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Abstract— This paper proposes a novel control design for
voltage tracking of an islanded AC microgrid in the presence
of nonlinear loads and parametric uncertainties at the primary
level of control. The proposed method is based on the Tube-
Based Robust Model Predictive Control (RMPC), an online
optimization-based method which can handle the constraints
and uncertainties as well. The challenge with this method is
the conservativeness imposed by designing the tube based on
the worst-case scenario of the uncertainties. This weakness is
amended in this paper by employing a combination of a learning-
based Gaussian Process (GP) regression and Tube-Based RMPC.
The advantage of using GP is that both the mean and variance of
the loads are predicted at each iteration based on the real data,
and the resulted values of mean and the bound of confidence are
utilized to design the tube in Tube-Based RMPC. The theoretical
results are also provided to prove the recursive feasibility and
stability of the proposed learning based Tube-Based RMPC.
Finally, the simulation results are carried out on both single
and multiple DG (Distributed Generation) units.

Note to Practitioners—In this paper, we present a new way
to control the voltage in an islanded microgrid to improve
Power Quality (PQ). The method we propose is based on an
online optimization technique called Tube-Based Robust Model
Predictive Control. It can handle uncertainties and disturbances
that occur when the microgrid operates independently, ensuring
the voltage remains stable. However, there’s a challenge with
this method. It tends to be too cautious because it assumes the
worst-case scenario for uncertainties. To make the control more
efficient, we improve it by combining a learning-based technique
called Gaussian Process regression with Tube-Based RMPC. The
advantage of using GP is that it predicts the uncertainty of the
electrical devices based on real data. We use these predictions
to design the control in Tube-Based RMPC more accurately.
We also provide theoretical results to show that our new learning-
based control is reliable and stable. We tested our approach
through computer simulations on different scenarios with one
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or multiple power sources in the microgrid. The results show
the effectiveness of our control design in regulating the voltage
even with uncertain and nonlinear loads. Overall, this paper
suggests a practical and reliable way to control the voltage
in an independent microgrid using a combination of online
optimization and learning techniques.

Index Terms— Gaussian process regression, islanded micro-
grid, robust model predictive control, voltage control.
EVERAL reasons make the microgrids work in an
Sislanded mode, such as faults in the main grid, high
prices of grid’s power, and supplying remote areas [1].
Improving local reliability, power quality, providing lower
investment costs, and reducing emissions are microgrids’
main features [2]. Voltage regulation is a vital requirement
to maintain the power delivery stable and consistent in an
islanded microgrid. Proper voltage regulation ensures reliable
and efficient operation of the microgrid, especially in remote
and isolated areas where grid connections are not available [3].
Traditional voltage regulation methods, such as PI control,
fuzzy logic control, sliding mode control, and adaptive control
have been widely used in microgrids [4], [5]. PI control is a
simple and reliable method that provides good stability, but
it has limited performance when dealing with nonlinear and
uncertain systems [6]. Fuzzy logic control is a more flexible
method that can handle nonlinear and uncertain systems but
requires more complex modeling and control design [7].
In recent years, researchers have focused on developing
advanced control strategies, such as MPC, to improve the
performance and stability of islanded microgrids [8]. MPC
is an optimization-based control method that can handle
both linear and nonlinear systems with constraints, making
it more suitable for complex and uncertain systems. It has
been shown that in terms of steady-state performance, MPC
outperforms sliding mode control [9]. Explicit prediction of
future plant behavior and the computational efficiency of
MPC using current systems measurements made this online
method favorable in microgrids. In [10], the authors conducted
simulations and experimental tests to compare the performance
of the proposed MPC method with traditional control methods
such as PI control and fuzzy logic control. The results showed
that the MPC-based control method outperformed traditional
methods in terms of voltage regulation performance, especially
under conditions of varying loads and disturbances.

To face with the uncertainties and disturbances existing in
the model, Tube-Based RMPC is proposed [11]. The feedback

I. INTRODUCTION
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law tights the real state trajectories inside a bound centered
around the nominal system trajectories. However, this method
can be conservative since the control law is obtained based on
the worst-case scenario of uncertainties [12].

To mitigate conservativeness in Tube-Based RMPC, various
regression methods have been proposed to improve the
accuracy of the tube approximation [13]. One such method
is Gaussian Process Regression (GPR). GPR is a supervised
learning-based method that has shown promise in estimating
and compensating for disturbances in MPC while reducing
conservativeness and improving computational efficiency [14].
GPR estimates a bound of confidence of prediction, in addition
to the mean value, which is directly used in robust controller
design [15]. By using GPR to estimate disturbances in real
time, the performance of Tube-Based RMPC is enhanced by
reducing the need for conservative control strategies.

In this paper, we propose Learning Tube-Based RMPC
(LRMPC) method that utilizes GPR to estimate the current of
the load as the disturbance, while also considering the upper
bound of parametric uncertainties in the robust controller
design. To the best of the authors’ knowledge, neither Tube-
Based RMPC nor LRMPC has been used to control the voltage
of an islanded microgrid at the primary level. The adoption of
the proposed method, Learning Robust MPC, is driven by the
lack of our knowledge about the real bound of uncertainties
and disturbances within the system. In the absence of concrete
information about these bounds, the default approach is to
plan for the worst-case values of disturbances/uncertainties,
leading to a conservative strategy. However, this conservative
approach may not accurately reflect the actual, often lower,
levels of these bounds. The Learning Robust MPC is designed
to overcome this limitation by offering a more precise
and potentially less restrictive estimation of these bounds,
enhancing the effectiveness of the control mechanism [16],
[17]. Our latest findings indicate that when the actual bounds
of disturbances/uncertainties deviate significantly from these
worst-case estimates, the performance of the Learning Robust
MPC shows a marked improvement over the traditional Robust
MPC. This advancement stems from our limited knowledge
about the precise limits of uncertainties and disturbances,
which can now be more accurately estimated using real
data. In scenarios where such data is unavailable, we resort
to assuming the worst-case values, a method that tends to
be overly cautious. The greater the disparity between the
actual and the worst-case values of disturbances, the more
pronounced the efficiency of the Learning Robust MPC
becomes in comparison to the conventional Robust MPC.

The proposed method is initially developed for a single-
DG islanded microgrid, where nonlinear loads and parametric
uncertainties can significantly affect the system’s performance
and power quality. Nevertheless, we also demonstrate its
effectiveness for multiple DGs as well. The main contributions
of this paper are:

« Using Tube-Based RMPC to enhance the performance
of voltage regulation of an islanded microgrid in the
presence of parametric uncertainties and disturbances
(including harmonic loads) to meet PQ standards
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Fig. 1. Single-DG unit connected to an unknown load.

« Using Gaussian Process as a learning method to calculate
the tubes online with less conservativeness and estimate
the loads to be used in shaping the control law

« Proposing recursive feasibility and stability analysis for
the system, in which the effect of GP is considered

« Demonstrating the effectiveness of the proposed control
method at the primary level while multiple DGs exist in
an islanded microgrid

Notation: The Euclidean norm of x vector is denoted

by |lx||. Respectively, The term x” Qx denotes ||x||2Q. The
Pontryagin difference of sets A € R” and B C R” is denoted
by A© B ={ala+b € A,Vb € B}, and the Minkowski sum
is A® B = {a+ bla € A,b € B}. We define the addition
of set and vector as x @ B = {x + b|x € R",b € B}. The
set multiplication is defined as if M € R™" then MA :=
{Mala € A}. I, is used to show the identity matrix of size
n. The pseudo-inverse of a m x n matrix X when n < m
is AT = (ATA)"'AT. The set + C R” is positive invariant
if and only if no solution starting inside ¥ can leave . i.e.
Vx(0) € ¢, ok, x(0)) € ¥ Yk > 0, for dynamical system
x(k+ 1) = f(x(k)) with ¢(k, x(0)) as its solution.

II. MODEL OF AN ISLANDED MICROGRID

A single-DG in an islanded microgrid is considered [18],
[19]. Overhauls, faults, high energy prices, and supplying
remote areas are among the reasons to switch a microgrid
from the grid-connected mode to the islanded mode. Various
disturbances might arise when the microgrid is in islanded
mode, such as current of loads. The parametric uncertainties in
the inverter’s LC filter are another source of disturbance. This
paper takes into account the effect of parametric uncertainties
and loads as disturbances to the microgrid and proposes an
appropriate control method to compensate for such effects.
The microgrid is defined by three main components in islanded
mode: DG, converter, and loads.

As shown in Fig. 1, by neglecting the nonlinear dynamics
of the DC-Bus and using Kirchhoff’s voltage and current laws,
the dynamical model can be derived as follows

. . dv, be

Ifabe = Lo,abe T Cf dal‘ : 1
dif,abc . ( )

Ugpe = Ly + Ryifape + Vabe

dt

where i .4 and i, 4 stand for three-phase inductor current
and inverter output current. respectively, u,,. and v,p. show
the inverter output voltage before LC filter and output terminal
voltage. Moreover, Ry, L, and Cy are the parameters of the
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filter. To exploit the advantages of the d-q frame for smoother
analysis, Park transformation is used as follows

Vd C!)()Vq + CLfIfd - CLflod
Vq —woVy + CL,cIf‘i — CLfI”‘I )
I,fd B _LLde_IZ—;Ifd-i-onfq—i-LifVDd

1 Ry 1
—1; Ve —@olya = L_/flfq + 1, Voq

Equation (2) forms the small-signal dynamical model of
a single-DG unit in d-q frame. This equation governs the
dynamic response of the system to ensure stability under
rapid changes and disturbances, and it is pivotal for the
robust operation of the microgrid at the most immediate level.
To make the model compatible with MPC, the model is
discretized as follows

x(k+1) = Ax(k) + Bu(k) + Eug(k) + AAx (k) + ABu(k)
—_——

wy (k)

y = Cx(k), 3

wy (x,u,k)

where x = [Vy; V, Isq Ifq]T € X C R* denotes the state
vector and u = [V, Vgl € U C R* ug = [l 1o, are
control and disturbance input, respectively, and y = [V, V,] €
R? is the output vector. The vectors w;(k) and w,(x, u, k)
represent the effect of the current of the loads and parametric
uncertainties in the 3-phase lines, respectively. During the
operation of an inverter, the capacitance, the inductance, and
the resistance of the LC filter vary as time passes. These
changes are bounded, unpredictable, and adversely affect
voltage tracking. This effect is captured by the uncertainty
matrices AA and AB, obtained by substituting C; + ACy
for Cy, Ly + ALy for Ly, and Ry + ARy for Ry in (2),
respectively. The matrices will be defined as

1
TEHNT
—wy = 0 0
A= L 9 R, €s B=1_1 g
_L_,c _L_f CL)I(Q) [bf 1
o ez L0
— 1
_OC7 01 1000
= _C_ =
F o o € [0100]
L 0 O

Although our method is proposed on the primary level of
control, we aim to show that it is able to work while we
have multiple DGs [20]. To do so, the power sharing loop is
responsible for managing power among multiple DGs using
Droop method as follows:

fi = fu, —m; Ppg,,
vy = Vo, —n:Qpa,,
vy =0, 4

where m p, and ng, are the frequency and voltage droop gains,
respectively. V,, and f,, are the desired frequency and voltage
for i-th DG unit, respectively. This is where the traditional
droop control comes into play, aligning with the established
practices in microgrids.

DG1 VSC
=
2]
@
c
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Fig. 2. Hierarchical framework of the proposed control method.

By delineating the control strategy across these two levels,
our system leverages the fast-acting, robust control provided
by the Learning Robust MPC, while ensuring that its capability
to handle the steady-state regulation and power sharing tasks
among multiple DGs. This dual-level strategy is validated
by our simulation results. The figure below illustrates the
hierarchical framework

where V,4, and I;4, represent the voltage and current at
the load terminal in the d-q frame, respectively. pps and gpg
denote the instantaneous active and reactive power. The Low
Pass Filter (LPF) generates the filtered powers, which are then
utilized in the droop unit to generate the reference values.
As we are using the droop control method, we meticulously
monitor frequency to effectively balance power sharing among
DGs. This process involves careful consideration of active
power distribution and voltage regulation for reactive power
management. While our secondary level control does not
address frequency and voltage restorations when they deviate,
as these are beyond the scope of this paper, the variation in
frequency changes then apply to the primary level of control.
In the primary control level, we take an integral from the
deviated frequency to provide the angle and apply this
angle to Park Transformation. Our proposed method remains
responsive to these frequency shifts.

This paper follows a novel approach to facing uncertainties
and disturbances stated in (3). w;(k), known as the current of
the load, is the measured disturbance. GP estimator is utilized
to learn the mean and the variance of w; (k). On the other hand,
the upper bound for the parametric uncertainty wy(x, u, k) is
predetermined and known, i.e. ||w(x, u, k)|lcc < L. It should
be noted that the pattern of parametric uncertainties related to
the LC filter depends on the materials used in the inductor
and capacitance, electric flux, and temperature. As a result,
in order to estimate these values, the data should be gathered
in laboratory circumstances or from the designer. Therefore,
we only use a worst-case bound for parametric uncertainty
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wy(x, u, k). The estimated mean and variance of w;(k) and
the bound of w;(x, u, k) will be used to design Tube-Based
RMPC. In what follows, we introduce the GP estimator of
load w; (k) and Tube-Based RMPC as two main components
of the proposed scheme.

III. PRELIMINARY RESULTS
A. Load’s Current Prediction Using Gaussian Process

Loads are considered the most regular disturbances in
islanded microgrids. GP uses the measured output current of
the inverter as a time series for predicting the load current in
an islanded microgrid. Here, GPR is employed as one of the
most useful Bayesian nonparametric models. By using GPR,
not only an estimate from the load current is attained, but also
we can estimate a confidence interval which will be used as a
bound in designing Tube-Based RMPC. Since we estimate this
bound using real data, it would be less conservative compared
to the worst-case bound.

Consider the standard linear regression model with Gaussian
noise

wy (ki) = wi(k;) + e (ki) &)

where @;(k;) denotes measured value, £(k;) represents an
additive noise. wj(k;) is the disturbance of the DG at
time instant k;. The noise & ~ N(0,32) has the property
of independent and identically distributed (i.i.d) Gaussian
distribution with zero mean and variance §2. We introduce

wi(t) = [wi(k),w1(ky),...,w1(k,)] as measured value
vector, T = [ki,kp,...,k,] as the sample time vector and
wi(t) = [wi(ky),wi(ks), ..., wi(k,)] as load disturbance

vector. The aim is to assign a distribution over w;(t) given
the measured values of w;(t) using GP [21]. The distribution
function of the measured vector is considered to be drawn
from a multivariate Gaussian distribution as follows [22]

p(Wi (1)) = N(u(v), C(z, 1)) (6)

where u(t) = [m(ky), ..., m(k,)] is denoted as the vector of
mean functions m(t) = E[w(z)]. C(1, t) defined as follows

cky, ki) clky, ko) ... clky, k)
c(ka, ki) clka, ko) ... c(ka, ky)

C(t,7) = @)

c(kn., k1) c(k,,., k2) c(kn., kn)

is known as the covariance matrix whose elements are
covariance kernel functions between two training inputs. As it
has been discussed in [22], choosing the kernel function
depends on the knowledge of data. In this paper, the Radial
Basis Function (RBF) is used as the kernel function c(k;, k;) =
hzexp[—(@)z] in the covariance matrix of GP. RBF has
two hyperparameters. The length scale A determines the
length of the wiggle in the function, and the output scale i
determines the average distance of the function away from the
mean. The training data encompasses a series of these current
measurements taken evenly spaced with a regular sampling
rate, denoted as k; to k,. This series forms the basis for
calculating matrices such as C(z, 1) and (C(t,7) +ol)~',
where t represent the array of time instances [ky,--- , k,].
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The process of updating these calculations is repeated each
time new current data is measured. Hyperparameter selection
is facilitated by the K-fold cross-validation technique. Initially,
the dataset is partitioned into K-subsets of nearly equal
size, known as K-folds. For each fold, the model undergoes
training with a distinct combination of hyperparameters, after
which the prediction error is calculated. Ultimately, the set
of hyperparameters that results in the lowest prediction error
is chosen [23]. The algorithm for K-Fold cross validation is
proposed in [24], [25].

RBF assumes that points close to each other in the 2-norm
sense are more correlated. The input of the GP is the measured
current of the load that is sampled from a time-series signal.
The length scale hyperparameter within this kernel plays a
key role in determining how this correlation diminishes with
increasing time difference.

To generate a prediction using GPR, we need to compute the
posterior distribution function of w; and then predict unseen
data by calculating the predictive posterior [26]. The posterior
function consists of two components; likelihood function and
prior distribution. The likelihood function is defined as follows

PWi (D) Wi (2)) ~ N (Wi (D)|wi (1), o3 1) (®)

where the mean of the function is centered on an arbitrary wj.
The second component is the prior defined as follows

pwi(D)|t) ~ N(wi(1)]0, C(t, 1)) 9

It is assumed the mean of the prior is always a zero vector.
Nevertheless, as we see in what follows, GP is able to model
a general mean function from the kernel-based covariance
function. From (8) and (9), the posterior over function is
achieved by the likelihood function times the prior over
function

pwi(t)|t, wi (1)) o p(Wi (D) Wi (D) p(wi(D)]7)  (10)

Both the likelihood and the prior are Gaussian. As a result,
posterior over function will have a Gaussian distribution as
follows

pwi(T)|T, Wi(1)) ~ N(Wi (D, £)
it =C(zr, D)[C(r,7) + ogI] "W (1)
2 =C(r,0D[C(t, 1) +ox1 oyl (1)

Once the posterior over function is obtained, The predictive
posterior can be computed as follows, which is used to predict
the mean and variance of unseen data.

pPWi (DT, T, Wi(1))

=/p(WT(t)If*,Wl(T),T)P(Wl(f)lf, wi(1)dw () (12)

where Wi(t) denotes to a vector of new unseen measured
values with the new sample time matrix 7,. The term in the
integral, the posterior over function, is computed in (11). The
training data set is obtained from the measured value of the
output current of the inverter, which is equal to the load’s
current while there is a single-DG, at k; to k,. The likelihood
of new unseen data w;(k,,;) can be calculated, and it is a
Gaussian distribution as well.
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Initially, when there is limited data, the model might
exhibit higher prediction errors due to insufficient information
to accurately capture the system’s dynamics. As mentioned
in [27] (Theorem 11), under two assumptions which are:
the observations are perturbed by zero-mean, i.i.d. Gaussian
noise, and sampling the unknown function with Gaussian
distribution, we can assure that the model improves with new
data. It is acknowledged in the literature that modeling load
distributions as Gaussian is standard practice, as evidenced by
studies such as [28], [29] [30]. However, it is important to
recognize that in practical scenarios, the actual distribution of
the load may not be Gaussian. In such instances, GP offers an
optimal approximation by fitting the best possible Gaussian
distribution to the observed data. In practical scenarios,
if newly acquired data does not result in a non-increasing
variance, we exclude that specific sample from our analysis
to maintain adherence to our assumptions. Additionally, the
current of the load has a cyclic pattern, suggesting that
collected data that is used for updating GP are informative
enough when GP faces new data. It is worth mentioning that
by collecting enough data, the learning error will uniformly
converge to zero almost surely.

B. Tube-Based Robust Model Predictive Control

By neglecting the disturbances and uncertainties of the real
system in (3), the nominal system will be defined as follows

X(k+1) = Ax(k) + Bu(k); x(0) = xo, (13)

where (k) € X and ii(k) € U are the nominal trajectory
and the nominal input, respectively. The sets X and U will be
defined in a way so that the robust performance is achieved.
The MPC controller works in this way: At each MPC shot t,
te€{0, 1,..., T — N + 1}, the control law is computed for
the period [¢,t+1,...,¢4+ N — 1] by solving an optimization
problem. Nevertheless, only the first element of the computed
input sequence is applied to the system, and the state of
the system evolves for one step accordingly. This process
continues for the next shots until the control inputs for
the whole control horizon are computed. The control and
prediction horizon of MPC are considered to be T and N,
respectively. In our problem, the objective is to ensure that the
voltage of the load terminal is tracked in the reference signal.
The reference signal is a setpoint while a single-DG unit is
available in the islanded microgrid. However, by considering
multiple DG units, the reference signal varies as time passes.
The optimal nominal trajectories can be obtained by solving
the following:

N—-1
min > £, — r (@)l + i, — g + 1Fx: — ()] p

X0j0, 1y =0

(14a)

st. X1y = AZyy + Biig, (14b)
Xep € X, g € U, (14c)
(FEny —r() € Xy C X, (14d)

(For — X1) € Sk (00), (14e)

where r(¢) is piecewise constant reference. Following the
methodologies in [31] and [32], we chose to use a linear
programming approach MPC due to its simplicity and faster
solution times compared to an equivalently sized quadratic
programming model. X, and i, are known as the predicted
state and control input of the 1™ MPC shot, which give k step
ahead prediction of the state and input starting from time-
step ¢, and i, = [doy, ..., Uy—1p]- 4, is the control input that
adjusts the nominal system (13) equilibrium point to match the
reference signal r(¢). The matrices Q and R are semi-positive
definite and positive definite. The terminal weighting matrix
P, is a positive definite matrix. X ¢ represents the terminal set
and is designed to ensure the stability condition [33]. The
set Sk (oco) will guarantee to keep the error bounded. The
calculation method of Sk (0c0) is discussed at the end of this
section. Practically, YALMIP Toolbox is utilized [34] to solve
this problem, which uses Linear Programming (LP) solver.
By solving the MPC problem in (14), the optimal nominal
input and the corresponding optimal state trajectory will be
found as follows

= @*0),...,u"(T - 1))

Y ~% ~ %
= [”0|01 s U NIT-NUT N TN -

= F0), ..., 7T — 1), #(T))

~%
= [Xp)05 - -

~
Uy _pr—y]

~x ~% ~%
S XN TN - XNy Xpr—n ] (15)

Clearly, the real trajectory of the system, x, will be
different from the nominal trajectory, x, due to the presence
of uncertainties and disturbances. The real control input of
the system, u, is designed in a way that the real trajectory of
the system lies as close to the nominal trajectory as possible,
using the following feedback policy

u(k) = a*(k) + K (x (k) — x*(k)), (16)

where the feedback gain K € R?** is obtained by LQR
technique to make the matrix A = A 4+ BK Schur stable
under the controllability of the pair (A,B). In (16), the
gain K compensates deviations from nominal trajectories.
By calculating the difference between the real system and
nominal system and substituting the feedback policy (16) in (3)
the error dynamic becomes

etk + 1) = Ae(k) + w(x, u, k), (17)

where ¢ = x — x* and w(x,u, k) = wik) + wr(x, u, k)
whose set is denoted by W. As it was mentioned and also
will be discussed in the next subsection in more detail, this
set is estimated at each iteration using the GP estimator of
wi (k) and the worst-case bound on w;(x, u, k).
The accumulative set of disturbances, Sk (k), is defined as
k—1
Skk):=D AAW=WeAiAWae. &AW,
Jj=0

(18)

As shown in [33], by setting x(0) = x(0) = xo, since A is
Schur, Sk (oco) exists and is positive invariant for the error
dynamics in (17). The feedback policy (16) assures that the
state of the real system (3) is compelled to be close to that of
the nominal system (13).
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As x = X*+ e, and knowing that K is constant, the state of
the nominal trajectories will be the center of the tube generated
by feedback policy (16) is defined as follows

Z(k) := x*(k) @ Sk (00) (19)

Finally, to maintain the state and control input in X and U,
the state and control input set of the nominal system need to
be defined as follows

U2 U6KSk(o0), X 2 X6 Sk(c0), X C XS Sk(c0),
(20)

Proposition 1: Considering x(k) € Z(k) and u(k) =
u*(k) + K (x(k) — x*(k)), then x(k + 1) € Z(k + 1) for all
w(x,u, k) e W [35].

As a result, the solution of (3) using control policy (16) as
its input lies in the tube Z (k) for every admissible disturbance
sequence [33].

IV. LEARNING TUBE-BASED ROBUST MPC FOR
ISLANDED MICROGRID

In this subsection, we show how the set W and accordingly
Sk (0c0) can be estimated using GP and the available bound
on wy. This estimation will then be used for tube shaping and
formulating the MPC controller of the real system.

Since the disturbance vector w;(k) is measured directly,
it will be used to collect the training data. We get the sample-
time vector of training data as [k, kp, -+ , k,] =[O0, ..., k—1]
and the prediction sample-time as k,;; = k. Therefore,
by estimating (4 (k) and cr*z(k) using (11), the distribution of
wi (k) is obtained as GP ~ N (u,(k), af(k)). Given Au; =
Ws(t + 1) — ., (¢), and under the assumption that ||Au,|l, <€
has a constant bound, we can define the set 1% accordingly,
where set W serves as an estimation of the set W:

Wk) = {w(x,u, k) € R" :
1 (k) = u(B) 1) < Xr (F) + €,
lwalx, u, ) lloo < Lo}, 2D

where x2 and ¢ denote the chi-distribution with n degree
of freedom and the confidence interval. More details are
discussed in [36]. By substituting W(k) into (18), the set
S k (00) can be defined as follows

Sk k) := ZA

Accordingly, the new state and control input set of the nominal
system will be

AW D@ AW, (22

U2U6KSk(0), X2 X6S8k(0), X, C X6 S8k(0),
(23)

In this way, we can replace constraint (14e) and (14c) in
optimization problem (14) with (¥y, — () € X; € X and
Xk € X Uk € U , Then LRMPC optimization problem can
be defined as follows:
N-1
min > W& = r(llo + ik = wrlle + 1w = @l
010 g —0)

(24a)
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Algorithm 1 Learning Tube-Based Robust Model Predic-
tive Control

Input: Initial Dataset, Initial time r = £

Output: Control input u, at each time step

while True do
Measure current state x;;

Update GP’s Dataset and compute p, and o;
Update tube and constraint using (21), (22), (23);
Set xo;; = x;, and solve optimization problem (24);
Set control input i, = itgy;

Implement control action u; = it; + K (x; — Xop);
Increment time ¢+ =t 4 1 and repeat from step 1;

end

Xi1)p = AXgr + Bigyr + (1), (24b)
X1 = AXy + Bitgy, (240)
e = g + K G — Zage)s (24d)
e X, iy €U, (24e)
oy = X1p—1, (24f)
(o — x;) € Sk (00), (249)
(Fnp—r(0) € Xy C X, (24h)

where X, is the estimated state and X ¢ is the invariant terminal
set which is computed using the disturbance set introduced
in (21) and the method presented in [37]. The procedure of
designing LRMPC is illustrated in Algorithm 1.

V. ANALYTICAL RESULTS
A. Recursive Feasibility

An MPC is called recursively feasible if it always keeps
the states in a region from where the online optimization
problem has a feasible solution [38]. In other words, if the
problem (24) has a feasible solution for the initial condition
Xxo and it remains feasible for any subsequent states x; of the
controlled system (3), then the MPC problem is recursively
feasible [39].

Lemma 1: Let’s define u, = B(r — Ar). Then by having
in; = K(Xy; —r) + u,, an invariant terminal set Xf exists
such that if Xy, —r € Xf then Axy + By, —r € Xf.

Proof: proof is provided in [37].

Now we can express the Recursive Feasibility theorem.

Theorem 1: . Assume that X s is a terminal invariant set
given in Lemma 1. If the MPC problem has a feasible solution
for the initial condition xq, then the solution of MPC is feasible
for all the times.

Proof: The proof is based on mathematical induc-
tion. For this purpose, it is assumed that the opti-
mization problem (24) at time ¢ has a solution like
([xou’xuw"' xN\t] [“0|w“1\w"' Uy_ 1|1‘])

According to Eq. (21), the estimated set W(k) depends on

’l(k) Since o, (k) is non- 1ncreasmg [271, o, ~1(k) is non-
decreasing and hence we have W(k +1) C W(k) It can be
concluded that Z(k+1) C Z (k) which shows that our feasible
set is larger or equal compared to the previous time instant.
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The tube Z(k) is an invariant set for the error dynamics (17),
therefore, ([)?’flt, i;‘t, i;‘lt, cee, )E*Nlt], [ﬁ’l‘lt, IZ;[, e, '27\/71“])
is feasible solution for MPC problem at ¢t + 1 from 1 to
N — 1 prediction horizon. Also, according to the constraint
(Xni—r) € )A(f and Lemma 1, we can say that there is an input
i and final state X ;4 that satisfies the equation (24h). Hence,
a feasible solution for optimization (24) at time ¢ + 1 can be
suggested as follows

(Xrg1, Ur1) = ([iﬁz’ fﬁ\p T vﬁvw
AX~N‘; + B(K(XNU - r) + ur)]v
. 127\/7”[, K(XN\t - r) + Mr])
(25)

~k o~k
[”ouv”uzv"'

Therefore, recursive feasibility is established.

B. Stability

It is also important to verify the stability of the system
under the proposed LRMPC algorithm. The following theorem
expresses the stability of the system.

Theorem 2: Using control policy (16) with the nominal
input derived from the optimization problem (14) subject to
the system (3), the following properties are satisfied:

1) x(k) € X, u(k) € U for all k > 0.

2) The closed-loop system is Input-to-State-Stable (ISS).

Proof. Let ey, = Xg—1j+1 —Xxy;- Then, fork =1,..., N—1,
we have:
Rkt = AX k11 + BX g1 + it + 1)
= ARy + éxy) + BK Ry + exe — Xxp0)
+ Bty + pa(t) + A,
= X1y + Al + Ay
= ék+l|z = Aékh + Au, (26)
since Xo41 = X1, it follows that &y, = 0. Therefore,
utilizing (26), we obtain:
k=1 k-1
e = Afeo + D (A'Aw) = D (A)Aw  @27)
i=0 i=0
additionally, we will have:
o0
ZA Al < Z 5/{ (28)

where & ; denotes the maximum singular values of A.
Utilizing (27) and (28), we deduce the error bound as follows:

€

léx | < 7 (29

—5;
Further, for k = N we derive the following equation:

XN|t+1—T

N
= A@wp — 1)+ D A Ap, + pu(t + 1) + Ar + Bu,—r
i=0

N
= A@yp — 1)+ D A Ap + pa(t + 1),
i=0

(30)

In the following, by using the Lyapunov method, the
stability of the system will be expressed. J(¢) is defined as
the cost function used in the LRMPC controller as follows:

N—-1
J@6) =D N&ue —rllo + Nk — urllg + En, = rllp
k=0
31)

then, the Lyapunov function can be defined as the optimal
cost function obtained from (24) as follows

v = Ji(t) (32)

v, is clearly positive. According to the Lyapunov theorem,
if the Lyapunov function can be proved to be decreasing over
the time, then the system is stable.

vt — o =L+ D= L@ <T@+ 1) = L) (33)

where J.( + 1) represents the optimal cost at time ¢ + 1,
and J(t + 1) is the cost function obtained by substituting (25)
into (31), the following equation is derived:

Vg1 — U < — (%o — rllg + oy — urllg)

N-1
+ D {Ifkis1 = rllo = 1Res1i = rllo
k=0
k1 — urllg = lgere — urllr}
+ XN —rllp — XN — 7llp. 34
Assume Q = QOT, P = PPT, and R = RRT
are symmetric matrices, and Q, R, and P are Cholesky

decompositions of Q, R, and P, respectively. Using (29),
we obtain:

. . Nl G €
Va1 — v < — (180 — rllg + oy — urlig) + -
1—-0;
k=0
+ 10" Gy — I = II1PT Enye = DI
+ IR Gany — ud I+ PT Gyppr — ). (35)

where OQ = 0p + Ok, while 65 and oz denote
the maximum singular values of 0 and RK, respectively.
By utilize (30), Equation (35) simplifies to the following form:

Vet — v < 10T G — 1)+ IRT (dinye — u, ) |
+ 1P (Enpr =)l = I1PT Ry — 1)
— (%o — rllo + lldoy — urllg)
(N - D&
+ 1_—Qe + (e + D
<1O" (Fnpy — )l + IRTK Gy — 1)l
+ BT Ag Gy — 0l = (T (R — r)ID
— (Ixo)r — rllo+ oy —urllr)+p€

+ @ + Dl (36)

_ (WN-D55+6;)
= —Llf

singular value of P. Followmg the framework of theorem (2)

where p , and o5 denotes the maximum
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TABLE I
PARAMETERS OF DG

Parameter Value Remark
Ry 1.5 mS2
Ly 100 mH
Cy 100 pF
fo 60 Hz Converter and
Shase 3 MVA LC Filter
base 600 V
Vie 2000 V
Transformer ratio (Y/A) 600/13800 V
Ts 250 ps MPC
ZLinel» ZLine2 0.35+j1.16 Q
ni,no 0.5, 0.87 V/IMVAr | Droop Parameters
mi,m2 0.6, 0.9 Hz/ MW

from [31], we introduce matrices H and P satisfying:

PAx —HP =0,

IH| <1, (37)
From the above equation, P can be derived as follows
. )P + |KRPT]) -
5 _ (10F'] +|KRF) .

L —|H]|l

where P being the pseudoinverse of P. From proposition (1)
in [31]:

10T Ry — )l +IRTK Gy — )l

+IPTAg Gy =l = AP (R = 1)) <0, (39)
Consequently, the Equation (36) simplifies to:
Uit — Uy < — (X0 — 7 llg + lldopr — urllr)
+ pe + It + D (40)

Therefore, the estimated region of convergence of the
system (3) is {)? [1X —rllg < pe+ It + l)II}. Here, pe
represents the term indicating how load deviation affects the
region of convergence, while ||, (# + 1)| represents how the
estimated upper bound affects the region of attraction.

VI. SIMULATION RESULTS

To evaluate the performance of the proposed LRMPC, first,
a single-DG microgrid shown in Fig. 1 is simulated to show
the efficiency of voltage control. Then, two DGs are connected
in parallel, and power sharing is done using droop control. The
microgrid parameters are listed in Table I.

In our case studies, we compare “Tube-Based RMPC”,
“MPC”, and the conventional PI controller against “Learning
Tube-Based RMPC” under identical operational conditions.
“LRMPC” is then applied to a power-sharing loop in
a microgrid with multiple DGs. Simulations account for
parametric uncertainties (ARy = 0.1Ry, ACy = 0.1Cy, ALy
= 0.2L ;) and use THD, low steady-state error, and dynamic
response as evaluation criteria. Factors like parasitic elements,
as well as sampling and computational delays, are also
considered. THD permissible range is defined by the IEEE
standard [40] (i.e., 5%). The simulations utilized Matlab,
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1.2 —Tubes
— -V
R [ U U U g e —" d
& N e e m ===
= AAA A
= v A

Time (ms)

Fig. 3. Voltage regulation using Learning Tube-Based RMPC: voltages in
d-q frame and abc-frame while the constant impedance and harmonic loads
are connected at t=50ms and ¢ = 70ms.

Python, YALMIP, and the SimPowerSystems toolbox, with the
Scikit-Learn toolbox specifically employed for implementing
GP and K-Fold Cross Validation techniques [23].

The proposed method assesses worst-case variations by
setting bounds for disturbances and uncertainties that shape
the tubes, calculated online for precise analysis. It includes
a 10ms initial warm-up phase for GP training. The warm-
up phase, a crucial initial step, minimizes estimation errors
before collecting ample data. The GP training uses load current
data batch over 35ms to build the covariance matrix. RBF
hyperparameters 7 = 1.37, A = 0.02 are optimized offline via
K-Fold Cross Validation, with each fold comprising a vector of
load current samples. Each vector has a dimension of R0,
reflecting 140 samples per fold. This results from sampling a
continuous signal over 35ms intervals at a rate of 250us.

GP estimation of new data before each control horizon takes
62us, well below the sampling time of 250us, allowing for
regular GP updates with new data at every control horizon.
Shaping the control policy mentioned in (16) will be a crucial
step in Tube-Based RMPC. It can be proven that, under
the controllability of (A,B) and observability of (A,»/Q), the
gain K obtained from above LQR ensures the optimality and
stability of the system [41]. Using the LQR technique, matrix
K is obtained as follows

K = [F279X 107 —1.14 x 1074 0.0369 0.0187
~| -0.0028 0.0057  0.018 0.1141]

If K is incorrect, the controller may fail to accurately
track voltage, risking system instability. Considering noisy
observations with variance 82 = 0.01, a 95% confidence
interval shapes the tubes as a bound. The method is
implementable with a Technosoft SA MBE.300.E500 PMSM.
With an 85ms prediction horizon and a 1.25ms control horizon,
LRMPC averages 0.027455s to execute.

A. Harmonic Loads

This section evaluates the proposed method against MPC,
Tube-Based RMPC, and PI. The test scenario involves
connecting a 340k VA constant impedance load (PF=0.9) to an
islanded microgrid at 50ms and adding a nonlinear load with
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el ‘ ‘ e TABLE 1I
3 I I A S I Sy —V COMPARISON AMONG METHODS FOR DIFFERENT HARMONIC LOADS
;:c 1 v WAAAANAAAN AN~
. sj ________________________ | Voltage THDs %
Fis . . . . . . : Harmonics Current THDs % | LRMPC | RMPC | MPC
001k ——Tubes | 30.83 1.49 2.02 3.58
5 O —V,
il ot L RS L Ar bRt sth, 7th 11th 41.69 1.52 207 | 3.67
o (ETITTYTTTIITTTTITTIT T I T e e ey
0.01F . 51.39 1.56 2.15 391
31.49 1.50 2.11 3.62
- sth,11th, 13th 44.62 1.58 224 | 3.76
)
2 5271 1.61 2.36 4.02
>ﬁ
TABLE III
45 50 55 60 65 70 75 80 85
Time (ms) COMPARISON AMONG METHODS BASED ON
VOLTAGE THDS - HARMONIC LOADS
Fig. 4. Voltage regulation using Tube-Based RMPC: voltages in d-q

frame and abc-frame while the constant impedance and harmonic loads are
connected at r=50ms and r=70ms.

04 ==

02 4

Current (pu)
=
f

@ observations ﬁ
= | (predictions)
+=== Current

02

04 ] |J 95% confidence interval

—_——t T T T
70 72 74 76 78 80

Time (ms)

Fig. 5. Gaussian process regression is used to predict the harmonic current
and shape a 95% confidence interval with noisy observations.

5th and 7th harmonics at 70ms. The nonlinear load’s current
THD is around 38%.

Fig. 3 shows voltage drops upon connecting constant
impedance, followed by GP estimations. The optimization uses
these estimates for effective voltage regulation via LRMPC,
achieving a voltage THD of 1.5%. Tubes tighten with more
data at + = 70ms, enhancing learning efficiency.

Fig. 4 shows Tube-Based RMPC controlling voltage with
larger tubes due to worst-case uncertainty assumptions, mak-
ing it more conservative than LRMPC. This conservativeness
is indicated by the tube widths in both Figs. 3 and 4. Without
GP, Tube-Based RMPC experiences an increased voltage THD
of 2.04%, highlighting GP’s role in reducing conservativeness
by estimating load currents.

In Fig. 5, we enhance load current estimation within a
95% confidence interval using s, for estimation and o? for
bounds, alongside calculated parametric uncertainty bounds in
tubes. Oscillation increases cause a rise in estimated variance.
There’s a balance between mean estimation accuracy and the
number of noisy samples. We opt for fewer observations for
computational efficiency.

Table II outlines voltage regulation in an islanded
microgrid across different harmonic and nonlinear conditions,
highlighting the effectiveness of LRMPC with favorable
voltage THDs. It compares this approach to a PI controller
managing 5%, 7" and 11" harmonic loads at a current THD
of 38%.

LRMPC | Tube-Based RMPC MPC Conventional PI
1.50% 2.04% 3.62% 3.74%
- 1.2 = =Tubes
\a 8 I N A I —Vd
>.° L - - = _V _____________ s AT TETSEESEEEES
0.8
0.02 l l l l l l
= =Tubes
-S: _vq
NI Sosesarararescararesaraessacasasarare NN AEAENNIINAEY
>
-0.02
S 0.5f — V||
& A M —V
o an
53 0 A ]
-0.51 I L L i L L 1
45 50 55 60 65 70 75 80

Time (ms)

Fig. 6. Voltage regulation using Learning Tube-Based RMPC: learning results
and control input in d-q frame and abc-frame while the constant impedance
and harmonic loads are connected at = 50 ms and ¢t = 65 ms.

The conventional PI controller exhibits inferior performance
relative to other methods, a discrepancy that intensifies as
loads with higher harmonics are connected to the DG.

In Fig. 6, we have considered a constant impedance load
beside the harmonic loads with 5%, 11*", and 13" and the
current THD of 44.62%. We showed how our control inputs
change when the loads are connected to the single-DG.

B. Constant Power Loads

In this section, a 340kVA constant impedance load with
PF = 0.9 is connected to the islanded microgrid at ¢+ = 50ms,
and a 500kVA constant power load with PF = 1 parallel with
a harmonic load consisting of 5 and 7" harmonics will
be connected to the output terminal at 1 = 70ms. LRMPC
is deployed for voltage regulation under these conditions,
followed by a comparison with Tube-Based RMPC, MPC, and
PI controller.

In Fig 7, LRMPC regulates the voltage with desirable
voltage THD of 1.97%. Constant power load control,
particularly in the context of microgrids, is a critical aspect of
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Fig. 7. Voltage regulation using Learning Tube-Based RMPC: voltages in
d-q frame and abc-frame while the constant impedance and the constant
power load parallel with harmonic load are connected at ¢+ = 50 ms
and ¢t = 70 ms.
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Fig. 8. Gaussian process regression is used to predict the current of the loads
and shape a 95% confidence interval with noisy observations.

TABLE IV

COMPARISON AMONG METHODS BASED ON
VOLTAGE THDS - CONSTANT POWER LOAD

Conventional PI
3.95%

LRMPC
1.97%

Tube-Based RMPC
2.48%

MPC
3.79%

maintaining stability and efficient operation. Using LRMPC,
we can handle nonlinear loads together while ensuring the
stability and high performance of the system. A comparison
has been made in the following table among different methods
as follows

In Fig. 8, GP is used to predict the current of the loads with
95% confidence interval. The predicted current will be used
in the optimization, and the variance has been used to shape
the tube with less conservativeness.

C. Droop Control for Power Sharing

LRMPC is introduced for primary control in single-DG
units and can extend to microgrids with multiple DGs. For
power-sharing, two DGs operating in parallel employ the
droop control method. The output terminal’s instantaneous
voltage and current calculate active and reactive power,
respectively. These powers are filtered by a 10Hz low pass
filter to eliminate ripples. The resulting average powers,
Ppc and Qpg, serve as inputs for the droop controller,
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Fig. 9. Instantaneous power and reactive power of two DG units while a
constant impedance and a constant power load are connected.
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Fig. 10. Voltage and frequency of the load terminal.

generating reference signals according to Eq. (4). Droop
control is crucial for parallel inverter operation, providing
inherent synchronization and eliminating the need for a
separate synchronization unit, effectively fulfilling the same
role as a PLL [42].

Fig. 9 displays the active and reactive powers when a
340kVA (PF=0.9) and a 500kVA (PF=1) load are connected
at 350ms and 700ms, respectively. The LPF (10Hz) smooths
out ripples, ensuring power is shared among DG units
according to droop characteristics. Despite noticeable power
overshoots and undershoots due to load changes, these remain
within acceptable limits, showcasing effective load change
management.

Fig. 10 shows the voltage and frequency of the load
terminal. The references from the droop controller will be
used in LRMPC to force to track them. As the dynamics are
slow, the performance of LRMPC is not affected significantly.
The adaptive nature of the LRMPC allows for continuous
improvement in tracking accuracy over time.

VII. CONCLUSION

This paper introduces a novel Learning Tube-Based RMPC
for tracking AC inverter-based islanded microgrid voltage
at the primary control level, effectively managing nonlinear
loads and parametric uncertainties. GPR enhances Tube-Based
RMPC design by reducing conservativeness, estimating loads,
and shaping tubes online with available data. The proposed
method’s pros and cons are outlined below: (i): By using Tube-
Based RMPC, the performance of voltage regulation of an
islanded microgrid is enhanced in the presence of parametric
uncertainties and load disturbances to meet PQ standards.
(i) The performance of Tube-Based RMPC is enhanced by
incorporating a Gaussian Process method to estimate the mean
value and the bound of uncertainties based on real data, which
leads to less conservativeness compared to the worst-case
design. (iii): Harmonic loads as a disturbance are handled
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using Learning Tube-Based MPC. (iv): The computational
cost of Learning Tube-Based MPC is increased compared to
benchmarking methods like PI, MPC, and also Tube-Based
MPCs. Our method, suitable for islanded microgrids with
multiple DGs, utilizes droop control for power sharing. The
recursive feasibility and stability of LRMPC are analytically
confirmed. Comparisons with MPC, Tube-Based RMPC, and
Learning Tube-Based RMPC in terms of THD, performance,
and steady-state error demonstrate the proposed method’s
effectiveness.
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