

Remark 2. The distributed approach lets MUs handle com-
putations on their smartphones, cutting costs and complexity.
Advertisers save on expenses, gain scalability, and improve
fault tolerance, which can lead to lower service fees, better
data plans, and more rewards for MUs.

V. SIMULATION

In this section, we investigate the performance of our pro-
posed contract in the data rewarding scheme through extensive
numerical simulations. For the simulation setup, we assume
gjr = 0.1 when agents j and r are connected, otherwise
gj» = 0. We consider 6 different types in the system, i.e.,
M = 6. The true and announced types are chosen from the
set B = {100, 80, 60,40, 20,1} ¢/(Min)®. As is customary
in the literature [7], [9], the distribution of type for MUs is
assumed to be a uniform distribution, i.e. )\; = 1/M. Other
parameters of the system are set according to Table I unless
otherwise stated. We consider the linear formulation of ¢(x)
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TABLE I: Simulated data rewarding platform parameters.

Parameter Value
T 35
C 1250 ¢
D 1000 MB
0 1.1 ¢/MB
o 400 ¢/MB
D 120 ¢/MB
q 50 ¢/Min
T 5 Min
a.l b.1
a3 a.2 b2 b.3
a4 a.5 b4 b.5
a.6 b.6

(a) Fully connected (b) Star

Fig. 2: Bidirectional Network Structure Between MUs.

in the simulation, i.e., ¢(x) = x [9]. We also consider h(x)
in the form bx — %xQ, where a = 0.3 and b =1 [20], [27].

We first evaluate the feasibility of the proposed contract
by examining the validity of IR and IC. We illustrate this
with a basic example involving six MUs who can interact
via a fully connected graph (as shown in Figure 2a). In this
network, five MUs truthfully announce their type, while the
sixth MU has the option to announce her type untruthfully.
Figure 3 shows the utility of the sixth MU when she announces
values of a type different from those of her true type to the
advertiser. Each curve in Figure 3 corresponds to different
values of the true type of MU a.6, while the announced type
of the other five MUs is fixed in all curves. The figure reveals
that MU a.6 achieves maximum utility when she announces
her type, or her private information, truthfully to the advertiser,
as marked by the black stars on the curves. Consequently, the
mechanism satisfies the IC constraint. Additionally, the utility
of MU a.6 is positive when she announces her information
truthfully, indicating that the IR constraint is also satisfied.
This makes MU a.6 willing to participate in the scheme. In
particular, the utility of MU a.6 with v, = 1 and 4,6 = 1
is zero, as confirmed in Lemma 1.

300

200 3
s
=)
= 100
k]
2 ——
=1 0 b o —
=1 ——— \

-100 \
0 20 40 60 80 100
Announced type
=== True type = 100  ==== True type = 60 = True type = 20
True type = 80 = True type = 40 = True type = 1

Fig. 3: MUjg Utility when announcing different values of type.

In the subsequent step, we assess how the network struc-
ture affects MU’s utility. We examine three MU types: fully
connected, branch, and central MUs. Our evaluation involves
two network models: a fully connected network (as shown
in Figure 2a) and a star network (depicted in Figure 2b).
We presume that MUs in both these networks have the same
parameters and private information, with their connectivity
being the only difference. Consequently, all MUs in Figure
2a have the same utilities. To study the behavior of fully
connected MUs, we use MU a.l’s utility as an example, which
mirrors the utilities of all other MUs in Figure 2a. Furthermore,
since MUs b.2, b.3, b.4, b.5, and b.6 have the same parameters
and connections, we focus on MU b.2’s utility to explore
the characteristics of branch MUs. We also designate MU
b.1 as the central MU. As demonstrated in Figure 4, fully
connected MUs have the highest utility among the three MU
types due to the maximum mutual influence in such a network.
Additionally, in the star network, the central MU’s utility
surpasses that of the branch MU because the central MU exerts
a stronger mutual influence on the other MUs compared to the
branch MU. Therefore, we can infer that the more influence a
MU has on others, the more advertisement is allocated to that
MU, resulting in more utility. It’s important to note that we
also assessed the connection strength among MUs. All MUs
are assumed to have the same strength of connectivity.
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Fig. 4: Utility of MUs a.l (fully connected MU), b.1 (central
MU), and b.2 (branch MU).

In the third step, we explore how the advertiser’s profit is
affected when a MU untruthfully announces her type. The
bidirectional network structure for this scenario is illustrated in
Figure 5. The profit of the advertiser when one MU announces

c3

Fig. 5: The bidirectional network structure between MUs.

her type untruthfully is displayed in Table II. The first row
displays the outcome when all MUs truthfully announce their
type. In the subsequent rows, it’s assumed that only one MU
announces the information untruthfully. As we can see, the
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untruthful announced type of MUs c.2, c.3, and c.4, who are
each connected to three other MUs, have the most significant
impact on the advertiser’s profit. Conversely, MU c.5, who
is connected to just one MU, has the least impact on the
advertiser’s profit. Therefore, we deduce that the advertiser
should prioritize designing a mechanism that ensures incentive
compatibility for the MU with the most influence on others.

TABLE II: Impact of an untruthful MU on advertiser’s profit.

Untruthful MU  Advertiser’s profit (¢)

No of the MU 962.68
MU c.1 807.71
MU c.2 794.16
MU c.3 794.16
MU c4 794.16
MU c.5 815.51
MU c.6 807.71

Next, Figure 6 presents a comparison of MU’s utility in
networks with varying numbers of MUs. As depicted, a MU
in a network with a greater number of nodes enjoys higher
utility compared to MUs in networks with fewer nodes. This
is due to the reason that the influence of MUs on each other
increases as the number of MUs in the network grows.
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Fig. 6: MU Utility with different numbers of MUs.

Moreover, we compare the performance of the proposed
data rewarding scheme with other benchmark schemes. The
benchmark schemes that are examined in this work are
the discriminatory data rewarding scheme [7] and the data
rewarding scheme without considering IC constraints [31].
The discriminatory data rewarding scheme is obtained from
the optimal contract under information symmetry, i.e. the
advertiser is aware of the types of MUSs. Theoretically, this
leads to the desired result in terms of advertiser profit and
acts as an upper bound. Thus, in the optimization problem,
there is no IC constraint and only IR constraint. In the data
rewarding scheme without considering the IC constraints, the
advertiser does not know the type of each MU and wrongly
assumes that MU announces her true type. However, MU
as a selfish and rational agent may announce another type
to gain more profit. The bidirectional network structure for
this case study is depicted in Figure 5. As shown in Figure
7, under the discriminatory data rewarding scheme where
the contract design is done with complete information, the
advertiser maximizes his utility by minimizing the utility of
MU, thus assigning zero utility to MU. In the data rewarding

T T T
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=== Data Rewarding Scheme without IC Constraint
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Fig. 7: Utility of MU under three different schemes.

scheme without considering IC constraints, MU announces her
type in such a way as to maximize her utility by deceiving the
advertiser. For this reason, as shown in Figure 7, MU achieves
higher utility than other schemes. According to Table III, if
MUs deceive the advertiser and untruthfully announce their
type, the total utility of MUs reaches its maximum value and
the advertiser earns less profit than other schemes. In contrast,
in the discriminatory data rewarding scheme, the total utility
of MUs remains as low as possible, i.e. zero, and the advertiser
gets the most profit compared to other schemes.

VI. CONCLUSION

In conclusion, this paper introduces a data rewarding
scheme that economically incentivizes MUs while considering
network effects. We employ contract theory to model the
interaction between advertiser and MUs under information
asymmetry. The contract design is formulated as a non-convex
constrained optimization problem, and we derive the necessary
and sufficient conditions for the problem’s constraints. To
overcome the challenges posed by non-convex constraints, we
simplify the initial optimization problem into a tractable equiv-
alent problem with convex constraints, which we then solve
using a distributed algorithm. Our simulations demonstrate that
our proposed scheme outperforms the benchmark.

APPENDIX A
PROOF OF LEMMA 1

We divide the proof of this lemma into two parts, the
forward direction “If”, and the backward direction, “Only If”.

To show the “If” part, we have to prove:
Uj(z}, RY,X_;,pM) =0, Vj € N = IR constraint
To prove this part, from IC constraint, we have
Uj(ah, RE, X5, 8 > Uz}, RY,X_;,8), and also
using 3* > M | for all j € N, we obtain

Uj (5, B, X5, ') 2 0 [D + ¢ (2}")] = pé (2]")

N M

+ORY —C+ M} Y N gl
k=1 1=1
Thus, we can conclude that Uj(az}, Rj,X_;,5") >
Uj(«, R}, X_;, ™). Furthermore, it proves that IR con-
straint for 4 is binding, i.e., Uj(:v;»w,R;”,X_j,ﬂM) = 0.
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TABLE III: Profit of advertiser and total utilities of MUs under different schemes.

Scheme

Advertiser’s profit (¢) MUSs’ total utilities (¢)

Proposed data rewarding scheme
Discriminatory data rewarding scheme

Data rewarding scheme without considering IC constraints

962.68 376.63
1437.20 0
877.32 580.23

Otherwise, we could decrease 9R§ for 5* € B by € > 0,
which would preserve all the constraints of the optimization
(5), and at the same time increase the profit of the advertiser.
In this way, the proof of “If” part is then completed.
To show the “Only If” part, we have to prove:
IR constraint = Uj(xj‘/[,Ré‘/[7X_j7ﬁM) =0,VjeN.
The proof of this part is self-evident since
Uj(:cﬁ\/[, Ré\/l, X_j, M) 0 is a specific case of the
IR constraint. If the IR constraint is met, it’s certain that this
constraint is also valid. Consequently, the proof of “Only If”
part is established, and the proof of this lemma is completed.

APPENDIX B
PROOF OF LEMMA 2

We divide the proof of this lemma into two parts, the
forward direction “If”, and the backward direction, “Only If”.

To show the “If ” part, we have to prove:
LUIC(3; = 6,3 = 8**1). LDIC(3; = 51, = 6*). and
le > x? >0 > x — IC constraint. To prove this part, it
suffices to prove the following statements.

1) If LUIC(§;=84;=8""), a}>a?>... >z}
then Uj(xé,Ré,X_j,B)_ ( R , X, 8%,
Vi e N, Vi,qe{1,2, .,M—1}7 q>i (16)
2) If LDIC(3;=8%=8""), aj>a5> >}
then Uj(z}, Ry, X_;, ') > Uj(xg,R],X_J,ﬁ ),
VieN,Vi,qge{2,3,.... M}, q<i (17)

First, we prove (16). By replacing the utility of MU; with
v; = B and 4; = BT, 4; = B2 from equation (1) in
LUIC (%; = B"T',4; = B"?), we have

0 [D+7¢ ()] —po (257) + ORT —

N M
Bi+1.’17§-+1 Zzg]k/\zxgc > 0 [D +T¢ ($;+2)] _
k=11=1
N M

po (2572) + ORI — C + 122N "N " g Al (18)
k=11=1

Given ' > f'*' > B and 2% > $§-+1 > a:;-+2 for all
j € N, we have,

s

k=11=1
By adding (18) and (19) together, we have

141 141
Uj(xj ,Rj ,X

C+

/BH_I) ( z+1 z+2) > 0. (19)

5B = U2 RT3 X5, 8Y). (20)

>

Combining equation (20) and Uj (xz, Ré-, X
Uj(z ;“ R X, 8"), we obtain Uj(«}, RE, X _;,8") >
Uj(z+2, R”2 X_;,/3"). In the same way, it is proven for
higher types as well. Thus, we can further prove (16). Also,
we can prove (17) in a way similar to that of (16). The proof
of the forward direction “If” is then completed.

To show the “Only If”, we prove the following statements:

*jaﬁi)

1) IC constraint = LUIC (§; = 8,4, = 8'7"), (@D
2) IC constraint = LDIC’( ﬁi,% =47, 2
3) IC constraint = 33 > x? >0 > xéw (23)

Statements (21) and (22) are clearly established and proven.
The LUIC and LDIC constraints are specific cases of the IC
constraint. Therefore, if the IC constraint is established, it’s
certain that these constraints are also established. Thus, we
just need to prove (23) which is as follows:

From the IC constraint for MU, with v; = 3° and MU;

with ; = B9, we have respectively
Uj(ah, Ry, X, 8) > Us(z9, R, X, 8, (24)
Uj(SL'(JZ-7R;1-,X,j,Bq) > Uj(l‘;-,R;,X,j,ﬁq), (25)

By expanding (24) and (25) using equation (1) and then adding
their sides together, we obtain (5i Be) («} —2) > 0.
Hence, if 3* > ﬂq it follows that 2% > 2f. Th1s implies that
if g1 > 2> ... > M, thenarj>x > . >xM , Vi eN.
This condition, also known as the monotonlclty condition,
implies that if MU, announces a higher type, she has a stronger
inclination towards viewing ads, which makes sense. With this,
the proof is successfully concluded.

APPENDIX C
PROOF OF LEMMA 3
Based on Lemma 2, we have to prove the following
7j)6i)7 vj € N7

1) Uj(x, R, X5, 8') = Uj(x} i+l R”l

Vie{l,2,....,M —1} and 2} > 27 > --- > z}',

= LDIC (%; = p',%4; =pB""") :Vie {2,3,...,M}
(26)
2) The LUIC (§; = 8%,4; = B*™!) constraint is binding on

the optimal contract, i.e.,

Uj(x37R;’ *]’BIL) ( o RZ+1 *jaﬁi)v
VjEN,VZE{l,Z..., —1} 27
We begin with proving (26). First, we write the
LUIC (%; = B',4; = B™') constraint in its equality

state (binding), which becomes Uj(x%, R5, X, ")
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Ui (™ R X5, 87)
Using (1) we have

DD+ 70 )] 0 () 40,
N

3 S g =0 D470 ()] o (57

Vi e N, Vie{1,2,....,M—1}.

—C+

k=11=1
N M

+ ORI — C+ B2l YN gk (28)
k=11=1

Second, by replacing the utility of MU; with v; = B!
and §; = g, 5 = g from equation (1) in
LDIC (§; = B™*1,4; = B'), we have

9 [D+T¢( Z“)] —p («5) + ORI —

gitlgitl Z Zgjmm >0[D+71¢(25)] -

k=1 1=1
C+ g Zzgjk)‘kxk

k=1 =1

From (28), 5" > "', and 2} > x“l we obtain:
0[D+T¢( 7,+1)} p¢( Z+1)+0RZ+1 O
—0[D+71¢(a})] +p¢( 1) —0R. +C

;) Z Zgjkkéwé

k=11=1

N M
7.+1 [
) DD gt

k=11=1

C+

po (z}) + OR, — (29)

= 5 -

> 61+1 (30)

Rearranging the terms in (30), we obtain the desired inequality
in (29). Hence, (26) is proved.

We now prove 27). By writing the
LUIC (3; = B',4; = B*') constraint and substituting the
MU;’s utility function from equation (1) in it, we have:

0D + 70 (a1)] - po (a1) + 0B} — O

N M
z:c; Z Zgjk)\gcmiﬂ >0 [D + 70 (Jc;H)] —
k=1 I=1
N M

po () + RS — O+ Blaftt Y N gk, GD

k=11=1
which can be written as

OR; > (70 —p) (¢ (257") — 6 (2)) + OR;"
) N M
B (2 = 2h) YD g A (32)
k=11=1

According to Lemma 1,
timal contract,

it is evident that in the op-
each MU’s lowest type has a utility
of zero. Thus, in the optimal contract, the advertiser
sets ORY = —0[D+7¢(x})] + po (z}') + C —
M Zk L gieNial. Given RM, for i = M — 1
in (32) the advertiser reduces the value of the data reward
to some extent to preserve the equal sign in (32). Given
R;W_l, for i = M — 2 in (32), the advertiser reduces

the value of the data reward to some extent to preserve
the equal sign in (32). Hence, in the optimal contract, the
advertiser reduces the value of data reward Rj— to take the
equal sign of (32) for 4 {1,2,..., M — 1}. Therefore,
LUIC (%; = B',%; = B*) for i € {1,2,...,M —1} are
binding and (27) is proved. In this way, the proof is completed.

APPENDIX D
PROOF OF PROPOSITION 1

First, by expanding the first and second constraints of (12),
we obtain a closed form for data reward R; as follows

1 Mo
=3 <fj(37§wvx—jvﬁM) + ZU@)

VjeN, Vie{l,2,....M—1}, (33)
so that in equation (33), for all j E./\/ w; —fj( X, BY)—
Fi@ X5, 8 Vi€ {1,2,. -1}, and w;‘” =0,
and fj(N] _],ﬂl) = 79[D+ng5( O] +po () +C —

Blak Y S girAbal. Next, we substitute (33) in the
objectlve function of the optimization (12) and remove its

dependence on R , specifically
ZZ{X [oh (z}) — gz} + 0D - C
Jj=11i=1
N M
+ (0 —p) o (2)] + Zi 2> > gk kxz}, (34)
k=11=1

where, for all j € N: Z} = ' S, Ay —pimt S )\k Vi €
{2,3,...,M} and Z} = ' A}. Thus, we reach the optlmlza—
tion (13) and the proof is completed

APPENDIX E
PROOF OF PROPOSITION 2

Considering that the set of constraints Q is nonempty,
compact, and convex, it is proved in Theorem 1 of [30] that the
sequence of each MU’s estimation of the problem’s solution
(X)) converges to KKT points of the objective function F'
on the set of constraint Q.
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