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Abstract

This paper presents HEARTS, a multicore energy scheduling approach utilizing
a federated strategy designed for parallel real-time tasks of significant compu-
tational demands in embedded systems deployed in environments of unreliable
power sources; like surveillance and intelligent city infrastructures. HEARTS,
specialized for high-utilization parallel tasks, divides the scheduling horizon into
multiple windows, so that it dynamically allocates the cores to the tasks based
on the energy availability. It introduces two schedulers based on the first-fit and
last-fit approaches. We demonstrate the optimality of the last-fit-based sched-
uler when the battery capacity exceeds some specific threshold; further, we show
scenarios where the first-fit-based scheduler performs better under lower capaci-
ties. Simulations using two setups—one with random harvested energy and task
parameters, and the other with real solar energy and benchmark tasks—show
a maximum deviation of 19.05% and 21.34% from two theoretical optimal solu-
tions, respectively, and a substantial improvement of 28.24% over the energy
partitioning approach.

Keywords: Real-time Scheduling, Energy-Aware Scheduling, Parallel Tasks, Energy
Harvesting
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1 Introduction

Real-time embedded systems are vital components of Cyber-Physical Systems (CPSs),
providing essential real-time and reliable services [1][2]. These systems interact with
various sensor data, which must be processed within strict time constraints. As CPSs
continue to evolve, the computational demands of tasks such as computer vision, pat-
tern recognition, and motion planning grow, especially with the use of more advanced
algorithms and the need to handle finer details, like higher-resolution images in
machine vision [3][4]. Over the past decade, there has been a paradigm shift in pro-
cessor performance, driven by the increasing number of processor cores. The growing
demand for parallel processing has led to the rapid development of multi-core embed-
ded processors, which have now evolved into many-core processors [5]. Examples
include Intel’s 48-core SCC chip [6], TILERA’s 100-core TILE-Gx100 [7], and pic-
oChip’s 248-core PC205 [8]. Consequently, the landscape has seen a surge in research
directed towards parallel languages and runtime environments like Cilk [9], Intel Cilk
Plus [10], and IBM X10 [11] designed to harness the processing power of multi-
core architectures. These programming languages embody parallel algorithms through
structures like spawn, sync, fork, join, and parallel-for.

The escalating demand for parallelism in multi-core systems intensifies the chal-
lenge of energy consumption, particularly for parallel tasks on multiprocessor systems.
As the number of cores increases, concurrent tasks demand more energy, exacerbating
the strain on power resources. Real-time applications, such as autonomous vehicles
and robotics, exemplify this challenge. In these domains, tasks like simultaneous sen-
sor data processing, environment perception, and decision-making mandate parallel
execution on multi-core systems. Energy supply becomes a critical factor in these sce-
narios, as many of these applications operate in environments where energy resources
are limited.

Energy consumption is a critical concern in CPSs, as they must function efficiently
under strict energy constraints. These systems typically rely on energy storage solu-
tions such as batteries or super-capacitors. However, replacing or upgrading these
storage options can be costly or impractical [12]. Alternative environmental energy
sources like solar, wind, or thermal energy offer promising possibilities [13], but their
intermittent nature due to changing environmental conditions makes it challeng-
ing to ensure a steady energy supply [14][15]. Effectively managing energy in these
dynamic and resource-limited environments requires advanced strategies, especially
when handling parallel tasks on multi-core embedded systems in real-time applications.

The shift in real-time systems, transitioning from single-core to multi-core pro-
cessors, has given rise to various scheduling algorithms tailored for parallel real-time
tasks [16][17][18][19][20]. This study employs the federated scheduling approach
[21][22][23][24], a generalized strategy derived from partitioned scheduling algo-
rithms, designed to scheduling Directed Acyclic Graph (DAG) task model. Federated
scheduling is renowned for its exceptional real-time performance [25], and efficient
management of DAG tasks by assigning dedicated processors to each heavy task. Prior
research underscores the advantages of federated scheduling, particularly for high-
utilization tasks, including improved analytical schedulability and reduced scheduling
overhead [26].
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In this paper, we study a multiprocessor system equipped with an energy harvester.
Practical instances of such systems include autonomous devices for environmental
monitoring [27], surveillance systems used particularly in border or wildlife protection
[28], space exploration rovers and probes [29], underwater systems for marine life
studies [30][31], and smart city infrastructure facilitating intelligent lighting and traffic
monitoring [32][33].

These systems rely on complex algorithms for critical functions such as analyzing
environmental imagery or signals for decision-making. This involves real-time process-
ing of large datasets, leading to significant computational demands. Consequently,
these systems may need to analyze gigabytes of data daily in real-time [34]. The volume
of data could overwhelm any network, making it impractical to send back to a data
center for processing. Instead, it must be processed on-site using a compact, parallel
supercomputer. Furthermore, energy autonomy is a crucial requirement for these sys-
tems, enabling them to operate solely on power harvested from environmental sources
such as sunlight, wind, and kinetic energy. This capability is vital for functionality in
isolated areas or situations where conventional power sources are unavailable.

The objective of this paper is to schedule tasks in such a system based on the
energy’s input limit and intermittency, as well as the number of available cores. The
primary challenge is determining the number of cores assigned to each task and deter-
mining which tasks should be executed in each unit of time, considering the input
energy, to ensure all tasks meet their deadlines. We introduce a runtime scheduling
method, namely HEARTS (Harvesting-Energy Aware Runtime Task Scheduler), which
decides on the number of assigned cores to each task in different time intervals and
on scheduling details of each interval, using two distinct energy scheduling methods.

HEARTS is a dynamic runtime scheduler we designed for multi-core processors
powered by harvested, intermittent energy sources like solar or wind. It addresses
the critical challenge of executing parallel, real-time tasks—each modeled as a
DAG—within strict energy constraints imposed by fluctuating energy inputs. By
intelligently assigning cores to tasks and dynamically scheduling them based on cur-
rent energy availability and task deadlines, HEARTS employs two innovative energy
scheduling methods based on first-fit (PASAP) and last-fit (PALAP) approaches.
These methods adaptively manage the allocation of harvested energy to tasks, ensur-
ing all tasks are completed within their deadlines while minimizing the number of
active cores. This approach is particularly useful for autonomous systems in remote or
energy-scarce environments—such as environmental monitoring devices, surveillance
systems, space exploration rovers, and smart city infrastructure—where maintaining
operation solely on harvested energy is essential.

This paper investigates the scheduling of parallel tasks within multi-core systems
powered by harvested energy, ensuring the fulfillment of task deadlines. Previous stud-
ies [35][36][37][38] have explored either energy-aware task scheduling on single-core
systems or energy-efficient task scheduling on multi-core systems. Remarkably, no
prior research has addressed the specific challenge of scheduling parallel tasks aware
of harvested energy in multi-core environments.

This paper’s contributions are summarized as below:

3



� Analyzing the energy consumption of parallel tasks, considering the number of
dedicated cores assigned to each task and the task properties.

� Introducing two innovative energy scheduler based on the first-fit and last-fit
approaches accommodating variable input energy rates.

� Proposing a dynamic runtime scheduler that leverages two energy schedulers, as
introduced in this paper.

� Examine the performance of energy schedulers by proving the optimality of the last-
fit approach above a certain battery capacity threshold and highlighting scenarios
where the first-fit approach is superior below this threshold.

The remainder of this paper is structured as follows: Section 2 presents the system
model and preliminary concepts. The system properties, the associated problem, and
its computational complexity are analyzed in Section 3. Next, we describe our proposed
method in Section 4, where we discuss how the runtime scheduler calls the energy
scheduler during the mission horizon to determine the number of cores required for
each task to meet their deadlines. Section 5 explores the power consumption of parallel
tasks, while Section 6 introduces two energy scheduling algorithms to assess task
schedulability and provide detailed information on task energy scheduling at each step.
Section 7 provides the runtime scheduler’s detail. In Section 8, we analyze the time
complexity of the proposed method. In Section 9, we discuss the optimality of the
proposed method. In Section 10, we evaluate the proposed algorithms by simulations.
Section 11 provides literature review of real-time harvesting energy-aware and energy-
efficient scheduling. Finally, Section 12 concludes the paper.

2 System model

This section defines the system model considered in this paper. The desired system in
this paper is a multiprocessor system equipped with an energy harvester. All tasks in
this system are independent and multi-threaded and can be executed across multiple
cores. The system’s mission is to execute the multi-threaded tasks within the interval
from zero to horizon, namely the duration of the system’s mission.

In our system, time is discretized into quanta referred to as steps. Each parameter
associated with a task is quantified in terms of steps, providing a standardized unit
of time for all task-related parameters. Our system considers a computing platform
consisting of N identical computing cores of a similar and constant frequency. Details
regarding the minimum required core count for each task are discussed in Section 3.2.
All task parameters have been assessed using a single core.

In the remainder of this section, we introduce the parallel task model and energy
models. Table 1 summarizes the notations used in this paper.

2.1 Parallel task model

Each parallel task τi can be represented as a directed acyclic graph (DAG), where
vertices denote computational threads and edges indicate precedence relationships. In
our work, we focus on two key parameters derived from the DAG representation: the
total execution time (Ci) and the critical path length (Li). The total execution time Ci
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Table 1: Notation and nomenclature used in this paper.

Notation Definition

τ System task set.
τi Task number i.
Ci The total execution time of task τi
Li The critical path length of task τi.
πi Period of task τi.
Di Implicit relative deadline of task τi.
pi Power consumption of task τi on a single core.
ui Utilization of task τi.
Wmax

i,m Worst-case execution-time of task τi on m cores.

HP The hyper-period of task set τ .
nmin
i The minimum number of cores needed to meet the

deadline of task τi.
minCores The sum of the minimum number of cores required

for all tasks, irrespective of the harvested energy rate.
Pstatic Static power consumption of each core.
N The number of cores in the system.
PR(s) Energy charge rate at Step s.
B Nominal capacity of battery.
IE The initial energy in the battery.
ress The portion of the harvested energy in Step s that is

reserved in the battery for use in subsequent steps.
useds Total used energy in Step s.
ure(s) Unallocated replenished energy at Step s.
En(s) The available energy in Step s.
ca Core assignment matrix.
cai Row i of core assignment matrix.
winsize Default scheduling window size.
α Beginning of current scheduling window.
β End of current scheduling window.
χ The earliest deadline among the last jobs of all tasks

within the current scheduling window.

is the sum of the execution times of all vertices in the DAG, which is also referred to
as the worst-case execution time (WCET) of task τi on a single processor. The critical
path length Li represents the longest execution path in the DAG. These parameters
are essential for parallel task scheduling. Further details on DAG-based task models
and their measurements can be found in [39–43].

We consider a task set of τ = {τ1, τ2, . . . , τn}, consisting of n parallel periodic tasks
with implicit deadline, where each task τi is defined by:

τi = (Ci, Li, πi, ϕi, pi) (1)

where

� Ci represents the total execution time of task τi.
� Li indicates the critical path length of task τi.
� πi represents the period of task τi with implicit relative deadline of Di, i.e., πi = Di.
� Φi represents the release time of the first job of task τi.
� pi gives the power consumption of task τi when executing on a single core.
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If phase of a task is not specified, the release time of the first job is assumed to be
zero. Each task has a fixed priority, and the ones with a smaller index are of higher
priority. More formally, given two tasks τi and τj , τi has a higher priority if i < j.

Each task τi is assigned a particular number of dedicated cores, which remain
exclusive to it, even during idle intervals. The method of core allocation is elaborated
in Section 3.1. Moreover, for each task τi, a minimum number of cores is essential to
meet its deadline; additionally, it’s feasible to calculate the task-specific useful core
count, indicating that allocating more cores to task τi becomes ineffective, leaving
the execution time unchanged. In Section 3.2, we provide formulas for determining
minimum and maximum core counts. Any number of cores within the minimum and
maximum range can be used to meet the task deadline. A higher core count within
the range provides more slack while achieving the specified deadline.

The hyper-period is defined as the least common multiple (lcm) of the periods of
all tasks, i.e., HP = lcm(π1, ..., πn).

The utilization of task τi, denoted by ui, is defined as the ratio of its total execution
time (Ci) to its period (πi):

ui =
Ci

πi
(2)

Utilization is a measure that represents the fraction of a single core’s capacity required
by task τi over its period. Specifically, it quantifies the workload intensity of the task
relative to the available processing time on a single core. A utilization of ui = 1 implies
that task τi would fully occupy a single core during its entire period, leaving no idle
time or capacity for other tasks. When ui > 1, it indicates that the task demands more
processing time than what is available on a single core within its period. Consequently,
such a task cannot meet its deadline if executed on a single core and requires allocation
to multiple cores. We assume that the tasks have utilizations greater than one, i.e.,
Ci

πi
> 1, for 1 ≤ i ≤ n. Therefore, allocating one core would not be sufficient to meet

the deadline.
Because of the uncertainty in inputs of the parallel program as well as specification

of the exact execution paths of DAG in run time (due to the presence of conditions
and loops in the program), given the number of cores allocated to a task, we may see
different execution times per job for each task [44]. In other words, with the constant
parameters of the Ci, Li, and the number of assigned cores, the execution time of each
job of task τi can be different. Nevertheless, some boundaries for best/worst execution
time can be specified, which we will address in Section 3.2.

2.2 Energy models

Here, we introduce the energy models, including the processor energy model and the
energy supplier model.

2.2.1 Processor energy model

Here we use a widely used model of processor energy consumption
([45][46][47][48][49][50]). The model divides power consumption into two parts: static
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power and dynamic power. Each core consumes power at a constant rate of Pstatic

while it is active. In addition, energy consumption is affected by the execution of tasks
on cores. While running on only one core, each parallel task τi consumes energy at
a rate of pi in the worst-case scenario. We also introduce a function to calculate the
energy consumption rate of each task on m cores, which will be described in Section 5.

In our analysis, we simplify the consideration of energy overhead associated with
interconnecting the cores and the utilization of shared resources. More precisely, We
assume these energy overheads are accounted for within the energy consumption rate
pi of the task and the static energy rate of each core, i.e., Pstatic.

2.2.2 Energy supplier model

The energy supplier consists of an energy harvester and an energy storage unit, with
the energy harvester replenishing energy from a renewable source. At each time step
s, an energy predictor provides a pessimistic estimate of the energy charging rate
denoted as PR(s) for step 0 ≤ s ≤ H, where H is the prediction time horizon. The
replenished energy is intermittent, and the energy harvested across different steps may
not necessarily be constant.

Additionally, an energy storage device in the form of a battery with a nominal
capacity of B is considered. The battery’s initial charge is indicated as IE. Similar
to the approach in [36], the model assumes the possibility of overlapping charge and
discharge intervals.

The size of the battery capacity B and the nature of the energy source play piv-
otal roles in system performance. Large batteries, which can act as substantial energy
buffers, offer a degree of isolation from fluctuations in harvested energy. However,
energy-aware scheduling remains essential even in such scenarios due to unpredictable
environmental conditions and battery degradation over time. Conversely, small bat-
tery capacities, typical in compact and resource-constrained devices like CubeSats[51]
or unmanned aerial vehicles, introduce more immediate challenges. In these cases,
dynamic energy scheduling is necessary to ensure that task deadlines are met based
on real-time energy availability.

3 Background and problem definition

This section discusses some necessary backgrounds for the system under study and the
problem definition. We commence with a brief overview of the federated scheduling
algorithm in multi-core systems. Subsequently, we discuss time-related boundaries in
executing parallel tasks. We then examine the number of cores needed for each parallel
task, followed by introducing a data structure for representing the number of cores
allocated to each parallel task. Finally, we define the problem.

3.1 Federated scheduling strategy

The federated scheduling strategy was introduced in [21] as a generalized approach
to partitioned scheduling for parallel tasks and has since become widely used in real-
time parallel scheduling research. This strategy categorizes tasks as high-utilization
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if their utilization is greater than 1, or low-utilization otherwise. High-utilization
tasks are assigned a dedicated cluster of cores. At the same time, a single pro-
cessor scheduling algorithm schedules the low-utilization tasks, which are executed
sequentially.

In our proposed system, each task has a dedicated set of cores, upon which it is
scheduled by a greedy (or work conserving) scheduler. It never keeps a core idle if
there is ready work available. A greedy scheduler executes each task τi on its dedicated
cores. Such a scheduler is introduced in [52]. The details of the greedy scheduler’s
implementation are beyond the scope of this paper. Throughout this paper, when we
refer to the execution of a parallel task, we mean the execution of the task’s DAG
by the greedy scheduler on the task’s dedicated cores. Conversely, when we mention
suspending a parallel task, we are indicating the suspension of the greedy scheduler
associated with the respective task, leading to the interruption of the task’s execution.

During each step, i.e., s, a core can either be idle or perform one unit of a job.
A step is complete if none of the cores assigned to task τi are idle during that step;
otherwise, it is an incomplete step [53]. Figure 1 shows an example of a task’s complete
and incomplete steps. In this figure, task τi is assigned four cores. In the first step, all
four cores are utilized. In the second step, one core is used, followed by two cores in
the third step, and so on. Lemma 1 explains the possible circumstances for running
the task τi.
Lemma 1. When a task τi is executed by a greedy scheduler on its dedicated cores, the
maximum number of incomplete steps is equal to the critical path length of the task,
i.e., Li. [53][54][55].

According to Lemma 1, during the execution of the task τi, there will be a max-
imum of τi incomplete steps, and the rest of the steps are necessarily complete.
Therefore, despite the uncertainty of how each task runs on its cores, possible and
impossible cases can still be considered. For example, if in Figure 1 the size of the
critical path is 4, the method of execution shown in this figure would be a possible exe-
cution of task τi on its cores. However, if the size of the critical path is equal to 3, this
schedule will not be possible. Because, according to Lemma 1, the number of incom-
plete steps cannot be greater than the length of the critical path. Next, in Section 5,
we will use the concept of complete and incomplete steps to analyze the worst-case
energy consumption of tasks.

3.2 Tasks’ execution time boundaries

As mentioned in the previous section, given the number of assigned cores for a task,
we may see different execution times per job because of the uncertainty in DAG
execution. We use (3) as the upper bound of execution time or worst case execution
time (WCET) of task τi on m cores which was introduced in [56] for computing the
worst-case response time of tasks scheduled with any greedy schedulers, and then
formalized in [57], [58] for DAG tasks.

Wmax
i,m = ⌊Ci − Li

m
⌋+ Li (3)
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core 2

87654321

core 3

me

step

Fig. 1: An example of running a task on 4 cores. The solid squares indicate that the
core is busy, and the empty squares indicate that the core is idle. Steps 1,5,6,7 are
complete and steps 2,3,4,8 are incomplete.

Note that in this equation we round the fraction Ci−Li

m down because if we round

it up, the equation ⌈Ci−Li

m ⌉ + Li can generate Li + 1 incomplete step (one possible

incomplete step in Ci−Li

m and Li incomplete steps in the following) which is in contra-
diction with Lemma 1. Moreover in (3), if m = ∞, the execution time will be equal
to Li and if m = 1, the execution time will be equal to Ci.

The lower bound of the execution time of task τi is always Li and execution time
will never be smaller than Li, even with infinite cores. If the task τi contains m
independent and parallel threads, the execution time can be equal to ⌈Ci

m ⌉ as long as

the value of ⌈Ci

m ⌉ is not smaller than Li. Therefore the lower bound of execution time
of task τi can be calculated according to the following equation:

Wmin
i,m = max(⌈Ci

m
⌉, Li). (4)

Li et al. [21] have shown that if the parallel task τi with the implicit relative
deadline of Di is assigned the number of nmin

i specific cores where:

nmin
i = ⌈Ci − Li

Di − Li
⌉ (5)

then, by using a greedy scheduler, all the jobs of task τi meet their respective deadlines.
In other words, the minimum number of cores required to meet the deadline of task
τi is equal to nmin

i and increasing the number of cores, makes more slack to execute
the task. We define the sum of the minimum number of cores required for all tasks as
follows:

minCores =
∑
τi∈τ

nmin
i (6)

we can determine the smallest m such that any additional cores do not signifi-
cantly reduce execution time. Solving Ci−Li

m ≤ 1 leads to m ≥ Ci − Li. Adding 1 to
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account for any remainder ensures that the critical section is properly managed, giving
nmax
i = Ci − Li + 1. Hence, once the number of cores exceeds Ci − Li, the execution

time becomes constant at Li, and additional cores will not reduce the execution time
further. Therefore, the upper limit of the number of cores will be:

nmax
i = Ci − Li + 1 (7)

3.3 Effective number of cores

According to (5), each task requires a minimum number of cores to meet its deadline.
The maximum number of cores is also calculated by (7). Any number of cores between
the minimum and the maximum can be used to meet the deadline. However, we are
only interested in the number of cores that cause a change in the execution time of
parallel task τi in (3), and among all the number of cores that have the same execution
time, we choose the smallest one. Thus, we define the vector of effective number of
cores of task τi as ηi = (ηi1, η

i
2, ..., η

i
|ηi|) where ηi1 equals to nmin

i , ηij is the minimum

number of cores that Wmax
i,ηi

j−1
> Wmax

i,ηi
j

and |ηi| is the size of vector ηi. More formally

ηi defined as:

ηi =

{
ηij = min{ηij−1 < k ≤ nmax

i |⌊Ci−Li
ηj−1

⌋ ̸= ⌊Ci−Li
k ⌋}

ηi1 = nmin
i

(8)

3.4 Core assignments matrix

In Section 3.3, we introduced the vector ηi to represent the effective number of cores
for task τi . Each task τi can meet its deadline when executed with any value from its
corresponding vector ηi. Furthermore, a higher number of cores allows for more slack
in its execution. To determine the appropriate number of cores for each task in the
system, we consider the possibility of executing each task with different values from
its ηi vector, resulting in varying levels of slack. To accommodate this flexibility, we
construct the matrix ca, as shown in (9), which integrates these different combinations
of core numbers. Each column in ca corresponds to a task, and each row caj in this
matrix features distinct values, such as column i, representing an alternative value from
the corresponding ηi of task τi. Therefore, caj,i, 1 < i ≤ n, represents the number of
cores assigned to task τi in core assignment j. The rows in the matrix ca are arranged
in ascending order based on the total number of cores allocated to the tasks in each
row. Rows that exceed the system core or N are eliminated.

ca =


η11 η21 . . . ηn1
η11 η21 . . . ηn2
...

...
. . .

...
η1|η1| η

2
|η2| . . . η

n
|ηn|

 (9)

The matrix ca is constructed by systematically combining core assignments from
the different ηi vectors. While the lengths of the ηi vectors may differ, the matrix ca
integrates all possible combinations of core assignments from each ηi.
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Section 7 will employ the ca matrix to investigate core assignments that enable
the attainment of a feasible schedule for the system tasks

3.5 Problem statement

In this paper, we focus on high-utilization tasks and assume the absence of low-
utilization tasks (because the scheduling of low-utilization tasks is studied sufficiently
in the literature (see [59][36] [37][38])). According to the federated scheduling strategy,
in the presence of low-utilization tasks, they are aggregated onto a single core for man-
agement via single-threaded scheduling algorithms. Our emphasis on high-utilization
tasks does not limit the system’s ability to handle low-utilization tasks; instead, it
highlights the prioritization of tasks with significant energy demands, which are cru-
cial for the system’s missions. Should the inclusion of low-utilization tasks become
necessary, we propose two seamless integration strategies: (1) developing a unified
energy consumption model for aggregated tasks on a single core, enabling efficient
energy scheduling alongside high-utilization tasks; and (2) categorizing tasks based
on their energy demands and core requirements into low- and high-utilization groups.
Low-utilization tasks are aggregated into groups where the total utilization of each
group does not exceed the capacity of a single core, ensuring efficient core usage.
These groups are then assigned to individual cores, while high-utilization tasks are
allocated to the remaining cores. For scheduling, low-utilization groups are managed
using energy-aware algorithms such as PFPASAP [38], whereas high-utilization tasks
continue to be scheduled using the proposed method in this paper.

Therefore, the objective is to schedule the high-utilization tasks to ensure their
deadlines are met while accounting for the harvested energy constraints. A task set is
considered schedulable when all tasks within the set meet their respective deadlines. In
the following, we define the problem, then we examine the computational complexity
of it.
Problem 1. Given task set τ , input energy rate PR, battery capacity B, total number
of system’s core N , the problem is to find a core assignment to each task τi and
performing the corresponding scheduling such that the task set be schedulable.

Since each task in our system operates on its dedicated cores, there is no time con-
tention between tasks. However, due to constraints on input energy, tasks contend for
power. The power request of each task, along with the harvested energy rate, deter-
mines whether a task needs to wait for execution of higher-priority tasks, executing in
series with them, or if it can run in parallel without waiting. Therefore, following the
determination of the number of cores for each task, the power consumption pattern
of each task may change, discussed in Section 5. Considering the limited harvested
energy rate, this change can delay the execution of lower priority tasks. Therefore,
meeting the deadline for each task is contingent on the harvested energy rate, the
task’s core count, and the core count of tasks with higher priority.

The following theorem shows the computational complexity of Problem 1.
Theorem 2. The problem of determining a feasible schedule for the system tasks while
considering input energy constraints, i.e., Problem 1, is NP-hard.

Proof. See A.
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Energy schedulers
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Processor Cores
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Fig. 2: An abstract representation of the proposed scheduling model. The HEARTS
runtime scheduler dynamically manages harvested energy from an environmental
source and assigns it to parallel tasks via PASAP and PALAP energy schedulers.

In Section 9, we further discuss how the battery capacity affects the complexity
of the problem. We show that this problem can be solved in polynomial time with an
infinite-capacity battery.

4 Overview of the proposed method

As explained in Sections 2 and 3, our system consists of high-utilization parallel tasks,
each of which can be assigned a specific number of cores. The energy required to
power the system is harvested from the environment, which is subject to fluctuations.
We aim to ensure 1) all tasks are completed within their deadlines and 2) minimize
the number of cores, while considering the input energy rate and battery capacity. If
energy fluctuations or high-priority tasks cause some tasks to miss their deadlines, we
may adjust the execution time and energy consumption of some tasks by changing the
number of cores assigned to them to reach a feasible schedule.

We propose a runtime scheduler, namely HEARTS (Harvesting Energy Aware
Runtime Task Scheduler), that divides the scheduling horizon into multiple windows.
Each window represents a specific time interval. HEARTS selects a window and calls
the energy scheduler to schedule the tasks based on the input energy within that
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Algorithm 1: Overview of HEARTS (Harvesting-Energy Aware Runtime
Task Scheduler)

1 i← 0;
2 while not reached the end of scheduling horizon do
3 Choose ith scheduling window;
4 Set the minimum core for each task, corresponding to the first row of the

core assignment matrix ( section 3.4);
5 Calculate the energy consumption of each task, i.e., φ(s) according to (10)

for assigned number of cores;
6 Call the PALAP (The Last-Fit based energy scheduler, Algorithm 5);
7 if failed to schedule using the Last-Fit algorithm then
8 Call the PASAP (The First-Fit based energy scheduler, Algorithm 6);

9 if not schedulable with minimum cores using both algorithms then
10 while core search not exhausted do
11 Assign the next row of the core assignment matrix to each task;
12 Calculate the energy consumption of each task for the new number

of cores using (10);
13 Call the PALAP ;
14 if failed to schedule using the PALAP algorithm then
15 Call the PASAP ;

16 if feasible schedule found then
17 break;

18 if no feasible schedule found then
19 Fail;

20 Run tasks on assigned cores;
21 Update battery energy level and reserved energy state for the next

scheduling window;
22 i← i + 1;

window and the battery capacity. Initially, HEARTS assigns the minimum number of
cores to each task and calculates their energy consumption based on this allocation.
Figure 2 shows an abstract representation of our proposed method.

Algorithm 1 shows an abstract view of HEARTS. At the start of each window,
HEARTS initially assigns the minimum number of cores, calculated by (5), to each
task. Then, it calculates the energy consumption for each task with the assigned cores.
In Section 5, we provide an in-depth analysis of the worst-case energy consumption
for parallel tasks with a specific number of dedicated cores.

HEARTS then calls the energy scheduler. We propose two energy schedulers in this
paper. The first algorithm, employed by HEARTS, delays the allocation of requested
energy as much as possible using the last-fit method. In contrast, the second algorithm
uses the first-fit method, which allocates energy as soon as it becomes available. In
Section 9, we will prove that the former algorithm is optimal where the battery capacity
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is greater than a specific threshold. Therefore, HEARTS first checks whether the task
set is schedulable by the first algorithm; if not, it tries the second one. Furthermore,
in Section 9, we will show a case where the first-fit algorithm outperforms the last-fit
algorithm when the battery capacity is smaller than the threshold value.

If the minimum number of cores assigned to each task fails to meet their respec-
tive deadlines, HEARTS employs an alternative core assignment method using the
core assignment matrix introduced in Section 3.4. As previously discussed, each row
in this matrix represents a potential core assignment for tasks. These rows are orga-
nized in ascending order based on the total number of cores, and any rows exceeding
the system core count or N are excluded. This ensures that every potential config-
uration is considered during the core assignment process, providing a comprehensive
exploration of the design space. Even if multiple tasks’ core assignments are modi-
fied simultaneously in some iterations, the structured construction of core assignment
matrix guarantees that all valid combinations are thoroughly explored.

The energy scheduling process in HEARTS is repeated using both algorithms until
a feasible schedule is obtained. If a feasible schedule cannot be achieved, the scheduling
process fails.

In Section 5, we introduce a function that determines the energy consumption of
each parallel task at any given Step s during its execution. Then, we will elaborate on
the implementation details of energy scheduler in Section 6, which are our proposed
method’s most critical scheduling component. In Section 7, we provide a detailed
description of the HEARTS, including how it schedules the static energy of cores,
determines on/off times for extra cores, and computes the remaining energy in the
battery for the next scheduling window.

5 An analysis of power consumption of parallel tasks

An important question about parallel tasks is how they consume energy during their
runtime. For instance, suppose m cores are assigned to the parallel task τi. In this
case, what is the amount of energy required for τi in each step? Single-threaded tasks
use only one core at each step of execution, and the energy consumption rate is con-
sidered a fixed value pi, measured as the worst-case amount of energy consumption.
The assumption of energy consumption being proportional to WCET and single-core
power provides a conservative estimate for ensuring task deadlines under worst-case
conditions, even though empirical studies, such as those by [60] and [61], indicate that
real-world energy profiles may differ. In parallel tasks, however, the number of cores
used in each step of execution is not certain, and as a result, the amount of energy
required in each step is unclear. To clarify this issue, we will first examine an example.
Example 1. Consider the parallel task τi with the following parameters: total execu-
tion time Ci = 24, critical path length Li = 4 and implicit deadline Di = 9. Figure 3
shows three possible DAGs for this task. At runtime, each job of this task can utilize
the cores assigned to it in different ways. We examine the different modes of execution
for this task by considering four cores. Figure 4 shows some of the possible execution
modes for this task.
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Fig. 3: Three different DAGs with Ci = 24 and Li = 4 for task τi of Example 1.
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Fig. 4: Three possible scenario of utilizing cores by task τi of Example 1. The solid
squares indicate that the core is busy, and the empty squares indicate that the core is
idle.

As shown in Figure 4, if we assign four cores to the task τi, in each step, a different
number of cores may be utilized by it, and the exact number of them is not known in
advance. This uncertainty can lead to different execution times and, hence, different
dynamic energy consumption, even for different jobs of a task. For example, the task
τi in the first step may utilize three core (Figure 4a) or all four cores (Figure 4b
and (Figure 4c)). In the following, we present a method for calculating the worst-case
energy demand of a parallel task.
Theorem 3. The worst-case energy demand of parallel task τi with m dedicated cores
occurs when this task has its shortest possible execution time, i.e., the task’s execution
time is ⌈Ci

m ⌉.

Proof. At each step, the maximum energy demand occurs when all of the m allocated
cores are used. The worst-case energy demand of task τi also occurs when the maximum
amount of energy is requested in all steps, in which case the execution time will be
equal to ⌈Ci

m ⌉.

According to Theorem 3, for the successful execution of the task τi with m dedi-
cated cores, in the first ⌈Ci

m ⌉ steps, m ∗ pi units of energy must be provided in each

step. In this case, the execution time will be considered to be ⌈Ci

m ⌉, and also consider-
ing the worst execution time of the tasks, which introduced in (3), we conclude that
this method of energy allocation is very pessimistic, and it can be adjusted according
to the upper bound of execution time, i.e., Wmax

i,m . The following theorem represents
the minimum energy allocation of a parallel task in each step.
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Theorem 4. The minimum energy allocation in Step s to the task τi with m dedicated
cores, where 1 ≤ s ≤Wmax

i,m , is equal to φm
i (s) where the function φ is as follows:

φm
i (s) =



m ∗ pi s ≤ ⌈ (Ci−Li)
m ⌉

pi ⌈ (Ci−Li)
m ⌉ < s ≤ Ci − (m− 1) ∗ ⌈Ci−Li

m ⌉

0 o.w.

(10)

Proof. See B.

As mentioned earlier, before the execution of the tasks, there is no precise infor-
mation about the number of cores used in each step. Hence, there is no knowledge
about the amount of energy consumed in each step. Therefore, as shown in Theorem
4, energy is allocated to the tasks based on the worst-case scenario.

The question arises that if the worst-case scenario of energy demand does not occur
(i.e., in one step, fewer cores than the amount proposed in Theorem 4 is needed), what
should be done with the surplus energy supplied to the job? In this case, the surplus
energy of one step must be stored and used for the next steps of the same job. To
store the excess energy of one step, which is caused by not following the worst-case
scenario of energy consumption, dedicated energy storage is used. It means that the
energy stored in this storage is only for the current job, and until the completion of
the current job, it cannot be used in other tasks.

Note that there is no need for a separate battery for this purpose. Instead, part of
the system’s battery capacity can be reserved for this goal. In the following, we prove
the expected capacity of this dedicated energy storage for each task.
Theorem 5. For each parallel task τi, we need to reserve a part of the system’s energy
storage capacity with the following minimum amount:

Bres(i) =


Li ∗ (m− 1) Li ≤ ⌈Ci−Li

m ⌉

⌈Ci−Li

m ⌉ ∗ (m− 1) otherwise

(11)

Proof. The maximum amount of energy storage capacity for a task occurs at the step
when the maximum amount of energy is provided and the minimum amount of energy
consumed. Given the definition of the greedy scheduler and the power supply based
on (10), it can be easily shown that in Step ⌈Ci−Li

m ⌉ the sum of the supplied energy
is at the maximum amount. Similarly, it can be shown that the minimum energy
consumption occurs when only one unit of energy is consumed in each step. Hence
the residual energy in each step is equal to (m− 1), and the number of these steps is
equal to min(Li, ⌈Ci−Li

m ⌉).
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6 PALAP and PASAP, the proposed energy
scheduling algorithms

In this section we present two algorithms that are designed to assess the schedulability
of a core assignment. These algorithms are inspired by classic strip-packing heuris-
tics, such as first-fit and last-fit [62][63][64]. However, the parallel energy supply of
tasks presents a challenge to the straightforward application of these heuristics, as
high-priority tasks may starve while waiting for energy to accumulate. In contrast,
low-priority tasks consume energy in the battery. To overcome this challenge, we incor-
porate the idea of energy reservation into our algorithms. In the following sections, we
present two algorithms based on first-fit and last-fit that implement energy reservation.

The two algorithms that will be introduced in this section share a common process.
In each iteration, these algorithms assess the schedulability of all jobs associated with
a task over the scheduling horizon. As a result, the number of iterations in these algo-
rithms will equal the number of tasks in the system. Starting with the highest-priority
task, the first iteration schedules energy demands for all its jobs within the time inter-
val [0, horizon]. If it is not possible to fulfill each of energy demands within the desired
deadline, the algorithm considers the deadline as missed. The energy scheduling for
the next-highest-priority task is carried out only if all energy demand s for the current
highest-priority task have been met. The task set is considered schedulable when the
last job of the lowest-priority task receives energy and meets its deadline.

6.1 Framework of the energy scheduling algorithms

As a prerequisite to introducing the energy scheduling algorithm, we present a few
data structures to track the energy consumption status. The energy consumed in each
step is stored in the used vector, denoted by useds, which is equal to the total energy
consumed in Step s. Moreover, reserved energy in each Step s is tracked using the res
vector, denoted by ress. The details of these vectors are as follow:

• used vector: The energy consumed in each Step s, i.e., useds, equals to the total
energy consumed in Step s. Since the battery can transfer energy from previous
steps to Step s, the value of useds can be greater than the energy replenished at
Step s.

• res vector: Reserved energy in Step s, i.e., ress, represents the quantity of replen-
ished energy that will be consumed in the following steps or which has been
transferred from the previous steps to the current one. The ress can be as follows:

– ress = 0: In this step, the battery does not need to transfer energy from previous
steps since the energy replenished in Step s provides all the energy required in this
step. In addition, no energy is reserved for the next steps from the total energy
replenished.

– ress > 0: As of this point in the scheduling, the energy demands in Step s have
all been met by the energy replenished in Step s itself, which means energy was
not transferred from other steps to this step from the battery. In addition, the
battery reserves the ress unit of the replenished energy for later use.
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– ress < 0: The battery will transfer |ress| units of energy replenished from previous
steps to this step in addition to consuming all the energy replenished in Step s.
By the end of this step, |ress| units of battery energy will be unreserved and
available to use.

When there is an energy demand of size Dem in Step s and the ith iteration of
the algorithm, the energy demand Dem can be supplied from two sources. The first is
the replenished energy in the same Step s, which, of course, in iterations 0 to i− 1 of
the algorithm execution, some of this energy was consumed for higher priority tasks
in the same step or reserved for their use in the upcoming steps. The second energy
source is the energy transferred from previous steps to this one and is not reserved for
higher priority tasks. In the following sections, we will discuss these two sources.

6.2 Available battery energy calculation

Algorithm 2: BatteryEn(s)

Input : s, PR, IE, B, used, res
Output: Available battery energy at step s

1 r ← 0
2 ABE ← 0
3 while r ≤ s do
4 if r = 0 then
5 ABE ← min (ABE + PR(r) + IE − usedr, B)

6 else
7 if (resr ≥ 0) then
8 ABE ← min (ABE + PR(r)− usedr, B)

9 else
10 ABE ← ABE + resr

11 r ← r + 1

12 return ABE ;

At Step s, some energy replenished from the previous steps may be in the battery,
with some reserved for a specific step in the future. The rest can be used in Step s
itself. To determine the available battery energy, denoted by ABE, we must examine
the used and res vectors in each step and calculate the amount of unused energy.
Accordingly, we calculate the value of ABE from step 0 to Step s as follows:

• If in Step r, 0 ≤ r < s, resr ≥ 0, then this means that all previous energy demands
in this step are met with the replenished energy, and no energy is transferred from
previous steps. In this case, the battery is charged with the following amount of
energy:

ABE = min(ABE + PR(r)− usedr, B) (12)
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Where usedr represents the amount of energy consumed in Step r. Likewise, the
energy transferred through the battery cannot exceed its capacity. Note that in (12),
the amount of energy added to the battery includes the amount of energy reserved
in this step.

• If in Step r, 0 ≤ r < s, resr < 0, then this means that the replenished energy in
Step r was insufficient to meet the demands of the higher priority tasks, and battery
energy was consumed in the amount of |resr|. In this case, the amount of energy in
the battery will change as follows:

ABE = ABE + resr (13)

Not that in (13), the available battery’s energy decreases due to the negative value
of resr.

Algorithm 2 calculate the amount of available battery energy at the end of Step s.
This algorithm takes as input the desired step s, replenishment energy rate PR, initial
energy in the battery IE, battery capacity B, and vectors used and res. It returns the
available battery energy at step s as output.

6.3 Unallocated replenished energy

At each iteration of algorithm, in Step s, the amount of energy left from the total
replenished energy varies according to the values of used and res vectors. If the value
of ress < 0, it means that high-priority tasks have consumed all the replenished energy
in Step s, and no energy is left for other tasks. Otherwise, available replenished energy
equals to the replenished energy minus the sum of the energy consumed in this step
and the amount of energy reserved for the next step. We show the unallocated energy
from the replenishment with ure(s) at each Step s. It is also important to consider the
battery’s initial energy at Step 0. Moreover, in Step 0, no energy can be transferred
from previous steps, and res0 cannot be negative. ure(s) can be calculated as follows:

ure(s) =


PR(s) + IE − useds − ress s = 0

PR(s)− useds − ress ress ≥ 0, s ̸= 0

0 ress < 0, s ̸= 0

(14)

As a result, the total available energy in Step s will be as follows:

En(s) = BatteryEn(s− 1)−
∑

0≤r<s

resr + ure(s) (15)

In each step, the energy is supplied by two sources; the first is the energy replenished
in the same step, and the second is the energy transferred by the battery from previous
steps. With an energy demand of size Dem at Step s, if Dem ≤ En(s), this energy
demand can be met, and the energy demand can be supplied. Based on how energy is
supplied in Step s, we will have the following conditions:

• ure(s) ≥ Dem: In Step s, the energy required for this Dem has been replenished,
and it can be supplied. No energy needs to be reserved in the previous steps, nor
does the battery need to be used.
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• ure(s) < Dem: The replenished energy in Step s will not be sufficient to satisfy the
energy demand of Dem. The battery must reserve R = Dem − ure(s) of the filled
energy in the previous steps to transfer to Step s.

If there is a need to reserve energy, i.e., R > 0, then energy should be reserved in
the previous steps. The two main approaches are to reserve energy from Step g = s−1
to Step 0, called backward reserve (see Algorithm 4), or to reserve energy from
Step 0 to Step g = s − 1, called forward reserve (see Algorithm 3). Both of these
algorithms take the amount of energy R that should be reserved in previous steps to
use at step s as input and return the reservation vector res as output.

The forward reservation method occupies the battery for a longer period of time
than the backward reservation method, which leads to more harvested energy waste.
Therefore, we will only use the backward reservation method in this paper.

Algorithm 3: Forward Reserve

Input : R, s
Output: Updated reservation vector res

1 g ← 0
2 while (R > 0 and g < s) do
3 if (ure(g) > 0) then
4 temp←Max(ure(g), R)
5 R← R− temp
6 resg ← resg + temp

7 g ← g + 1

Algorithm 4: Backward Reserve

Input : R, s
Output: Updated reservation vector res

1 g ← s− 1
2 while (R > 0 and g ≥ s) do
3 if (ure(g) > 0) then
4 temp←Max(ure(g), R)
5 R← R− temp
6 resg ← resg + temp

7 g ← g − 1

6.4 Details of the algorithms

Two algorithms are presented in this section for determining the energy schedulability
of parallel tasks. These algorithms evaluate the schedulability of tasks with a given core
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Algorithm 5: PALAP

Input : τ , PR, used, res, ω, B, IE
Output: True if task set is schedulable, False o.w.

1 start← 0
2 Horizone← ω
3 foreach task τi ∈ τ do
4 dl← Di − 1
5 start← Φi

6 while (dl ≤ Horizone) do
7 s← dl
8 j ←Wmax

i,m − 1

9 while j ≥ 0 do
10 Dem← φm

i (j)
11 if (Dem = 0) then
12 Dem← −1
13 s← s− 1

14 else
15 while (s ≥ start and Dem ̸= −1) do
16 if Dem ≤ (En(s)) then
17 R← 0
18 if (ure(s) < Dem) then
19 R← Dem− ure(s)

20 ress ← ress −R
21 BackwardReserve(R, s)
22 useds ← useds + Dem
23 Dem← −1

24 s← s− 1

25 if s < start and Dem ̸= −1 then
26 return false

27 j ← j − 1

28 start← start + Di;
29 dl← start + Di;

30 return true

configuration over a scheduling horizon H and with an input energy function PR. Both
algorithms take as input the task set τ , replenishment energy rate PR, vectors used
and res, scheduling horizon ω, battery capacity B, and initial energy in the battery
IE. The algorithm returns True if the task set is schedulable, and False otherwise.

In the first algorithm, which we call the PALAP method, energy demands are
scheduled as late as possible following the principle of the last fit. A second algorithm
termed the PASAP method, works on the idea of the first fit and attempts to schedule
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Algorithm 6: PASAP

Input : τ , PR, used, res, ω, B, IE
Output: True if task set is schedulable, False o.w.

1 start← 0
2 Horizone← ω
3 foreach task τi ∈ τ do
4 dl← Di − 1
5 start← Φi

6 while (dl ≤ Horizone) do
7 s← start
8 j ← 0
9 while j < Wmax

i,m do
10 Dem← φm

i (j)
11 if (Dem = 0) then
12 Dem← −1
13 s← s + 1

14 else
15 while (s < dl and Dem ̸= −1) do
16 if Dem ≤ (En(s)) then
17 R← 0
18 if (ure(s) < Dem) then
19 R← Dem− ure(s)

20 ress ← ress −R
21 BackwardReserve(R, s)
22 useds ← useds + Dem
23 Dem← −1

24 s← s + 1

25 if s ≥ start + Di and Dem ̸= −1 then
26 return false

27 j ← j + 1

28 start← start + Di;
29 dl← start + Di;

30 return true

energy demands as soon as possible to provide enough energy to meet an energy
demand. Both algorithms, Algorithms 5 and 6, at first, check the energy scheduling
of all jobs associated with the highest priority task during the scheduling horizon. If
They are schedulable then the algorithms move on to the next highest priority task.

The energy scheduling aims to assign each energy demand Dem of task τi to a
time interval between τi’s release time and deadline. The PALAP algorithm checks
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schedulability from the deadline to the release time of the task. In contrast, the PASAP
algorithm checks schedulability from the release time to the deadline.

For each execution unit j of task τi, where 1 ≤ j ≤Wmax
i,m , (10) is used to calculate

the minimum energy allocation, i.e., φm
i (j). Since the value of φm

i (j) may be zero,
both algorithms check for zero energy demand in Lines 11 to 13. If it is, they leave
an empty step. After that, if an energy reserve is needed, energy is reserved according
to Algorithm 3, and res and used vectors are updated. The feasibility of the energy
supply is checked until the job release time in the PALAP algorithm and until the
deadline is reached in the PASAP algorithm. A deadline miss occurs when the current
job reaches its deadline under the PALAP method or reaches its release time under
the PASAP method, and there is an unscheduled execution step.

7 Details of HEARTS

In the previous section, we introduced two methods for evaluating the energy schedul-
ing of a set of tasks. These methods allowed for the assessment of task schedulability
and provided detailed information on the energy scheduling of tasks at each step.

While PALAP and PASAP are effective under specific conditions, they are designed
to function over a fixed scheduling horizon. In systems with complex task sets, deter-
mining an appropriate scheduling horizon—such as the hyperperiod—can lead to
computationally impractical scheduling windows. This issue is particularly pronounced
when the hyperperiod becomes exponentially large, rendering the direct application
of PALAP and PASAP inefficient or even infeasible. Moreover, these algorithms are
not inherently dynamic; they do not respond to real-time changes in harvested energy
or system states. This lack of adaptability limits their practicality in environments
where energy availability fluctuates.

To overcome these challenges, we propose HEARTS, which checks the energy
scheduling and searches for the number of cores required to meet deadlines within
smaller intervals of the scheduling time, called windows. By following this approach,
a feasible schedule can be found with the required number of cores for each window
and a possible energy scheduling can be provided for the next window before the cur-
rent window’s task execution is complete. In our proposed method, the window size
can be determined according to system specifications. The window size indicated by
the variable winsize in our algorithm is set to the maximum deadline of the system’s
set of tasks to ensure that at least one job of each system task is executed within a
window. We use the variables α and β to mark the beginning and end of each window,
respectively.

To maintain the scheduling status, the PASAP and PALAP algorithms use the
used and res vectors as mentioned in Section 6.1. These algorithms schedule tasks
from step zero to the desired horizon, i.e., window size. As shown in Algorithm 7, to
schedule tasks and check the schedulability with a specific number of cores assigned
to each task, we introduce temporary vectors named used′ and res′, representing a
part of the original used and res vectors. Specifically, the values between α and β in
the used and res vectors are copied to the temporary vectors, starting from position
0 to β − α. The scheduling algorithms update the used′ and res′ vectors, and after
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Algorithm 7: HEARTS (Harvesting-Energy Aware Runtime Task Sched-
uler)

1 α← 0
2 β ← winsize

3 while (β ≤ H) do
4 ω ← β − α
5 winPRi = PRα+i, for i = 1, . . . , ω
6 minCores←

∑n
i=0 ca0,i

// Create a new virtual task set τs for scheduling of static

energy of cores.

7 Add new virtual task
τs0 ← (Φs

0 = 0, Ds
0 = winsize, p

s
0 = minCores ∗ Pstatic) to τs

8 totalReserverd← 0

9 τd ← τ // Initializing the temporary task set

10 j ← 0
11 while (j < number of rows of ca ) do
12 if (minCores <

∑n
i=0 caj,i) then

13 foreach Core number for task τdi ∈ τd with caj,i > ca0,i do
14 add new virtual task (Φs = Φd

i , D
s =

ω − ((ω − Φd
i ) mod Dd

i ), ps = (caj,i − ca0,i) ∗ Pstatic) to τ ′

15 τ ′ ← τs + τd // Append the main tasks to the virtual tasks

16 used′i = usedα+i, for i = 1, 2, . . . , ω
17 res′i = resα+i, for i = 1, 2, . . . , ω
18 res′0 ← res′0 + totalReserverd
19 result =PALAP (τ ′,winPR′,used′,res′,ω, B, IE)
20 if ( not result) then
21 result =PASAP (τ ′,winPR′,used′,res′,ω, B, IE)

22 if ( result and minCores <
∑n

i=0 caj,i) then
// Considering the static energy of additional cores

23 for (each task with core more than ca0,i) do
24 Turn on (caj,i − ca0,i) Cores at α + Φd

i

25 And turn them off at β − ((ω − Φd
i ) mod Dd

i )

26 if (result) then
27 break

28 j ← j + 1

29 χ = min
τd
i ∈τd

(ω − ((ω − Φd
i ) mod Dd

i ))

30 Φd
i = (ω − ((ω − Φd

i ) mod Di))− χ) for τdi ∈ τd

31 IE = BatteryEn(χ− 1)
32 totalReserverd =

∑
0≤r<β resr

33 usedα+i = used′i, for i = 1, 2, . . . , ω
34 resα+i = res′i, for i = 1, 2, . . . , ω
35 β ← β + winsize

36 α← α + χ
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finding a possible schedule, their values are copied to the main used and res vectors in
their respective intervals (Lines 33 to 34). This approach temporarily stores scheduling
information during each window, ensuring that the main vectors remain unaltered
until the schedule is validated. In addition, during the execution of the algorithm, we
need to change some parameters of the tasks. For this purpose, we define the set of
temporary tasks τd, which is initially equal to the set of main tasks of the system at
the beginning of the algorithm.

In the first scheduling window, where α = 0 and β = winsize, the used′ and res′

vectors correspond to the elements from 0 to winsize in the used and res vectors.
Once a possible schedule is found, the values of used′ and res′ are copied to the main
used and res vectors in the range from 0 to winsize.

To determine the endpoint of the next scheduling window, we increment the vari-
able β by the window size. However, to determine the starting point α for the next
window, we need to take into account the deadlines of the last job for each system
task in the current window. Since some jobs may not finish executing in the current
window, we need to determine the earliest deadline of last jobs of all tasks within
the current window. This is achieved by introducing a parameter called χ, which is
calculated as:

χ = min
τi∈τ

(β − ((ω − Φd
i ) mod Dd

i ) (16)

where Φd
i is the release time of the first job of task τdi ∈ τd. Thus, the value of α for

the next window is computed as the sum of the current value of α and χ.
After calculating the start time of the next window, we need to update the release

time of the first job or phase of each task for the next window so that the tasks are
released and scheduled at the exact time. The phase will be equal to the difference
between χ and the deadline of the last job of each task, i.e., Φd

i = (β− ((ω−Φd
i ) mod

Dd
i ))− χ) for τdi ∈ τd.

Regarding the battery level available at the beginning of each scheduling window,
in the first window the initial battery level is equal to IE, the system’s starting
battery level. For the next window, the initial amount of energy in the battery can
be determined using Algorithm 2 at the χ step. A portion of this energy is reserved
in the battery, and its value is equal to

∑
0≤r<s resr. In the following window, this

amount should be added to res′0.
To determine the scheduleability of tasks within each scheduling window, we first

utilize the PALAP algorithm with ca0. If a feasible schedule is found, we schedule
system tasks based on the provided PALAP schedule. If a feasible schedule is not
found, we then attempt scheduleability using the PASAP algorithm. If neither algo-
rithm yields a feasible schedule, we proceed to try the same procedure with the next
coreAssignment, incrementing the number of cores until a feasible schedule is reached.
In the event that no feasible scheduling is found with any of the core assignments
or with neither the PALAP or PASAP methods, the scheduling process is deemed
unsuccessful.

Maintaining static energy management is a crucial aspect of the scheduling process.
In order to execute tasks and meet their deadlines, we must keep a minimum number
of cores turned on, which cannot be turned off during execution. To manage static
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energy consumption, a set of virtual tasks is defined. The virtual task set is designed
specifically for managing the static energy supply of cores and does not require any
computational output, total execution time, or critical path length. Each virtual task
is represented as:

τsi = (Φs
i , p

s
i , D

s
i ) (17)

where:

� Φs
i indicates the start time of energy supply for the virtual task τi.

� Ds
i indicates the time when the energy supply for the virtual task τi ends.

� psi is the power consumption or energy consumption rate of the virtual task τsi
between Φs

i and Ds
i .

The virtual tasks signify that some cores will be operational between Φs
i and Ds

i .
There is no slack available for these virtual tasks to receive energy. The execution time
of these tasks is considered as Ds

i −Φs
i , (10) always returns psi for these tasks. Similar

to other system tasks, virtual tasks have priority. The virtual task τs0 has the highest
priority and is responsible for providing static energy to the minimum number of cores
required to meet the deadlines of the system’s main tasks.

If during the scheduleability check with a core assignment in a window, it is deter-
mined that any of the tasks require more cores than the minimum, a new virtual task
is generated for static energy of the extra core. This virtual task has a release time
in the scheduling window equal to the release time of the first job of the correspond-
ing task and a deadline equal to the deadline of the last job of that task. Its energy
consumption rate is set to ps = (caj,i − ca0,i) ∗Pstatic, and there is no slack to supply
energy for this virtual task.

8 Time Complexity and Overheads of the Proposed
Method

In this section, we analyze the time complexity of the proposed method. HEARTS
algorithm comprises two primary elements: a loop for determining the appropriate
number of active cores and, within this loop, the invocation of the PALAP and PASAP
algorithms. The number of cores is constrained by the number of rows in matrix
1, which reflects the system’s task and core count (both available and additional).
Considering that the target systems typically feature a small number of tasks with
diverse input data, and the extra cores are only a few percent beyond the minimum
needed, the row count of this matrix remains manageable. Furthermore, the static
energy consumption of the cores limits the feasible number of additional cores that
can be feasibly used. Even with a larger number of matrix rows, we can maintain
manageability by applying a threshold to restrict the number of rows used.

The computational complexity of the PALAP and PASAP algorithms depends on
three main factors: the total number of tasks (n), the maximum worst-case execution
time of each task (Wmax

i,m ) across m cores, and the duration of the scheduling horizon
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(H). The overall complexity for these scheduling algorithms is represented by O(n ×
max(Wmax

i,m ×H2)).
Additionally, HEARTS divides the scheduling horizon into distinct windows, invok-

ing PALAP and PASAP. The size of these windows (winsize) is determined by the
longest task deadline, resulting in a computational complexity of O(n × (winsize)

3).
This level of complexity is manageable due to the small number of tasks and the mod-
est size of the windows. Additionally, by modifying the granularity of the time steps,
we can further optimize and reduce the computational complexity.

A key advantage of our method is its flexibility in not requiring operation across
an entire hyperperiod. Running algorithms over a complete hyperperiod can be highly
inefficient and impractical, particularly due to the exponential growth in hyperperiod
size and the challenges in predicting energy availability over extended periods. Instead,
our scheduler utilizes smaller, adjustable windows that operate independently of a
hyperperiod length.

To further assess the runtime overhead introduced by HEARTS, it is essential to
examine the frequency and nature of its execution during system operation. Since
HEARTS is invoked at each time window, several factors help mitigate the run-
time overhead. The window size is adjustable, ensuring it remains manageable and
allowing HEARTS to make scheduling decisions over intervals that are computation-
ally feasible without overwhelming the system. Additionally, the algorithm’s efficient
window-based approach ensures that computational costs are distributed over time
rather than concentrated at the start, as would be the case with a potentially exponen-
tial hyperperiod-based scheduler. HEARTS also dynamically manages core allocations,
ensuring that only the necessary number of cores is active during each window. The
relatively small number of tasks and cores in typical embedded systems further limits
the overall computational burden. The complexity of PALAP and PASAP within each
window remains bounded at O(n×(winsize)

3), keeping the overhead manageable, even
with frequent scheduler invocations. Moreover, HEARTS allows for dynamic assess-
ments of the delay and energy cost involved in turning cores on and off. With minimal
adjustments to the code, HEARTS efficiently calculates whether activating or deacti-
vating additional cores is cost-effective, taking into account both the computational
delay and the extra energy consumption required for core transitions.

Moreover, if necessary, the scheduler’s execution and energy consumption can
also be considered a high-priority periodic task scheduled within the time windows.
This approach allows the time and energy overhead of our proposed scheduler to be
accounted for as a task, managed by one of the two schemes mentioned at Section
3.5. By integrating the scheduler’s execution within the overall system scheduling,
HEARTS effectively manages its own time and energy overhead, ensuring its appli-
cability and efficiency in real-world embedded systems without incurring prohibitive
overhead.

9 Optimality of the proposed method

In this section we discuss about the optimality of the proposed method described
in Section 7. Our proposed method utilized two energy schedulers, i.e., PALAP and
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PASAP. In the following we prove that PALAP is optimal with infinite capacity
battery. Then, we describe a condition when PASAP outperforms PALAP.

9.1 Optimality of PALAP

The battery capacity plays a significant role in the success of the scheduling process. In
this section, we prove that PALAP algorithm is optimal with a battery with unlimited
capacity. Then we will introduce the minimum battery capacity with which the PALAP
is optimal.
Theorem 6. When a battery of infinite capacity is used, the PALAP algorithm is
optimal.

Proof. When the battery has an unlimited capacity, Algorithm 2 for calculating the
available battery energy and also (15) are wholly changed, resulting the following
formula for calculating available energy in Step s:

En(s) = IE +
∑

0≤r<s

(PR(r)− usedr − resr) (18)

Suppose with energy level Pr And a battery with an infinite capacity, Algorithm
A∗ can schedule the set of tasks τ , but the PALAP algorithm cannot. In this case,
there is an execution step λ, 0 ≤ λ < Wmax

i,m of the task τi ∈ τ , in which the PALAP
cannot provide as much energy as ϕm

i (λ) for λ, but A∗ has provided that amount of
energy for λ and all other jobs in τ . Let’s assume the deadline to supply energy to λ is
step s, such that (s mod Di) = Di−Wmax

i,m +λ, where algorithm A∗ has provided the
energy to λ in Step s′, and s′ ≤ s. We examine two general cases: in the first, the energy
used up to Step s is less, which means

∑
0≤r<s used

A∗

r <
∑

0≤r<s used
PALAP
r where

usedA
∗

r and usedPALAP
r are the used vectors of A∗ and PALAP respectively. In the

second case, the total energy reserved for the next steps in Step s is less, which means∑
0≤r<s res

A∗

r <
∑

0≤r<s res
PALAP
r where resA

∗

r and resPALAP
r are the res vectors

of A∗ and PALAP respectively. These two cases will be examined in the following.
For the first case, higher-priority tasks must be executed in a way that the value

of
∑

0≤r<s used
A∗

r be less than the corresponding value in PALAP . Since jobs with
deadlines less than s cannot be moved, jobs with deadlines greater than s must be
executed in a way that leaves more energy for task τi. This can be accomplished by
delaying higher-priority tasks as much as possible. In PALAP each task τi have a delay
of Di −Wmax

i,m , and if the A∗ algorithm applies more delay, τi will miss its deadline.
Therefore, A∗ cannot have a lower sum of used up to Step s than PALAP .

Suppose that the total energy reserved for the steps after s in the A∗ algorithm
is less than PALAP . In order to decrease the value of

∑
0≤r<s res

A∗

r in Step s, the
energy reservation for higher priority tasks should be moved after Step s (if it is moved
before Step s, the result will remain unchanged). Suppose in Step s we have some
energy ∆ of the total energy

∑
0≤r<s res

A∗

r reserved for task τreserve to be consumed
in Step δ. Obviously, all the energy between s and δ is consumed. Therefore, there
is no possibility of reserving ∆ units of energy from another step between s and δ.
Suppose algorithm A∗ executes one of the tasks with higher priority than τreserve
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earlier than PALAP , such as in Step ν, so that a portion of the energy reserve ∆ is
transferred after Step s. If s > ν,

∑
0≤r<s res

A∗

r will remain unchanged, and if s < ν,∑
0≤r<s used

A∗

r will be added exactly the same amount of energy as it is subtracted

from
∑

0≤r<s res
A∗

r , and the final result will not change.

Since the delay of the PALAP algorithm for each task τi is equal to Di −Wmax
i,m ,

the energy required for each task must be stored within this delay time. The worst-
case scenario occurs when all tasks are delayed simultaneously. Therefore, the PALAP
algorithm is optimal if the battery capacity is greater than BPALAP , where:

BPALAP =
∑
τi∈τ

Di−Wmax
i,m∑

s=1

φm
i (s) (19)

9.2 Scenarios in which PASAP outperforms PALAP

The previous section demonstrated that the PALAP algorithm is optimal when utilized
with a battery of specific capacity as determined by (19). However, there may be
situations where the available battery capacity is insufficient for the PALAP algorithm.
In such cases, the PASAP algorithm is preferred over the PALAP algorithm as it
can schedule the task set that the PALAP algorithm cannot. An example of such
conditions is presented in the following.
Example 2. Consider a system with two tasks, τ1 and τ2, where D1 = 4 and D2 = 2.
Both tasks require the same minimum number of cores to meet their respective dead-
lines. Let’s assume that the energy consumption rate of τ1 during its three execution
steps is x, while that of τ2 during its single execution step is y, where x > y. We
further assume that the energy replenishment rate is PR = x, which is equal to the
energy consumption rate of τ1. In this scenario, both tasks have one slack step, and the
execution time of τ1 and τ2 with the minimum core are D1−1 and D2−1, respectively.

Suppose we have a B-capacity battery, where y ≤ B < 2y, and initially, it is full.
D1 is the hyper-period in this case. Let’s examine how these two algorithms perform
scheduling:

� In the PALAP algorithm, τ1 is not executed in the first step due to having a one-
step slack. In the subsequent steps, it can be executed without reserving energy up
to D0 because PR ≥ x. Similarly, τ2 is also not executed in the first step due to a
one-step slack. The delay in executing task τ2 in the first step will be the same as
the delay in executing task τ1 at the first step. As there is no empty capacity and
the battery is full, PR units of energy will be lost. τ2 will be executed in the second
step because PR +B − x ≥ y. In the third step, the second job of τ2 will be released.
However, this job cannot be executed in the third step or the fourth step because
2PR +B−2x−y < y in the third step, and 3PR +B−3x−y < y in the fourth step.

� In the PASAP algorithm, τ1 can be executed from Step 1 to Step 3 without the need
for reserving energy and will have a slack in the fourth step. The first job of τ2 is
executed in the first step because PR +B−x > y, and this job meets its deadline. In
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the third step, the second job of τ1 is released. However, it is not possible to execute
this job in the third step because 3PR +B− 3x− y < y. But, in the fourth step, this
job can be executed because 4PR + B − 3x− y > y, and it meets its deadline.

10 Evaluation

In this section, we assess the performance of our proposed algorithms. Initially, in
Subsection 10.1, we outline two comparing methods to evaluate our algorithm against.
Our analysis is structured into three main categories. In Subsection 10.2, we aim
to conduct a comprehensive evaluation of our algorithms across a diverse array of
scenarios. We utilize a standardized approach [65][66] for generating synthetic task
parameters, allowing us to compare our scheduling outcomes against the comparing
methods described in Subsection 10.1. In Subsection 10.3, we delve into the specifics of
scheduling performance under conditions of critical battery capacity. Lastly, in Section
10.4, we examine the schedulability of select digital signal processing applications from
the STR2RTS benchmark suite [67], leveraging real energy harvesting data sourced
from the Solar Radiation Lab (SRL) [68]. The findings from this investigation are then
contrasted with the comparing methods introduced in Subsection 10.1.

10.1 Comparing Approaches

The HEARTS algorithm incorporates PALAP , which we’ve proven to be optimal for
battery capacities larger than BPALAP . However, it’s not optimal for battery capacities
smaller than this threshold. While PASAP can schedule tasks in some situations where
PALAP cannot, HEARTS cannot be considered optimal when the battery is smaller
than BPALAP . To assess the performance of HEARTS under non-optimal conditions,
we must compare it to alternative methods.

To the best of our knowledge, our work is the first to tackle the challenge of har-
vested energy-aware scheduling of parallel tasks on multicore systems with identical
cores operating at a fixed frequency. Previous studies in energy-aware scheduling, such
as the work by Chetto et al. [35], have predominantly focused on single-processor sys-
tems executing single-threaded tasks, without considering the complexities introduced
by parallel task models or multicore architectures. Similarly, while Guo et al. [69] and
Abusayeed et al. [5] have explored energy-efficient scheduling of parallel tasks on mul-
ticore systems, their objectives center on minimizing total energy consumption rather
than addressing the constraints of harvested energy. Furthermore, recent efforts like
[70] have introduced the DAG task model for energy-aware scheduling but are con-
fined to uniprocessor systems. Due to these fundamental differences in system models
and objectives, we cannot directly compare our work with existing studies, as they do
not address the specific challenges of scheduling parallel tasks within their deadlines
using only environmentally harvested energy on multicore platforms.

Given the distinctive nature of our approach to harvesting energy-aware scheduling
for parallel tasks, we conduct comparative analyses with two alternative strategies,
acknowledging the absence of directly comparable existing work.
Partitioned Energy And Battery (PEAB): We explore a method wherein har-
vested energy and battery capacity are distinctly partitioned between tasks based on
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their utilization, treating each task as an independent entity with its dedicated energy
harvesting and battery system. In this model, tasks are restricted to operating on
their minimum required cores without being assigned additional cores. This paradigm
closely aligns with the concepts discussed in [71] and [72]. Additionally, PEAB simu-
lates the well-known PFPASAP [38] method when applied to a system with only one
task, acting as an energy-aware scheduling model for single-core systems.
Hypothetical Optimal Algorithm (HOA): Given the complexity and computa-
tional impracticality of implementing a truly optimal algorithm, which would require
exploring an exponential state space, we assumed the existence of a hypothetical algo-
rithm. This algorithm is capable of scheduling tasks within a window only if the energy
harvested during that window exceeds the minimum energy requirement. This require-
ment encompasses the energy demands of tasks within the window and the static
power needed for the minimum number of active cores according to the scheduling
policy—either Federated or Global—during that period. Additionally, we assume the
algorithm operates with the battery fully charged at the beginning of each scheduling
window. Naturally, if these conditions aren’t met, task scheduling becomes unfeasible.
Furthermore, if another optimal algorithm were to exist, it could, at best, perform
at the same level as our hypothetical optimal algorithm or, more likely, perform even
worse.

We introduce two variants of this hypothetical optimal algorithm: HOA-F and
HOA-G. Both are simulated under pessimistic assumptions to approximate the bound-
ary of optimal scheduling performance under different core management strategies.

� HOA-F (Federated Scheduling): This variant assumes total static power con-
sumption based on the minimum number of cores required for Federated scheduling.
The static energy for this model is calculated as Pstatic×minCores×(β−α), reflecting
the power usage necessary to maintain task operations throughout the scheduling
window.

� HOA-G (Global Scheduling): Unlike HOA-F, HOA-G calculates static power
based on the minimum number of cores required for a Global Scheduling policy.
This is done by summing the utilization of all tasks, where each task’s utilization ui

is defined in Equation ??. Consequently, the static energy for HOA-G is computed
as Pstatic ×

∑
τi∈τ ui × (β − α).

At the beginning of each scheduling window, defined by α and β as the start
and end of the window, respectively, we calculate the total energy harvested during
that window

∑β
j=α PR(j). If this amount, combined with a fully charged battery B,

surpasses the energy demands of tasks for that window
∑

τi∈τ

⌈
(β−α)
Di

⌉
Cipi and the

total static energy required for the core count during that window, then we consider
the hypothetical optimal algorithm, whether HOA-F or HOA-G, capable of scheduling.
The specific conditions for each are as follows:

For HOA-F:

β∑
j=α

PR(j) + B ≥
∑
τi∈τ

⌈
(β − α)

Di

⌉
Cipi + Pstatic ×minCores× (β − α)
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For HOA-G:

β∑
j=α

PR(j) + B ≥
∑
τi∈τ

⌈
(β − α)

Di

⌉
Cipi + Pstatic ×

∑
τi∈τ

ui × (β − α)

These formulas encapsulate the operational logic behind each hypothetical optimal
algorithm, and we have assumed that these two algorithms will be able to schedule
only if the necessary energy is available. HOA simulates the boundary conditions for
optimal performance by determining the minimum energy required for task scheduling.
This serves as a reference point for measuring deviations in real-world conditions. A
detailed proof of the HOA’s optimality can be found in Appendix C.

10.2 Comprehensive evaluation with synthetic task sets

In this simulations, we aimed to comprehensively evaluate our proposed algorithms
across a wide range of scenarios that closely resemble diverse real-world applications.
To achieve this, we employed the UUnifast algorithm [65] and the hyperperiod limi-
tation technique [66] to generate random tasks, which are widely recognized methods
in testing scheduling algorithms [73][57][74][75][76][77]. This approach enables system-
atic variation in task characteristics, ensuring a robust assessment of our scheduling
algorithms under diverse conditions.

We follow a two-step process for each task set, with specific utilization requirements
and a hyperperiod length (H). Firstly, we generate task periods (π1, π2, ..., π5) using
the hyperperiod limitation technique [66]. These deadlines are constrained within the
range of 1 to H, where n represents the number of tasks in the set. Secondly, we
employ the UUnifast algorithm [65] to generate utilization values (U1, U2, ..., Un) for
each task. Initially, this algorithm generates utilization values within the range of 0
to 1. To achieve high utilization tasks, we scale each utilization value in the range of
[1, 4].

Following this, we calculate the total execution time (Ci) for each task τi (where
1 ≤ i ≤ n) by multiplying the respective utilization (Ui) and deadline (Di). Different
values for Li were considered in the experiments, with increments of 10, ranging from
10% to 80% of Di. The power consumption for each task, i.e., pi, was randomly chosen
between 10 to 100. The phase, i.e., ϕi, for all tasks set to 0. All experiments were
iterated over different static energy values, i.e., Pstatic for the cores, increasing in
increments of 5, covering a range from 5% to 35% of the average dynamic energy of
the task set ( 1

n

∑n
i=1 pi). We generate 3000 task sets, comprising 1000 sets with n = 3,

1000 sets with n = 5, and 1000 sets with n = 7. The hyperperiod limits are set to 600,
1500, and 3500, respectively.

We used random values to generated harvested energy rates. initially, we generated
100 basic rates with random values selected from the range ρ to 100 + ρ, where ρ =
0.05 1

n

∑n
i=1 pi for each step. This process covers the entire duration of one hyperperiod

for each task set. It is important to note that in our experiments, the static power
consumption is at least 5% of 1

n

∑n
i=1 pi, and the dynamic power consumption of each

task is at most 100. Next, we adopted the 100 distinct random energy rates for each
task set by multiplying each step by the minCores of the corresponding task set.
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(c) B = 30% of BPALAP .
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Fig. 5: Effectiveness of HEARTS in task schedulability: comparing deadline miss rates
under various battery capacities and critical path lengths to PEAB, HOA-F and HOA-
G methods.

In each experiment, the number of system cores, i.e., N , was set to 130% of the
minimum required for each task set. The window size, i.e., winsize in all experiments
is set to the maximum deadline of the tasks.

We evaluated the effectiveness of HEARTS’s task scheduling under non-optimal
battery capacity conditions. This involved assessing the schedulability of all 3000 tasks
across every scheduling window within a single hyperperiod for all 100 harvesting
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rates, with battery capacities ranging from 10% to 100% of BPALAP, in increments of
10%. The number of missed deadlines was recorded.

These experiments were conducted with static energy rates varying from 5% to
35%, in increments of 5%. Similar tests were carried out for critical path lengths
ranging from 10% to 80%, in increments of 10%, and for different battery capacities
from 10% to 100% of BPALAP.

Finally, we compared the results obtained from our method with those of the
PEAB, HOA-F and HOA-G methods. Figure 5 presents a comparative analysis
between our proposed method PEAB, HOA-F and HOA-G.

The results indicate that, across various battery capacity settings, HEARTS
exhibits an average deviation of 19.05% and 21.34% from HOA-F and HOA-G,
respectively, and performs 28.24% better on average than the PEAB method. Addi-
tionally, for critical path lengths shorter than 0.4 of Di (indicating more parallel
tasks), HEARTS shows an average deviation of 13.74% and 15.14% from HOA-F and
HOA-G, respectively, and outperforms the PEAB method by 32.95%. These findings
demonstrate that HEARTS performs better with an increased number of parallel tasks.

10.3 Schedulability under critical battery capacity

As mentioned earlier, the feasibility of our proposed scheduling algorithms depends
directly on having sufficient battery capacity. We showed that the PALAP algo-
rithm is optimal when the battery capacity is more than BPALAP . We experimentally
determined the minimum battery capacity required to successfully schedule tasks by
performing a binary search over capacity for each combination of task set (3000 total)
and energy harvesting rates (100 total). This identified the minimum capacity needed
to schedule all tasks using HEARTS. In Figure 6a we reported the average amount
of this empirically identified critical battery capacity averaged over all 3000 task sets
and 100 harvesting rates (as described in Subsection 10.2) as a ratio of BPALAP (see
(19)) under different values of Li and Pstatic. Having established this critical battery
capacity threshold, we then conducted experiments with capacities constrained to this
minimum.

During our testing, we also assessed the percentage of tasks that could not be
scheduled with any battery capacity and reported the average percentage of schedula-
ble tasks while varying the static power values of the cores and critical path lengths.
Figure 6b displays the average task schedulability percentage with respect to the static
energy rates of cores and the size of the critical path. As shown in this figure, lower
static power percentages for the cores and smaller critical path values (indicating
increased task parallelism) result in higher average schedulability percentages.

HEARTS may employ different core numbers for tasks within each window and
select either PALAP or PASAP for each scheduling window. Figure 6c presents the
average number of cores used across scheduling windows based on the minimum num-
ber of cores requirements ratio for each task set. This figure highlights that when core
static power values are smaller and Li is shorter, HEARTS deploys more cores to com-
pensate for fluctuations in harvested energy, reducing the need for a larger battery.
This observation aligns with the comparison between Figures 6a and 6c.
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Fig. 6: Evaluation of proposed method under critical battery capacity.
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Table 2: Benchmark applications

Application Ci(Cycles) Li(Cycles) Ci(Steps) Li(Steps)
FIRBank 9,298,734 707,462 93 8
FFT2 7,641,493 3,836,011 77 39
MatrixMult 1,700,645 983,954 17 10
Filterbank 893,252 172,244 9 2
BeamFormer 697,450 129,725 7 2

Additionally, Figure 6d illustrates the average usage of PALAP and PASAP across
the scheduling windows throughout the entire scheduling horizon. In most cases,
PALAP is capable of scheduling task sets, with PASAP used sparingly. Figure 6e
reveals the average number of windows in which HEARTS relied on the minimum core
count for scheduling. Comparing this figure with Figure 6a underscores that smaller
static power values for cores and shorter critical path lengths prompt HEARTS to
increase core numbers and expedite certain tasks to mitigate energy fluctuations,
ultimately resulting in reduced battery requirements.

10.4 Schedulability with real energy harvesting on benchmark
applications

In this subsection, we evaluate our methodologies using a selection of digital signal
processing applications from the STR2RTS benchmarks [67], alongside actual energy
harvesting data from the Solar Radiation Lab (SRL) [68]. The STR2RTS benchmarks
detail the DAG structures and the worst-case execution time (WCET) for nodes within
these structures. We focus on five applications: FIRBank (PEG127-nocache), FFT2,
MatrixMult(PEG143-nocache), DCT (PEG63-IEEE-nocache), and BeamFormer (12c-
4b), using their Ci and Li values based on processor cycles. To match the tasks’
temporal granularity, we defined each step as 0.1 milliseconds, assuming tasks run on
a 1 GHz processor. This setup translates the Ci and Li cycle values into step counts
for the fourth and fifth columns of our data table. Task periods (π1, π2, ..., π5) were
established using the hyperperiod limitation technique [66] with a hyperperiod limit
of 900000. The UUnifast algorithm [65] generated utilization values (U1, U2, ..., U5)
within a [1, 4] range for each task. Our computational model is based on the ARM
Cortex-A15 processor with ARMv7 architecture. Following [78], we set each core’s
static power consumption (Pstatic) at 0.11W. Dynamic power consumption (pi) for
each task was assigned randomly within a [0.22-1]W range.

We utilized a solar energy dataset from SRL [68], which covers 12 days, to simulate
energy harvesting, specifically focusing on the period from 9:00 AM to 5:00 PM. This
dataset, sourced from the SRL, contains solar energy data for the 15th day of each
month in 2022, measured from a 100 cm x 100 cm solar panel. We adjusted these
harvesting rates according to the minCores requirement for each task set.

We conducted 1,000 trials using five specified tasks and scheduled them using
harvested energy. Simulations were performed across battery capacities ranging from
10% to 90% of BPALAP , with our methodologies compared against the PEAB, HOA-
F and HOA-G methods. The outcomes are illustrated in Figure 7. The results indicate
that, across various battery capacity settings, the proposed method exhibits an average
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Fig. 7: Deadline miss ratio of benchmark tasks with SRL energy harvesting rates for
different battery capacities (B/BPALAP ) compared to PEAB, HOA-F and HOA-G
methods.

deviation of 4.04% and 5.81% from HOA-F and HOA-G, respectively, and performs
an average of 27.53% better than the PEAB method.

10.5 Analyzing Evaluation Results

When compared to the PEAB and HOA baselines (HOA-F and HOA-G), HEARTS
demonstrates substantial advantages, particularly in high-parallelism scenarios. Unlike
PEAB’s static partitioning of energy resources, HEARTS employs a dynamic and
adaptive energy scheduling approach, allowing it to align core usage more effectively
with real-time energy availability and task demands. Notably, for parallel tasks with
shorter critical path lengths, HEARTS consistently aligns more closely with HOA-F
and HOA-G, while significantly surpassing PEAB’s performance. HEARTS predomi-
nantly defaults to PALAP, as shown in Figure 6d. Section 9 establishes PALAP as the
optimal scheduling approach under certain conditions, which explains why PALAP is
the preferred strategy in most scheduling windows, as evidenced in Figure 6d. How-
ever, certain energy conditions necessitate switching to PASAP for task scheduling,
validating the theoretical analyses presented in Section 9.

HEARTS’ core allocation and energy management further highlight its adapt-
ability. Figures 6c and 6a illustrate that HEARTS dynamically increases core usage
within scheduling windows, especially when core static power is low and task crit-
ical path lengths Li are shorter. By increasing core usage under these conditions,
HEARTS compensates for delays in energy supply, accelerating task execution and
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reducing dependency on the need for larger battery capacities. This adaptability is fur-
ther emphasized in Figure 6e, which shows HEARTS’ dynamic response to real-time
energy variations. When core static power values are low and critical paths are shorter
(indicating high-parallelism conditions), HEARTS increases core counts or expedites
specific tasks to prevent delays due to energy shortages. This flexibility minimizes the
impact of energy fluctuations on task execution, ensuring operational stability while
reducing battery requirements. Figures 6a and 6b further emphasize that HEARTS
requires a lower critical battery capacity to achieve high schedulability, especially in
high-parallelism settings.

In summary, with its dual energy-scheduling strategies—PALAP and
PASAP—HEARTS is a highly effective method for task scheduling in environments
with energy fluctuations, particularly when tasks exhibit high parallelism.

11 Related work

In recent years, extensive research conducted on the energy management of CPSs.
Related work in this area can be divide into two general categories of energy-aware
and energy-efficient researches. The objective in the area of the energy-aware system
is to comply with time constraints and deadlines according to amount of harvested
energy. However, in the field of energy-efficient systems, the goal is to minimize total
energy consumption. The primary purpose of the current research is to provide an
energy-aware schedule of a cyber-physical system with parallel tasks running on a
multiprocess platform.

In the following, we will first review the essential work done in energy-aware
systems, and then, considering the importance of work done in the field of energy
efficiency, several important cases that have used the parallel task model are also
considered.

11.1 Harvested energy-aware scheduling

In one of the earliest studies on energy-aware scheduling, [79] proposed a simple
method for scheduling tasks in a frame-based system with maximum and minimum
energy constraints. Chetto et al. [35] proposed an algorithm called Earliest Deadline
with Energy Guarantee (EDeg). This algorithm executes tasks according to the earliest
deadline first while ensuring that energy constraints are not violated. Upon detecting
future energy failures, the system is suspended as long as possible according to timing
constraints or until the energy storage unit is full. They, therefore, define the con-
cepts of slack energy and slack time, which are used to determine the execution and
replenishment times, respectively. Several other heuristics were examined in [36]. The
Lazy Scheduling Algorithm (LSA) [37] and the Preemptive Fixed Priority as-soon-as-
possible (PFPASAP ) [38] are two energy-aware fixed priority scheduling algorithms.
In the former, task’s energy consumption is assumed to depend on its worst-case exe-
cution time. However, this hypothesis is not always true for embedded systems [80].
In the later, when there is sufficient energy to execute one time unit of the highest
priority active task, PFPASAP schedules jobs; otherwise, task execution is suspended
to replenish the energy supply. There is sufficient schedulability testing for PFPASAP
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when the rate of harvested energy is fixed over time [59]. The case of non-optimal
energy storage in [81] is investigated, and a scheduling algorithm based on PFPASAP

is presented.
Moreover, there have been recent works that have explored the scheduling of

energy-aware real-time tasks. For instance, in [75], the authors discuss an energy-
harvesting real-time system with periodic tasks of varying performance levels. In a
different context, [82] introduced CyEnSe, a scheduling challenge that deals with cyclic
energy patterns and varying energy arrivals. The authors provide two solutions, a
heuristic approach, and a linear programming method. Furthermore, [83] and [84]
delve into the topic of mixed-criticality scheduling for energy-harvesting Systems.

The abovementioned studies primarily focused on single-processor systems employ-
ing a single-threaded task model. However, there is a recent work that introduces the
use of the DAG task model [70], particularly for addressing hard real-time scheduling
of DAG tasks. These tasks consist of dependent sub-tasks under precedence con-
straints and are managed within an energy harvesting system. Importantly, this study
is confined to uniprocessor systems and does not encompass scheduling in multi-core
systems.

11.2 Energy-efficient scheduling

There have been numerous studies that deal with energy in multicore systems where
there is no input energy limit, and their goal is to optimize overall energy consumption.
These works may employ a variety of techniques, such as turning off rarely used
cores [85], reducing dynamic and leakage power consumption with Dynamic Voltage
and Frequency Scaling (DVFS) and Dynamic Power Management (DPM)[86][87][88],
managing power on heterogeneous systems with DVFS [89][90][91][92][93], or dividing
cores into blocks with DVFS-enabled power and applying the DVFS to each block
separately [94][50].

In most of these studies, single-threaded tasks are used. Similar techniques are
used in some recent studies that use parallel tasks to optimize energy consumption.
For instance, in [69], federated scheduling of DAGs was considered to minimize the
platform’s overall power consumption. Another study in [95] investigated real-time
scheduling of sporadic DAG tasks on cluster-based multicores to minimize the overall
power consumption of the system. Abusayeed et al. [5] address hard real-time schedul-
ing of parallel DAG tasks while minimizing CPU energy consumption on multicore
embedded systems. Their technique is to determine the execution speeds of the nodes
of the DAGs to minimize the overall energy consumption.

Our research distinguishes itself from the existing literature discussed in this section
by focusing primarily on the scheduling of parallel tasks within their deadlines, lever-
aging energy harvested from the environment. Unlike other works that might deal
with energy-aware scheduling in a broader sense, our approach is specifically tailored
to systems equipped with identical cores operating at a fixed frequency. The core
objective of this paper is to explore and develop methodologies for harvested energy-
aware scheduling, ensuring that all parallel tasks are executed within their respective
deadlines. This emphasis on utilizing environmentally harvested energy for task
execution sets apart our work from generalized energy management and optimization
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strategies, such as those presented in [96], [97], [98], [99], [100], [101], [102], [103], [104],
[105], [106], [107], [108], [109], which do not specifically address the unique challenges
and opportunities presented by energy-harvesting systems.

11.3 Other studies

There are some other related works in other fields as well. For example, in [110]
Karbasioun et al. proposed a linear time algorithm for supplying electricity to a set
of N customers with malleable demands. Each customer requires a certain amount
of electrical energy, which has to be supplied during a time interval. Similar works
has been done in the field of Smart Grid [111] [112] [113] [114] or Cloud Computing
[115][116][117][118]. However, power requests are completely different from parallel
tasks. These systems do not have batteries for storing energy or periodic requests, and
each demand must be met without interruption at all times.

12 Conclusion

In conclusion, this paper has unveiled an innovative energy scheduling methodology
tailored for efficiently managing high-utilization parallel tasks within energy harvesting
systems characterized by fluctuating energy supplies. The proposed method demon-
strates adaptability and effectiveness by leveraging a runtime scheduler equipped with
two distinct energy scheduling algorithms—one adhering to the first-fit strategy and
the other to the last-fit strategy. The runtime scheduler’s ability to dynamically allo-
cate cores and employ alternative strategies ensures a responsive approach to the
demands of task deadlines. The established optimality of the last-fit-based algorithm
for batteries surpassing a predefined threshold, coupled with the superior performance
of the first-fit-based algorithm for smaller battery capacities, underscores the versa-
tility inherent in our approach. In essence, the proposed energy scheduling method
addresses the intricate challenges posed by energy harvesting systems and establishes
itself as a reliable and adaptable solution. Its success rates underscore its potential
applicability in real-world scenarios, particularly in energy and battery-constrained
environments.

Future research will focus on refining the energy model by incorporating more
realistic battery dynamics, such as charge-dependent leakage and energy reservation
strategies for mission-critical phases. Additionally, we aim to explore how energy-
aware scheduling can be further optimized in small battery scenarios by studying
transient systems and intermittent energy sources, while also implementing strategies
to manage task prioritization during periods of battery depletion. These enhancements
will improve the practicality of our model and its applicability across a broader range
of real-world systems.
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Fig. A1: An example of the power supply of three power demands θ0, θ1, and θ2
is given here. The power supply of θ1 and θ2 is done in parallel, and both of these
demands must wait for the power supply of θ0 to be completed.
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Appendix A Proof of Theorem 2

First we consider Problem 1 more straightforwardly, without considering the battery.
Let the set of power demand θ consist of npd power requirements from the system

tasks, represented as:

θ =
⋃

θi, 1 ≤ i ≤ n (A1)

where each θi is defined as θi = (πi, ωi) and represents πi steps of constant power
requirement of size ωi.

Suppose that in the time period [0, t1], there is a constant input energy rate of Pr.
This input power can be considered as a strip with a fixed width of Pr and a length of
t1. An example of the power supply of three power demands is shown in Figure A1. In
this example, the power supply of demand θ0 delays demand θ2, but the power supply
of demand θ1 does not delay the power supply of θ0 and can be done in parallel. In
practice, when there are many power demands, several steps of the θi power demand
may be provided in parallel with the θj , and the rest of the steps may be provided in
series.

In these circumstances, the problem resembles a so-called strip-packing problem
(2SP) of npd power demands θi each with a length of πi and a width of ωi on the power
strip with a width of Pr and a length of t1, which is an NP-hard problem in a strong
sense (since the particular case where all items have the same height is equivalent to
the one-dimensional bin packing) [119].

In our problem, we have a similar energy scheduling problem, but with the addition
of a battery with capacity Emax. This allows energy replenished in one step to be
utilized in subsequent steps or used to respond to demands exceeding the input energy
rate. This problem, too, is NP-hard, as the presence of a polynomial time algorithm
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for this problem would also lead to a polynomial time solution for the NP-hard strip
packing problem by simply setting the battery capacity to zero.

Appendix B Proof of theorem 4

Proof. To prove theorem 4, we must demonstrate that the energy allocation in Step
s, where 1 ≤ s ≤ Wmax

i,m , to the task τi with m dedicated cores, using φm
i (s), is both

necessary and sufficient. For its necessity, in each Step s, any amount of energy less
than φm

i (s) can simply be regarded as insufficient. This is evident from the energy
requests stemming from the worst-case execution time of task τi or (3), which can
serve as counterexamples.

For the sufficiency, the worst case of energy demand in each step is m units, which

in the first ⌈ (Ci−Li)
m ⌉ steps of Formula 10 the same amount of energy provided. We

need to show that in the following steps, firstly, there is enough energy for the rest
of the execution, and secondly, there is enough time to run with this power supply
function. The total energy supplied in Step 1 to Step ⌊Ci−Li

m ⌋+ Li is equal to:

⌊Ci−Li
m ⌋+Li∑
s=1

φm
i (s) = pi ∗ (m ∗ ⌈ (Ci − Li)

m
⌉+ Ci −m ∗ ⌈Ci − Li

m
⌉) = Ci ∗ pi

It should be noted that in each step, a maximum of m units of work can be

performed. Suppose that in Step ⌈ (Ci−Li)
m ⌉+1, there is a request to execute m units of

work. In this step, only one unit of energy is provided, and the execution of this step
is delayed until the following m steps (one unit of energy is provided in each step).

Now, considering that in each step, a maximum of m units of the task can be
executed, we will have the following conditions:

� If m > L, then given that the sum of the remaining work is at most equal to L, then
in one step there cannot be as much work left as all the m cores, and therefore in

the last step (i.e., Step ⌊ (Ci−Li)
m ⌋+ Li) All the required energy is provided and the

remaining work can be executed in the last step.
� If m < L, then it is possible to use all cores in each step, so in each m step, all cores

will be used, and the number of these executions will be equal to L/m.

Now consider a situation where in the initial steps, we have a minimum of execution
(only one core per step) and most of the execution is postponed to the last steps.

If in the first steps only one core is used in each step, according to Lemma1, the
length of these steps, which are all incomplete, is equal to Li, and the task must be
executed in the next ⌊Ci−Li

m ⌋ steps and again based on Lemma1 All of these steps
are complete, and all cores are utilized. We must show that in each Step s where
Li < s ≤ ⌊Ci−Li

m ⌋+ Li there is at least m units of energy, And the execution of each
step are done without any delay due to lack of energy, i.e.:
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∀s sush that Li < s ≤ ⌊Ci − Li

m
⌋+ Li,

(m ∗ ⌈Ci − Li

m
⌉)︸ ︷︷ ︸

(B2)

+ min((s− ⌊Ci − Li

m
⌋), Ci −m ∗ ⌈Ci − Li

m
⌉)︸ ︷︷ ︸

(B3)

− (Ci −m ∗ ⌊Ci − Li

m
⌋︸ ︷︷ ︸

(B4)

− ((s− Li − 1) ∗m)︸ ︷︷ ︸
(B5)

≥ m

which each part of this equation is as follows:

• (B2): In the first ⌈Ci−Li

m ⌉ steps, m units of energy are received in each step until
Step s.
• (B3): Total one unit energy received until Step s.
• (B4): Total one unit energy consumed.
• (B5): After Step Li, m units of energy are consumed in each step.

Now we can consider two cases for s:

• First case, Li < s ≤ ⌈Ci−Li

m ⌉: In this case, according to the function φ(s) in each
Step m unit of energy will be provided.
• The second case s > ⌈Ci−Li

m ⌉: Given that in this case, the energy input rate is 1 and
the energy consumption rate is m and m ≥ 1, so the worst case of energy shortage
occurs in the last step, i.e., Step s = ⌊Ci−Li

m ⌋+ Li:

m ∗ ⌈Ci − Li

m
⌉+ Ci −m ∗ ⌈Ci − Li

m
⌉

− Ci −m ∗ ⌊Ci − Li

m
⌋ − (⌊Ci − Li

m
⌋+ Li − Li − 1) ∗m

= m ≥ m

Appendix C Proof of HOA Optimality

To prove the optimality of the Hypothetical Optimal Algorithm (HOA), we demon-
strate that it performs optimally within the defined constraints and assumptions.
Although HOA is not fully implemented due to its exponential state space complexity,
we prove its optimality by showing that, under pessimistic assumptions, no algorithm
can outperform it.

Assumptions and Problem Definition

The problem is to schedule parallel tasks in an energy-harvesting environment, where
the system must decide whether tasks can be scheduled within a given time window
[α, β], based on both:
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� Dynamic energy: Energy required to execute the tasks.
� Static energy: Energy required to keep cores active during the scheduling window.

We consider two variants of the Hypothetical Optimal Algorithm:

� HOA-F: Assumes Federated Scheduling, where static energy is based on the
minimum number of cores required for federated scheduling.

� HOA-G: Assumes Global Scheduling, where static energy is based on the sum of
task utilizations.

Conditions for Scheduling

The HOA schedules tasks within a window [α, β] if and only if the total energy har-
vested during that window, combined with the energy stored in a fully charged battery,
is greater than or equal to the energy required to:

� Complete the tasks within the window.
� Sustain the static energy required by the cores.

For HOA-F, the scheduling condition is:

β∑
j=α

PR(j) + B ≥
∑
τi∈τ

⌈
(β − α)

Di

⌉
Cipi + Pstatic ×minCores× (β − α)

For HOA-G, the scheduling condition is:

β∑
j=α

PR(j) + B ≥
∑
τi∈τ

⌈
(β − α)

Di

⌉
Cipi + Pstatic ×

∑
τi∈τ

ui × (β − α)

Proof by Contradiction

Step 1: Suppose there exists a better algorithm A′ Assume there exists another
algorithm A′ that can schedule tasks more efficiently than HOA within the same
constraints (harvested energy, fully charged battery, and the same task set).
Step 2: Analyze A′’s behavior If A′ schedules the same tasks in the same time
window [α, β], it must satisfy the same energy constraints (both dynamic and static
energy) as HOA. Thus, the total energy required by A′ for dynamic and static
consumption is at least the same as for HOA.
Step 3: Contradiction based on energy constraints Since A′ cannot use less
energy for scheduling the tasks (because static energy is a physical constraint of the
cores, and dynamic energy is determined by task execution), A′ must either:

� Harvest more energy than HOA (which is impossible under the same energy
harvesting model).

� Use less energy, implying that it bypasses the static or dynamic energy constraints
and violates the physical requirements of task execution.
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Step 4: Conclusion Therefore, no algorithm A′ can schedule tasks more effi-
ciently than HOA under the given constraints. This shows that HOA represents the
optimal boundary for task scheduling under energy-harvesting conditions, as it max-
imally utilizes the available energy while considering both dynamic and static energy
consumption.
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