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A B S T R A C T

Deep neural networks (DNNs) are widely used in IoT devices for applications like pattern
recognition. However, slight variations in the input data may cause considerable accuracy loss,
while capturing all data variations to provide a rich training dataset is almost unrealistic. Online
learning can assist by offering to continue adapting the model to the data variations even
during inference, however at the expense of higher resource demands, namely a challenging
requirement for resource-constrained IoT devices. Furthermore, training on a data sample must
be concluded in a timely manner, to have the model updated for subsequent data inferences,
compelling the data inter-arrival time as a time constraint. Distributed learning can mitigate the
per-device resource demand by splitting the model and placing the partitions on the IoT devices.
However, the previous distributed learning studies primarily aim to improve the throughput
(through accelerating the training by large-scale CPU or GPU clusters), with less attention to
the timeliness constraints. This paper, however, pays attention to some application-specific
constraints of timeliness and accuracy under IoT device resource limitations using modular
neural networks (MNNs). The MNN clusters the input space using a proposed online approach,
where a module is specialized to each of the dynamic data clusters to perform inference. The
MNN adjusts its computational complexity adaptively by adding, removing, and tuning the
module clusters as new data arrives. The simulation results show that the proposed method
effectively adheres to the application constraints and the device resource limitations.

. Introduction

Machine learning (ML) algorithms are widely requested by IoT end devices at the network edge for data inference in various
attern recognition applications. As a type of ML algorithms, deep neural networks (DNNs) have proven superior accuracy compared
o the other variants [1,2]. However, this superior performance of DNNs comes at the expense of high resource demands in terms
f memory, computing power, and energy. On the other hand, IoT end devices requesting data analysis are usually subject to strict
esource limitations. The edge resource-constrained devices range from battery-operated smartphones (with mobile processors) to
uch weaker devices such as small IoT sensor nodes (with low-power processors).

Although numerous research studies have focused on reducing inference resource demands to enable DNN inference at the
dge [3–9], edge-level DNN training is more challenging as it involves substantially higher resource demands [10]. The usual
pproach is thus to first train the DNN on powerful resource-rich Cloud servers, and then deploy it on IoT resource-constrained
nd devices for data inference.

By separating the training and inference phases, a model trained in the cloud can no longer benefit from parameter adaptation
nce deployed at the edge for inference. Such a deployed DNN may experience accuracy degradation due to the DNNs’ sensitivity to
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slight perturbations in the input data caused by natural variations when capturing the input data [11–14]. For example, changes in
weather conditions reflected in an input image may confuse the DNN employed in an autonomous vehicle [15]. Further, capturing
all possible variations to provide some rich training dataset is almost impractical. This highlights the benefits of employing models
capable of adapting to new data while being used for inference, representing the online learning paradigm.

Online learning performs inference and training in an interleaved fashion. Moreover, training on a data sample must have been
oncluded to have the model updated for the subsequent data inferences. This requirement signifies a timeliness constraint: Inference
nd training for each data sample must be completed before receiving the next data. However, it should be noted that online training
f DNNs is resource-intensive.

Cloud computing [16] is a solution to deal with the high resource demands of DNNs in online learning by outsourcing the
computations to the cloud. However, data transmission to the cloud may raise concerns like (i) delayed responses, threatening
the timeliness requirement of the online learning application, and (ii) privacy and security breaches to sensitive data, such as face
images and speech, due to exposure to potential unauthorized actors during the computation offloading.

Edge computing [17] addresses the above concerns associated with cloud computing by eliminating the long-distance data
offloading and performing the training and inference near data sources instead. However, the intense resource demand of the DNN
training is still a barrier when a single resource-limited end device is responsible for the computations. Distributed learning [18–34]
and approximation [35–40] are two main courses of the literature to address the high resource demands of DNNs for deployment
at the edge.

Approximation leverages the high inherent architectural redundancy in DNNs to mitigate their computational complexity.
However, the model architecture is usually pre-determined by the designer and fixed during the training, signifying two drawbacks:
(i) The designer may make a sub-optimal architectural design which may still be over-parameterized for a given problem, and (ii)
in an online learning application (where new data continually comes), the model does not adjust its architecture to adapt to new
data.

Distributed learning exploits the cumulative resource capacities of end devices at the network edge for learning when the resource
capacity of a single end node is not adequate. This implies distributing the DNN model across end nodes and performing the training
in a distributed manner. However, the previous studies target distributed deployment over large-scale CPU or GPU clusters, mainly
to accelerate the training and increase the throughput. Moreover, timeliness, as the primary contributor to an online learning
application, is not considered. This paper is tailored towards model-based distributed learning to benefit from resources collectively
available at the edge.

We use modular neural networks (MNNs), which follow the divide and conquer principle, to offer self-adaptive model-based
distributed learning. In these neural networks, the main problem is decomposed into a set of simpler sub-problems, where each
sub-problem is handled by a separate sub-network or module. With the problem decomposition, a form of clustering is applied to the
input space of the main problem, and each module from the MNN is specialized to learn the inputs belonging to a resulting input
sub-space. Therefore, when an input is fed into the MNN, only those modules that are specialized to the input are activated to make
the inference. The final output of the MNN is obtained by applying an integration logic to the outputs of the activated modules. For
training, in a similar fashion, only the activated modules learn the input data in parallel.

Modular learning allows the decomposition of a large resource-intensive learning workload among a set of smaller manageable
modules tailored towards meeting the resource limitations of individual end nodes. However, when it comes to an online learning
application in the presence of resource limitations, to ensure that the timeliness constraint of each round of training is met, the
number of activated modules in each round must be controlled with regard to the resource constraints (the available end nodes
and their internal resources), which in turn necessitates appropriate input space clustering. Some works [41,42] use MNNs to learn
the non-linear behavior of a system adaptively. These studies, however, do not take care of the concerns of timeliness or resource
constraint. Thus, they suppose no limitation on the employed MNN size, i.e. on the number of modules and the internal resource
demand of each module.

This study addresses high resource demands in online training of DNNs at the network edge by proposing online model-based
distributed learning using an MNN. It is supposed that the training data is sampled online at a specific rate, introducing the sampling
interval as a timeliness constraint for each round of training. The number of modules activated within the MNN is limited by the
number of end devices available to the online learning application and the timeliness constraint corresponding to the online data
sampling rate. The MNN can grow and shrink by adding and removing the modules as well as by adjusting the input space cluster
on which each module is activated. This enables the MNN to adaptively adjust its computational complexity as new data arrives.

Adjusting the input space cluster corresponding to each module affects the MNN’s accuracy. A module with too many training
samples with respect to its complexity is not flexible enough to learn patterns hidden in its data. On the other hand, a module with
too few training samples may be overly sensitive to noise and unable to generalize well to new data. A lack of balance between
a module’s architecture complexity and the number of samples it learns from may lead to accuracy degradation, which may be
intolerable by the application. Therefore, the input space clustering policy employed in our MNN adjusts the modules’ clusters to
strike a good balance between the module complexity and the number of training samples inside the corresponding cluster. This
way, the constraints of accuracy, timeliness, and number of end nodes are considered together.

In summary, the contributions of this paper are as follows:

• Presenting an edge-level real-time training method of DNNs based on MNNs, capable of adaptively managing its computational
complexity by adding, removing, and adjusting the module clusters as new data arrives;

• subjecting the online training to constraints both at the resource level (computational power and memory) and at the
application level (accuracy and timeliness);
2
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• presenting an online clustering algorithm that meets the accuracy constraint by adjusting the module cluster radii to strike a
good balance between the module’s sample size and computational complexity; and

• providing a cluster monitoring and management approach to meet the timeliness and resource constraints by ensuring that
the number of activated modules does not exceed the pre-determined number of end devices.

The rest of this paper is organized as follows. Section 2 describes our target application, i.e. an online multi-class classification
roblem. It also presents preliminaries regarding modular learning, online training of an MNN, and the definition of accuracy.
ection 3 describes the platform and application models, representing the supposed edge model, and demonstrates the mapping
etween the models. It then presents the formal problem statement. Section 4 discusses the proposed approach for input space
lustering. The experimental results are discussed in Section 5. Section 6 reviews the related work, and Section 7 concludes the
aper.

. Background

.1. Online multi-class classification

We study a multi-class classification problem that uses artificial neural networks (ANNs) to estimate some unknown mapping function
𝑓 from an input space  to an output space  . The function is represented as 𝑓 ∶  →  , in which  is of an 𝑙-dimensional real-valued
space R𝑙 and  is a discrete set of 𝑀 distinct class labels, formulated as  = {1, 2,… ,𝑀}. An example of 𝑓 is an object recognition
application which maps an input image of an object to the corresponding object category label.

The employed ANN estimates 𝑓 by 𝑓 , as:

𝑌 = 𝑓 (𝑋; 𝜃), (1)

where 𝜃 refers to the parameter set within the ANN; 𝑋 = [𝑋1, 𝑋2,… , 𝑋𝑙] ∈  is an 𝑙-dimensional input vector ; and 𝑌 ∈  represents
the output corresponding to the input vector 𝑋, predicted by the ANN.

Training the ANN is supervised by a sample set 𝑜𝑛𝑙 = {(𝑥𝑘, 𝑦𝑘)|𝑘 = 1, 2,… , 𝐾} of size 𝐾, with the samples arriving sequentially
and periodically. The training is defined as an optimization problem that adjusts the network parameter set to minimize the cost
function 𝐸𝑟𝑟(𝜃), i.e.:

minimize
𝜃

𝐸𝑟𝑟(𝜃), (2)

in which 𝐸𝑟𝑟(𝜃) is defined as the average number of misclassifications over the sample set 𝑜𝑛𝑙, known as the error rate. The error
rate is formulated as follows:

𝐸𝑟𝑟(𝜃) = 1
𝐾

𝐾
∑

𝑘=1
𝐼(𝑦𝑘 ≠ 𝑦̂𝑘), (3)

wherein 𝑦𝑘 and 𝑦̂𝑘 are the actual and predicted outputs, respectively; and 𝐼(𝑦𝑘 ≠ 𝑦̂𝑘) is an indicator variable that returns 1 if 𝑦𝑘 ≠ 𝑦̂𝑘
and returns 0 otherwise.

2.2. Modular learning

Conventionally, an existing DNN architecture (like AlexNet or VGG) is chosen to learn a given mapping function (like the one
involved in 100-class and 1000-class object recognition problems in CIFAR-100 and ImageNet datasets, respectively). However, the
huge fixed number of parameters within the pre-determined architecture may be much larger than what is needed for the mapping
function, increasing the network resource requirements, emphasizing the benefits of a neural network capable of managing its
computational complexity at run-time. To this aim, we focus on the modularity concept in MNNs.

An MNN uses sub-networks or modules to estimate the complex mapping function 𝑓 of the main problem based on the divide
and conquer principle. According to this principle, with “divide”, the main problem is decomposed into simpler sub-problems, with
the sub-function inherent in each sub-problem estimated by a separate module. In fact, each module is only specialized in a specific
sub-space of the 𝑓 ’s input space. This implies some clustering on the input space. With “conquer”, the outputs from all the modules
are integrated to form the final output. Overall, by employing this principle, a complex problem is reduced into a set of much
less-complicated sub-problems.

Fig. 1 illustrates the structure of an MNN, composed of three parts: (i) The input space clustering part, (ii) the deep learning part,
employing a number of parallel DNN modules, and (iii) the output integrating part. Each part is described below.

Input Space Clustering Part. This part performs the “divide” phase by clustering the input space, where each cluster corresponds
to a specific sub-problem of the main problem. To apply the clustering, we employ a radial basis function (RBF) layer.

The RBF layer is composed of RBF neurons. The number of existing RBF neurons is denoted by 𝑛. We associate each neuron with
a unique integer identifier (ID) to refer to it in our formulation. Let  denote the ID set of all existing RBF neurons, i.e. || = 𝑛. Each
neuron 𝑖 ∈  comprises: (i) An 𝑙-dimensional center vector 𝑐𝑖 ∈ R𝑙 and (ii) a radius 𝑟𝑖 ∈ R. An RBF neuron differs from an ordinary
neuron in that instead of computing the weighted sum of its inputs, it computes the Euclidean distance between its center vector and
the input vector. By applying an activation function to the computed distance, the output of the neuron is generated. The activation
3
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Fig. 1. Illustrating different parts of a modular neural network: (i) The RBF neuron set clusters the input space  into spherical cluster areas 1 ,… ,𝑛, (ii)
the module set performs the deep learning in parallel, and (iii) the output integration part generates the final output. Elements activated by an input 𝑋 are
highlighted in green.

function is usually in the form of a Gaussian function. With 𝜑𝑖(𝑋) denoting the output of the neuron given the input vector 𝑋, we
have:

𝜑𝑖(𝑋) = exp(−
‖𝑋 − 𝑐𝑖‖2

𝑟2𝑖
), (4)

wherein ‖.‖ denotes Euclidean norm.
As (4) implies, 𝜑𝑖(𝑋) associates positive near-zero values to the input vectors of a great distance from the center and associates

values near to one to the input vectors of close vicinity to the center. Further, 𝜑𝑖(𝑋) can be rewritten as a hard-limited function, as
demonstrated below:

𝜑𝑖(𝑋) =

{

1, if ‖𝑋 − 𝑐𝑖‖ ≤ 𝑟𝑖
0, otherwise.

(5)

Eq. (5) introduces 𝜑𝑖(𝑋) as a membership function, determining whether a given input 𝑋 falls within a hyperspherical cluster with
center 𝑐𝑖 and radius 𝑟𝑖 or not. The set of points within this cluster is denoted by 𝑖 ⊆  and formulated as:

𝑖 = {𝑋 ∈  ∣ ‖𝑋 − 𝑐𝑖‖ ≤ 𝑟𝑖}, 𝑖 ∈ . (6)

Given an input vector 𝑋, the RBF neurons having 𝑋 within their corresponding hyperspherical clusters (i.e. 𝑋 ∈ 𝑖) fire by
generating 1 as the output. We use the words RBF neuron and cluster interchangeably throughout the paper.

Deep Learning Part. This part carries out the learning process required to estimate 𝑓 by employing DNN modules. There is a
one-to-one association between the modules and the RBF neurons. As a result, the corresponding module and RBF neuron have the
same ID values. Each module is responsible for learning the input vector belonging to the cluster of its corresponding RBF neuron
when the neuron fires. Therefore, this part uses 𝑛 DNN modules to generate the estimate 𝑓 in terms of 𝑛 sub-functions, i.e. 𝑓𝑖, 𝑖 ∈ ,
in which 𝑓𝑖 refers to the sub-function estimated by module 𝑖. Each module is associated with a distinct set of parameters, denoted
by 𝜃𝑖, 𝑖 ∈ , in which |𝜃𝑖| represents the number of parameters for that module.

For an input vector 𝑋 fed into the RBF layer, the fired RBF neurons activate their corresponding modules in the deep learning
part for parallel training on 𝑋. The number of activated modules represents the amount of processing involved with the received
input vector 𝑋. If the input vector does not belong to any existing cluster, the MNN must assign one cluster to include the input
vector by deciding on whether expanding one of the existing clusters or adding a new one.

Output Integrating Part. This part performs the “conquer” phase of the divide and conquer principle. It applies an integration
logic to the outputs coming from the activated modules of the previous part, and this way, generating the final output:

𝑌 = 𝑓𝑖𝑛𝑡𝑒𝑔({𝜑𝑖(𝑋)𝑓𝑖(𝑋; 𝜃𝑖)}𝑖∈ ), (7)

in which 𝑓𝑖𝑛𝑡𝑒𝑔 represents the integration function.

2.3. Online training of a modular neural network

Online learning of an MNN involves adjusting two sets of parameters: (i) The centers and radii of the RBF neurons within the
RBF layer and (ii) the weights and biases within the modules and the integration part. Clustering algorithms are usually used to
4
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determine the parameter values of the RBF layer. The weights and biases within the rest of the MNN can be adjusted using a
backpropagation algorithm. The following paragraphs demonstrate training an MNN in two subsequent steps: (i) Training the RBF
layer and (ii) training the modules and the integration part.

Adjusting Centers and Radii of the RBF Neurons. Clustering algorithms are used to organize a collection of data points 𝑥𝑘 ∈ 𝑜𝑛𝑙

nto clusters by identifying some points in the collection’s domain 𝑍 ∈  as cluster centers. Selecting points as cluster centers can be
ecided based on their potential values. Potential is a measure of a point’s spatial proximity to all points in the input data collection.
ince the data points in online learning are provided incrementally over time, the employed clustering algorithm must facilitate the
ecursive calculation of potential values, as demonstrated in [43]. According to [43], the potential of a particular point is defined
sing a simple monotonic function inversely proportional to the average distance of that point to all the data points within the
ata collection. As the selection of cluster centers is not generally restricted to the data collection points, the monotonic function
roposed in [43] is rewritten as follows:

𝑃𝑘(𝑍) = 1
1 + 1

𝑘
∑𝑘

𝑖=1(𝑍 − 𝑥𝑖)⊤(𝑍 − 𝑥𝑖)
, 𝑍 ∈  , 𝑘 = 1, 2, 3,… , (8)

in which 𝑃𝑘(𝑍) ∈ (0, 1] refers to the potential value of a particular point 𝑍 ∈  , calculated at the 𝑘th round; 𝑥𝑖 is the data point
already received at the 𝑖th round, 𝑖 ≤ 𝑘; and (𝑍 − 𝑥𝑖)⊤(𝑍 − 𝑥𝑖) is the squared distance between points 𝑍 and 𝑥𝑖, with ⊤ representing
the transpose operator.

The function in (8) effortlessly allows recursive calculation of the potential value for a particular point 𝑍. The function can be
rewritten in two different recursive forms depending on whether the potential value of 𝑍 at the previous round is available or not.
When the previous potential value of 𝑍 is not available, the recursive form is as below:

𝑃𝑘(𝑍) = 𝑘
𝑘(𝑍⊤𝑍 + 1) − 2𝜂𝑘𝑍 + 𝜎𝑘

, 𝑘 = 1, 2, 3,… , (9)

wherein 𝜂𝑘 and 𝜎𝑘 are computed as:

𝜂𝑘 = 𝜂𝑘−1 + 𝑥⊤𝑘 , (10)

𝜎𝑘 = 𝜎𝑘−1 + 𝑥⊤𝑘 𝑥𝑘, (11)

in which 𝜂0 is a zero-valued vector and 𝜎0 = 0. However, when the previous potential value is available, the recursive form is:

𝑃𝑘(𝑍) =
𝑘𝑃𝑘−1(𝑍)

(𝑘 − 1) + (𝜁𝑘(𝑍) + 1)𝑃𝑘−1(𝑍)
, 𝑘 = 2, 3,… , (12)

where 𝜁𝑘(𝑍) is computed as below:

𝜁𝑘(𝑍) = (𝑍 − 𝑥𝑘)⊤(𝑍 − 𝑥𝑘), (13)

and we use (9) for 𝑃1(𝑍).
Thus, the algorithm given in [43] starts by assuming the potential value of 1 for the first data point and considering it as the

first cluster center. For each new data point 𝑥𝑘 received in the upcoming rounds, the recursive form in (9) is used to calculate its
potential value. Each new data point affects the potential values of the existing cluster centers because, by definition, the potential
value of a point depends on its distance to all data points. As a result, upon receiving a new data point 𝑥𝑘, the recursive form in
(12) is used to update the potential values of the existing cluster centers. The updated potential values are saved for the upcoming
rounds.

As (8) implies, a point surrounded by many close data points has a higher potential value. Such a point is a candidate cluster
center as it is more descriptive and has higher summarization power than the other points with lower potential values. Therefore,
the potential values can be used to evaluate the appropriateness of a newly arrived data point 𝑥𝑘 to be a cluster center. Each 𝑥𝑘
can be a center point in two ways: (i) The center of a new cluster, i.e. incrementing the number of clusters, or (ii) the center of an
existing cluster, i.e. shifting that cluster. Thus, an online clustering algorithm must effectively decide on the appropriate operation
choice upon receiving a new data point.

Adjusting Parameters of the Modules and the Integration Network. The deep learning and the output integrating parts form
a single ANN that can be trained using a backpropagation algorithm like an ordinary ANN, with backpropagation only applied to the
activated modules of the MNN. This implies that only the parameters of the activated modules are updated through backpropagation,
while the parameters in other modules remain intact.

For an ANN, the backpropagation generally consists of two phases: (i) The forward pass and (ii) the backward pass. In the forward
pass phase, an input to the ANN passes through the network, and the corresponding output is generated. The backward pass follows
two steps: (i) The error backpropagation and (ii) the gradient computation. The first step computes the errors corresponding to the
neurons or activations by backpropagating the error between the actual and predicted outputs through the network. The second step
uses the computed errors to calculate the gradients and parameter changes, and then the parameter values are updated accordingly.
With this demonstration, the backpropagation algorithm for an MNN is as follows:

• In the forward pass phase, an input 𝑋 is forward passed in parallel through all the activated modules within the MNN. The
resulting outputs from those modules are then forward passed through the integration network, and the predicted class label
𝑌 is generated.
5
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Fig. 2. General form of a module learning curve.

• In the backward pass phase, the set of error values corresponding to the output neurons, denoted by , is computed based
on the actual output (𝑌 ) and the predicted output (𝑌 ). Next, the error backpropagation and gradient computation steps are
performed for both the integration network and the activated modules, followed by updating their parameters. The error set
corresponding to module 𝑖 is denoted by 𝑖, obtained after  is backpropagated through the integration network.

.4. Accuracy

The goal of training an ANN is to minimize the error rate over the sample set, as demonstrated in (2). The resulting estimate 𝑓
eads to an error rate, which is driven by two competing factors: The variance error and the bias error.

The variance error is originated from the sample set 𝑜𝑛𝑙, in that using a different sample set may result in a distinct 𝑓 . When
the complexity of the ANN increases, the resulting network flexibility in learning may become excessively high with respect to the
size of the sample set. Then, the ANN inspects the training data very closely, and thus, the estimate 𝑓 provided by the ANN is highly
tailored towards that specific sample set. In such a situation, the ANN has a high variance error, and it is said to be overfitted.

The bias error, on the other hand, relates to the insufficient complexity of the ANN, namely when approximating the mapping
function 𝑓 is done with an ANN of complexity much lower than the complexity of 𝑓 . In such a situation, the ANN is said to be
underfitted.

Increasing the complexity of the ANN makes the ANN more flexible, and thus, the bias error is mitigated. However, when the
flexibility is exceptionally high compared to the size of the sample set 𝑜𝑛𝑙, the variance error increases. As a result, adjusting the
sample set size with respect to the ANN’s complexity introduces some trade-off between the bias and variance errors, known as the
bias–variance trade-off [44].

This paper inspects the bias–variance trade-off at the module level. With a given module architecture, the number of samples
learned by a module, i.e. the module’s sample set size, is leveraged to adjust the trade-off. A module’s sample set size is determined
based on the module’s learning curve. Learning curves depict the dependence of the error rate on the sample set size. Fig. 2 shows the
general form of a learning curve for a module. When training the MNN, modules other than the target module are frozen, i.e. their
parameter sets remain intact. Small sample set sizes lead to high variance errors. The variance error, and thus, the error rate decreases
by providing more samples. However, from some size onwards, i.e. |𝑜𝑛𝑙

|

⋆, the error rate increases as the sample set size increases.
This behavior is because the module architecture is not sufficiently complex to learn the enlarged sample set. Fig. 2 introduces
|𝑜𝑛𝑙

|

⋆ as an optimal sample size, empirically shown to minimize the error rate by balancing the bias and variance errors.

3. Edge model and problem statement

This section presents the edge model, including the platform and application models. It then discusses the stages of operation
within the edge, and finally, it provides the problem statement.

3.1. Edge model

This subsection discusses our edge model from the following aspects: (i) The platform model, (ii) the application model, and
(iii) the mapping model. The platform model describes the employed computation and communication hardware and its resource
capacities. Our MNN workload and its associated constraints, i.e. accuracy and timeliness, are demonstrated in the application
model. Finally, the mapping model clarifies how our MNN workload is mapped onto the platform model considering the running
stages involved during one round of training.
6
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Fig. 3. Illustration of the structure of our MNN.

3.1.1. Platform model
The platform model employs 𝑁𝑛𝑜𝑑𝑒 end nodes to accommodate the application’s workload. The end nodes are assumed to be

homogeneous in terms of resources. Each end node is equipped with four types of resources: (i) Computation resource with capacity
of 𝜌 GFLOPS (giga floating-point operations per second), (ii) flash memory with capacity of 𝑊 𝑓𝑙𝑎𝑠ℎ bits, (iii) RAM with capacity of
𝑊 𝑅𝐴𝑀 bits, and (iv) communication resource with bandwidth capacity of 𝛽 bps. It is assumed that the communication links and
the end nodes are reliable. The theoretical peak GFLOPS for an end node’s processing core is computed as follows [45]:

𝜌 (𝐺𝐹𝐿𝑂𝑃𝑆) =
𝑓𝑙𝑜𝑝𝑠
𝑐𝑦𝑐𝑙𝑒

×
𝑐𝑦𝑐𝑙𝑒𝑠
𝑠𝑒𝑐𝑜𝑛𝑑

(GHz), (14)

in which 𝑓𝑙𝑜𝑝𝑠∕𝑐𝑦𝑐𝑙𝑒, denoted by 𝜌𝑓𝑙𝑜𝑝, refers to the number of floating-point operations performed per cycle, which is a constant for a
core of a given microarchitecture [45,46]; and 𝑐𝑦𝑐𝑙𝑒𝑠∕𝑠𝑒𝑐𝑜𝑛𝑑, denoted by 𝜌𝑓𝑟𝑒𝑞 , represents the number of cycles performed per second,
i.e. the processing core’s frequency.

3.1.2. Application model
The application model includes the MNN architecture, as the workload, and its constraints. At the application level, two

constraints exist: (i) Accuracy and (ii) timeliness.
The MNN Architecture. The structure of our MNN is depicted in Fig. 3. It comprises the RBF layer, the integration network,

and the module set. The platform model can accommodate at most 𝑁𝑚𝑜𝑑 modules, i.e.:

|| ≤ 𝑁𝑚𝑜𝑑 , (15)

and 𝑁𝑚𝑜𝑑 is determined by the flash memory constraints.
A module is a convolutional neural network (CNN), composed of a sequence of convolutional (CONV) layers. Each layer is defined

by a set of hyperparameters, as described in Appendix A. The number of layers and the number of kernels in each layer are known
as the depth (ℎ𝑙) and width (ℎ𝑝) of the CNN, respectively [47]. The arrangement of the CONV layers with their hyperparameter
values determines the module’s architecture. All modules are assumed homogeneous in terms of architecture. Thus, they all have
the same number of output neurons, 𝑅.

As illustrated in Fig. 3, the RBF layer is not fed directly with a received input vector 𝑋 ∈  . Instead, it is fed with the
corresponding feature vector 𝑋′ = [𝑋′1, 𝑋′2,… , 𝑋′𝑙′ ] ∈  ′, in which  ′ refers to the 𝑙′-dimensional real-valued feature space
R𝑙′ , 𝑙′ < 𝑙, extracted using a feature extractor. A feature extractor allows replacing the redundant, noisy, and large-scale input space
with the more informative compact feature space. In other words, the RBF layer applies clustering to the feature space, and thus,
the clusters associated with the modules belong to the feature space, as demonstrated below:

 ′
𝑖 = {𝑋′ ∈  ′ ∣ ‖𝑋′ − 𝑐𝑖‖ ≤ 𝑟𝑖}, 𝑖 ∈ , (16)

in which  ′ ⊂  ′ refers to the cluster associated with module 𝑖; thus, we redefine 𝑐 as 𝑐 ∈ R𝑙′ .
7
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Fig. 4. Determining the lower and upper bounds on the module cluster radius according to the learning curve.

Therefore, given an input vector 𝑋, a subset of modules whose clusters contain the corresponding 𝑋′ is activated for parallel
raining on 𝑋. Let 𝑎𝑐𝑡(𝑋′ ) ⊆  represent the ID set of the RBF neurons activated by 𝑋′ , as formulated below:

𝑎𝑐𝑡(𝑋′ ) = {𝑖 ∈  ∣ ‖𝑋′ − 𝑐𝑖‖ ≤ 𝑟𝑖}. (17)

Since the RBF layer learns the problem decomposition, the rationale behind each extracted sub-problem, and thus, the rationale
ehind the outputs of each module is not necessarily known. Therefore, an ANN is used to learn the integration logic. The integration
NN is a fully-connected (FC) layer with ||𝑅 input neurons and 𝑀 output neurons.
The Accuracy Constraint. The application is supposed to respect some given maximum error rate of 𝐸𝑟𝑟 ∈ [0, 1], i.e. a constraint

on the cost function of (3). The MNN’s error rate is affected by the number of samples each module learns, as shown by their learning
curves. Further, the module’s cluster radius controls the number of training samples it receives. Therefore, the learning curve can
be transformed to directly depict how the MNN’s accuracy varies with increasing the module cluster radius.

Algorithm 10 in Appendix B estimates the learning curve for each module of the MNN. The modules’ learning curves are then
aggregated to obtain a single curve. To account for the uncertainty in estimating a module learning curve, we use Algorithm 11 in
Appendix B to form a confidence interval for the curve resulting from Algorithm 10. The confidence interval is composed of upper-
and lower-bound learning curves. The resulting upper-bound curve is used to transform the upper bound 𝐸𝑟𝑟 on the cost function
nto lower and upper bounds on a module’s radius, denoted by 𝑟 and 𝑟, respectively, as illustrated in Fig. 4. Therefore, the accuracy

constraint is formulated as:

𝑟 ≤ 𝑟𝑖 ≤ 𝑟, 𝑖 ∈ . (18)

The Timeliness Constraint. The training data is assumed to be sampled online periodically at a certain rate, and the learning
rocess for each data sample is expected to be completed before the start of the next sampling period. Thus, the sampling rate
etermines the inter-arrival of learning samples, which is denoted by 𝑇 . The timeliness constraint is defined by introducing a relative
eadline of 𝑇 for each training round.

.1.3. The running stages
The end nodes are organized in a single-master multiple-slave topology, as shown in Fig. 5. With this topology, among the

𝑛𝑜𝑑𝑒 nodes, one end node is employed as a single master node to supervise the learning process. This node has the following
esponsibilities: (i) Hosting the MNN’s parameter set, including the parameter sets of all modules, the RBF layer, and the integration
etwork, (ii) providing training samples, (iii) feature extracting a received input data, (iv) training the RBF layer by adjusting centers
nd radii of the RBF neurons employing an online clustering approach, (v) supervising distributed training of the modules on slave
odes, and (vi) training the integration network. The remaining 𝑁𝑛𝑜𝑑𝑒 − 1 nodes are used to act as slave nodes, which contribute to

training the MNN by performing local training of their assigned module. The slave nodes communicate with the master node in a
centralized manner, meaning that the data communication flow is only allowed between the master node and the slave nodes, and
none of the slave nodes can directly communicate with each other.

Without loss of generality, we assume that each slave node can train only one module within the inter-arrival time of 𝑇 . Thus,
the module’s architecture must be designed such that the timing and resource requirements calculated based on this restriction
align with the corresponding constraints. Therefore, the maximum number of modules activated must not exceed the total number
of slave nodes, i.e.:

∀𝑋′ ∈  ′ ∶ |𝑎𝑐𝑡(𝑋′ )| ≤ 𝑁𝑛𝑜𝑑𝑒 − 1. (19)
8
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Fig. 5. Single-maser multiple-slave network topology of the edge model. The master node hosts the MNN’s and FE’s parameter sets and supervises the online
learning process, while the slave nodes perform local training of their assigned modules. The communication flow is only allowed between the master node and
individual slave nodes.

Algorithm 1 (Learn_Online): Conduct the MNN online training.
Input: Pre-trained feature extractor 𝐹𝐸, pre-trained modular neural network 𝑀𝑁𝑁 𝑖𝑛𝑖𝑡, minimum and maximum

cluster radii 𝑟 and 𝑟, training sample set 𝑜𝑛𝑙

1: for 𝑘 ∈ {1, 2, ..., |𝑜𝑛𝑙
|} do

Stage 1:
2: 𝑠𝑘 = (𝑥𝑘, 𝑦𝑘) ← select next data sample from 𝑜𝑛𝑙;
3: 𝑥′𝑘 ← feature extract 𝑥𝑘 using 𝐹𝐸;
4: Train the RBF layer using the proposed clustering algorithm;
5: Reflect clustering changes to the MNN architecture;

Stages 2-4:
6: Perform distributed training of 𝑀𝑁𝑁 𝑖𝑛𝑖𝑡 for (𝑥𝑘, 𝑦𝑘);

Algorithm 1 demonstrates our MNN’s online training. The inputs to the algorithm are a feature extractor 𝐹𝐸, a pre-trained
MNN, and the minimum and maximum radius values resulting from the bias–variance trade-off analysis. 𝐹𝐸 is used to extract the
corresponding feature vector from a received input vector. The pre-trained MNN’s parameter set is used to initialize the parameters
of new modules instantiated at run-time. In other words, when we have a new cluster and need to add a new module to our MNN,
we initialize the new module’s parameter set with the parameter values from the module within the pre-trained MNN whose cluster
9

is closest to the new cluster. Initializing a new module’s parameter set with pre-trained parameter values rather than raw parameters



Internet of Things 27 (2024) 101263A. Yoosefi and M. Kargahi
helps improve the convergence and accuracy of online learning. The running stages for one round of the MNN training on a received
input vector 𝑋 is described as follows (see Algorithm 1):

Stage 1. The master node provides the next training sample (𝑋, 𝑌 ) (Line 2). It applies feature extraction to the input vector 𝑋
to obtain the corresponding feature vector 𝑋′ (Line 3). Based on the extracted feature, it adjusts the centers and radii of the RBF
neurons using the proposed online clustering algorithm (Line 4), as described in Section 4. If a cluster is added or removed, the
corresponding module must be added or removed accordingly (Line 5). Steps 1 and 2 in Fig. 5 depict this stage.

Stage 2. The master node initiates distributed training of the MNN (Line 6). In this stage, it performs the forward pass phase.
It feeds the RBF layer with the feature vector 𝑋′ to determine the modules that are specialized to the training sample. For each
activated module, it selects a slave node and sends the module’s parameter set (𝜃𝑖) and the input vector (𝑋) to it. Next, the slave
nodes assigned with a module load their received parameter set into the module architecture already instantiated, as the module
architecture is apriori known by all the slave nodes. They feed their module with the received input vector and initiate a forward
pass phase. The resulting output (𝑓𝑖(𝑋; 𝜃𝑖)) is sent back to the master node. With the predicted outputs received from all the slave
nodes, the master node performs a forward pass phase on the integration network and generates the final output (𝑌 ). Steps 3 to 5
in Fig. 5 illustrate this stage.

Stage 3. In this stage, the backward pass phase is performed. The error set () is calculated considering the predicted (𝑌 ) and
actual (𝑌 ) values for the final output. The master node performs a backward pass phase on the integration network and computes
the error set for each activated module (𝑖). Next, the computed error sets are delivered to the corresponding slave nodes . Based on
the error value received, each slave node performs a backward pass phase on its assigned module, and sends the parameter changes
(𝛥𝜃𝑖) to the master node. Steps 6 to 8 in Fig. 5 correspond to this stage.

Stage 4. The master node applies the parameter changes received from the slave nodes, as illustrated by Step 9 in Fig. 5.
With the running steps presented, the RAM and flash memory requirements and the completion time of one round of training are

modeled in Appendix A. The amount of flash memory required for the master node is denoted by 𝐹 𝑙𝑎𝑠ℎ𝑚𝑎𝑠𝑡𝑒𝑟 and computed using
(A.14). We assume the input vector and parameter set are loaded into the slave node’s RAM upon receiving them, i.e. it is not needed
to store them on the node’s flash memory. The amounts of RAM that an individual slave node and the master node require for online
training of the MNN are denoted by 𝑅𝐴𝑀𝑠𝑙𝑎𝑣𝑒 and 𝑅𝐴𝑀𝑚𝑎𝑠𝑡𝑒𝑟, respectively, and computed using (A.15) and (A.16), respectively.
Further, 𝑡𝑡𝑜𝑡𝑎𝑙 denotes the total execution time of our online training and is computed using (A.17).

Feasibility Check. Given an MNN architecture, both the following conditions must hold to call our MNN training feasible under
the given resource and timeliness constraints.

First, each end node of the platform must have adequate memory to accommodate its assigned modules when the worst-case
scenario occurs, i.e. the MNN employs the maximum number of modules (i.e. || = 𝑁𝑚𝑜𝑑). In other words, we must have:

𝐹 𝑙𝑎𝑠ℎ𝑚𝑎𝑠𝑡𝑒𝑟
|

|

|||=𝑁𝑚𝑜𝑑
≤ 𝑊 𝑓𝑙𝑎𝑠ℎ, (20)

max(𝑅𝐴𝑀𝑠𝑙𝑎𝑣𝑒, 𝑅𝐴𝑀𝑚𝑎𝑠𝑡𝑒𝑟
|

|

|||=𝑁𝑚𝑜𝑑
) ≤ 𝑊 𝑅𝐴𝑀 . (21)

Second, the calculated time requirement must meet the timeliness constraint, i.e.:

𝑡𝑡𝑜𝑡𝑎𝑙
|

|

|||=𝑁𝑚𝑜𝑑
≤ 𝑇 . (22)

In other words, given an MNN architecture, training our MNN under the given timeliness and platform resource constraints is
marked as infeasible if at least one of the conditions (20), (21), or (22) is not satisfied. In that case, the module’s complexity may
be leveraged to make training feasible.

3.2. Problem statement

The problem we consider is an online in-edge deep learning that is to manage its computational complexity considering the
resource limitations at the network edge while satisfying some application-specific accuracy and timeliness constraints. With the
modular learning model presented, the problem reduces to controlling the number of modules activated for a received input instance
𝑋, i.e. 𝑎𝑐𝑡(𝑋′ ), where 𝑎𝑐𝑡(𝑋′ ) is controlled by the radii and centers of the clusters associated with the modules of the neural network.
This signifies the radii and centers of the clusters (i.e. 𝑟𝑖s and 𝑐𝑖s) as the actual decision variables for the resource-constrained
computational complexity management of the learning model. Our research problem is formulated as follows.

Problem Definition. Suppose an unknown mapping function 𝑓 pertaining to a given 𝑀-class classification problem, and assume
we have 𝑁𝑛𝑜𝑑𝑒 homogeneous resource-constrained end nodes, with one node acting as the single master-node and the others acting
as the slave nodes. Moreover, the training samples of the set 𝑜𝑛𝑙 are provided one by one (online) with the inter-arrival time of 𝑇 .
We aim at providing an estimation 𝑓 by incrementally training the MNN over 𝑜𝑛𝑙 and across the set of end nodes in a distributed
manner. The training is subject to the following constraints:

• Constraint 1. The limit 𝑁𝑛𝑜𝑑𝑒 − 1 on the maximum number of activated modules, as described in (19);
• Constraint 2. The accuracy constraint through the lower and upper bounds on each cluster radius, as formulated in (18);
• Constraint 3. The memory constraint, as formulated in (20) and (21); and
• Constraint 4. The timeliness constraint of relative deadline 𝑇 , as formulated in (22).
10

To meet the constraints, 𝑟𝑖 and 𝑐𝑖, 𝑖 ∈ , act as our decision variables.
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4. The proposed approach

This section presents the proposed online clustering approach, which adjusts the centers and radii of the RBF neurons.
The clustering algorithm decides how a newly received feature data point 𝑥′𝑘 should affect the MNN. Affection may appear as

growing, shrinking, or modifying the MNN. Growing the MNN can manifest itself in two ways: (i) Growing in the number of employed
modules by adding a new cluster at 𝑥′𝑘 and (ii) growing in the sub-domain areas covered by modules by extending the radius of an
existing cluster to include 𝑥′𝑘. Shrinking and modifying the MNN occur by removing redundant clusters and shifting the center of
an existing cluster to 𝑥′𝑘, respectively. Therefore, the clustering algorithm must decide on an appropriate clustering operation upon
receiving each feature data, with the decided operation denoted by 𝑜𝑝 ∈ {𝑎𝑑𝑑, 𝑠ℎ𝑖𝑓 𝑡, 𝑒𝑥𝑡𝑒𝑛𝑑, 𝑟𝑒𝑚𝑜𝑣𝑒}. If no operation is required,
then 𝑜𝑝 = 𝑁𝑜𝑛𝑒.

Since clusters may overlap, a new feature data point belonging to an overlapping area activates more than one module for
training. On the other hand, we must comply with Constraint 1, which limits the number of activated modules. Thus, the clustering
algorithm must continuously monitor the overlapping areas and identify and resolve any group of overlapping clusters whose number
exceeds the number of slave nodes. In other words, the clustering algorithm must ensure that the number of clusters within all groups
of overlapping clusters does not exceed the number of slave nodes.

Therefore, the clustering algorithm has two main responsibilities when receiving a new feature data point:

1. Deciding on an appropriate clustering operation; and
2. managing the cluster overlaps.

4.1. Deciding on a clustering operation

In this subsection, we discuss the policy for deciding on the clustering operation 𝑜𝑝 upon receiving a new feature data point,
which leads the MNN to grow, shrink, or be modified.

4.1.1. Growing and modifying the MNN
Algorithm 2 is used to decide whether to grow or modify the MNN. The choice depends on whether the new feature data point

𝑥′𝑘 belongs to any existing cluster (i.e. 𝑎𝑐𝑡(𝑥′𝑘) ≠ ∅). If it does, the clustering algorithm looks for any activated cluster that must
shift its center to the new feature data point as it may be a more well-suited center for that cluster. The rationale behind this shift
is clarified as follows. Since the feature data points are not provided in advance, cluster centers are selected based on the potential
value of the data points that have thus far been received. However, it is likely to receive a feature data point with a potential value
higher than that of an existing cluster center. As such a feature data point is more descriptive than the existing cluster center, it is
better suited to serve as the center. Thus, incrementally receiving feature data points causes the clusters to shift at run-time.

Therefore, upon receiving a feature data point 𝑥′𝑘 that belongs to at least one existing cluster, the clustering algorithm checks
for the possibility of a shift operation (Lines 3–6). It targets the closest activated cluster to 𝑥′𝑘 as a candidate for shifting, which is
found as follows:

𝑣𝑎𝑐𝑡 = argmin
𝑖∈𝑎𝑐𝑡(𝑥′𝑘)

{‖𝑥′𝑘 − 𝑐𝑖‖}. (23)

The candidate cluster is then moved to 𝑥′𝑘 only if 𝑃𝑘(𝑥′𝑘) > 𝑃𝑘(𝑐𝑣𝑎𝑐𝑡 ).
However, when a received feature data point 𝑥′𝑘 does not belong to any existing cluster (i.e. 𝑎𝑐𝑡(𝑥′𝑘) = ∅), no module is activated

to learn it. As a result, for such feature data points, the clustering algorithm grows the current MNN structure to include them for
learning by choosing one of the two cluster operations: (i) Add operation or (ii) extend operation (Lines 7–21). First, we introduce
these operations and then talk about the policy for choosing between them.

With the add operation, a new cluster is created at center 𝑥′𝑘, with its radius set to the minimum value, i.e. 𝑟. The extend operation
targets the closest cluster to 𝑥′𝑘 for extending, which is found as follows:

𝑣𝑐𝑙 = argmin
𝑖∈

{‖𝑥′𝑘 − 𝑐𝑖‖}. (24)

The radius of this cluster must be increased not only to include 𝑥′𝑘 but also to cover an area around 𝑥′𝑘, as we may receive more
data points like it in the future. On the other hand, the potential value of 𝑥′𝑘 may be higher than the cluster’s center potential,
introducing the 𝑥′𝑘’s vicinity as an area with a higher density. This also suggests moving the cluster center 𝑐𝑣𝑐𝑙 towards the higher
density area around 𝑥′𝑘. The higher the potential value of 𝑥′𝑘 is, the closer the cluster’s new center and 𝑥′𝑘 will be. As a result, upon
an extend operation, cluster 𝑣𝑐𝑙 is moved and its radius is increased to cover a fraction of the area around 𝑥′𝑘 as well as retaining a
fraction of the area previously covered by the cluster. The fractions of the areas around 𝑥′𝑘 and 𝑐𝑣𝑐𝑙 covered by the extended cluster
are proportional to their relative potential values, 𝜋𝑘 and 𝜋𝑣𝑐𝑙 , calculated as follows:

𝜋𝑘 =
𝑃𝑘(𝑥′𝑘)

𝑃𝑘(𝑥′𝑘) + 𝑃𝑘(𝑐𝑣𝑐𝑙 )
, (25)

𝜋𝑣𝑐𝑙 = 1 − 𝜋𝑘. (26)
11
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Therefore, the extend operation expands the line segment connecting 𝑥′𝑘 and 𝑐𝑣𝑐𝑙 by 𝜋𝑘𝑟 and 𝜋𝑣𝑐𝑙 𝑟𝑣𝑐𝑙 from the end points 𝑥′𝑘 and
𝑣𝑐𝑙 , respectively, as shown in Fig. 6. Then, the cluster’s center is moved to the point in the middle of the expanded line segment,
.e. the cluster’s new center is computed as:

𝑐+𝑣𝑐𝑙 = 𝑐𝑣𝑐𝑙 +
‖𝑐+𝑣𝑐𝑙 − 𝑐𝑣𝑐𝑙‖

‖𝑥′𝑘 − 𝑐𝑣𝑐𝑙‖
(𝑥′𝑘 − 𝑐𝑣𝑐𝑙 ), (27)

in which:

‖𝑐+𝑣𝑐𝑙 − 𝑐𝑣𝑐𝑙‖ = 1
2

(

‖𝑥′𝑘 − 𝑐𝑣𝑐𝑙‖ + 𝜋𝑘𝑟 − 𝜋𝑣𝑐𝑙 𝑟𝑣𝑐𝑙
)

; (28)

and half the length of the expanded line segment is set as the new radius, i.e.:

𝑟+𝑣𝑐𝑙 = max
{1
2
(‖𝑥′𝑘 − 𝑐𝑣𝑐𝑙‖ + 𝜋𝑘𝑟 + 𝜋𝑣𝑐𝑙 𝑟𝑣𝑐𝑙 ), 𝑟𝑣𝑐𝑙} (29)

With the add and extend operations introduced, we now discuss the decision policy for these operations. The decision is based on
how probable it is for an add or extend operation to increase the number of cluster overlaps, leading to the violation of Constraint 1.
If there is no overlap chance by adding a cluster at 𝑥′𝑘 with radius 𝑟, add operation is approved. Thus, the algorithm first obtains
he set of existing clusters that may overlap with a new cluster at 𝑥′𝑘 (Line 8). In general, let 𝑜𝑣𝑟(𝑋′ ) denote the set of clusters
verlapping with a new cluster at 𝑋′ ∈  ′, and is formulated as:

𝑜𝑣𝑟(𝑋′ ) = {𝑖 ∈  ∣ ‖𝑋′ − 𝑐𝑖‖ < 𝑟 + 𝑟𝑖}. (30)

f 𝑜𝑣𝑟(𝑥′𝑘) = ∅, the add operation is issued (Lines 19–21). Otherwise, the clustering algorithm goes for extending or adding a cluster
o include 𝑥′𝑘 (Lines 9–18). First, it checks if these operations are applicable. If only one of these operations is applicable, it goes for
he applicable one. If both are applicable, the algorithm selects the add operation for dispatching only when the following condition
olds:

𝑃𝑘(𝑥′𝑘) >
𝑑𝑡ℎ𝑟 − ‖𝑥′𝑘 − 𝑐𝑣𝑐𝑙‖

𝑑𝑡ℎ𝑟 − 𝑟𝑣𝑐𝑙
exp((1 − 𝜆𝑘)(‖𝑥′𝑘 − 𝑐𝑣𝑐𝑙‖ − 𝑟𝑣𝑐𝑙 ))𝑃

𝑜𝑣𝑟
𝑘 , (31)

Algorithm 2 (Cluster_OnGrow): Decide if a cluster needs to be added, extended, or shifted when a new feature data point is
received.
Input: Feature data point 𝑥′𝑘 and its potential value 𝑃𝑘(𝑥′𝑘)
Output: Clustering operation 𝑜𝑝 ∈ {𝑎𝑑𝑑, 𝑠ℎ𝑖𝑓 𝑡, 𝑒𝑥𝑡𝑒𝑛𝑑,𝑁𝑜𝑛𝑒}, target cluster that receives the clustering operation

𝑣, new center 𝑐 and new radius 𝑟 of the target cluster
1: 𝑜𝑝, 𝑐, 𝑟, 𝑣 ← 𝑁𝑜𝑛𝑒,𝑁𝑜𝑛𝑒,𝑁𝑜𝑛𝑒,𝑁𝑜𝑛𝑒;
2: Obtain 𝑎𝑐𝑡(𝑥′𝑘) using (17);
3: if 𝑎𝑐𝑡(𝑥′𝑘) ≠ ∅ then
4: Obtain 𝑣𝑎𝑐𝑡 using (23);
5: if 𝑃𝑘(𝑥′𝑘) > 𝑃𝑘(𝑐𝑣𝑎𝑐𝑡 ) then
6: Shift Cluster: 𝑜𝑝 ← 𝑠ℎ𝑖𝑓 𝑡; 𝑐 ← 𝑥′𝑘; 𝑟 ← 𝑟𝑣𝑎𝑐𝑡 ; 𝑣 ← 𝑣𝑎𝑐𝑡;

7: else
8: Obtain 𝑜𝑣𝑟(𝑥′𝑘) using (30);
9: if 𝑜𝑣𝑟(𝑥′𝑘) ≠ ∅ then
0: Calculate 𝑣𝑐𝑙 and 𝑟+𝑣𝑐𝑙 by (24) and (29), respectively;
1: if || < 𝑁𝑚𝑜𝑑 or 𝑟+𝑣𝑐𝑙 ≤ 𝑟 then
2: Calculate 𝑃 𝑜𝑣𝑟

𝑘 by (33);
3: if || < 𝑁𝑚𝑜𝑑 and (𝑟+𝑣𝑐𝑙 > 𝑟 or (31) satisfied) then
4: Add Cluster: 𝑜𝑝 ← 𝑎𝑑𝑑; 𝑐 ← 𝑥′𝑘; 𝑟 ← 𝑟; 𝑣 ← new ID;
5: else
6: Calculate 𝑐+𝑣𝑐𝑙 by (27);
7: Extend Cluster: 𝑜𝑝 ← 𝑒𝑥𝑡𝑒𝑛𝑑; 𝑐 ← 𝑐+𝑣𝑐𝑙 ; 𝑟 ← 𝑟+𝑣𝑐𝑙 ; 𝑣 ← 𝑣𝑐𝑙;
8: Update 𝑑𝑡ℎ𝑟 by (32);

9: else
0: if || < 𝑁𝑚𝑜𝑑 then
1: Add Cluster: 𝑜𝑝 ← 𝑎𝑑𝑑; 𝑐 ← 𝑥′𝑘; 𝑟 ← 𝑟; 𝑣 ← new ID;

2: return 𝑜𝑝, 𝑐, 𝑟, 𝑣
12
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Fig. 6. Illustrating how the new center and radius are calculated when extending cluster 𝑣𝑐𝑙 to include the received feature data point 𝑥′𝑘.

in which 𝜆𝑘 ∈ R is a parameter to be set at each training round 𝑘; 𝑑𝑡ℎ𝑟 represents the maximum distance a new cluster center can
be from an existing cluster center while still overlapping, formulated as follows:

𝑑𝑡ℎ𝑟 = 𝑟 + max
𝑖∈

{𝑟𝑖}; (32)

and 𝑃 𝑜𝑣𝑟
𝑘 is the maximum potential value among the potential values of the centers whose clusters overlap with the new cluster at

′
𝑘, as formulated below:

𝑃 𝑜𝑣𝑟
𝑘 = max

𝑖∈𝑜𝑣𝑟(𝑥′𝑘)
{𝑃𝑘(𝑐𝑖)}. (33)

The coefficient term of 𝑃 𝑜𝑣𝑟
𝑘 in (31) has two parts: The linear part (𝑑𝑡ℎ𝑟 − ‖𝑥′𝑘 − 𝑐𝑣𝑐𝑙‖)∕(𝑑𝑡ℎ𝑟 − 𝑟𝑣𝑐𝑙 ) and the exponential part

xp((1 − 𝜆𝑘)(‖𝑥′𝑘 − 𝑐𝑣𝑐𝑙‖− 𝑟𝑣𝑐𝑙 )). To explain the rationale behind the linear part, consider (31) without the exponential part by setting
𝑘 = 1 for 𝑘 ≥ 1. In such an inequality, having a linear coefficient term is intuitively derived from the behavior expected in
wo extreme cases: (i) When 𝑥′𝑘 is very close to cluster 𝑣𝑐𝑙 ’s boundary, i.e. ‖𝑥′𝑘 − 𝑐𝑣𝑐𝑙‖ = 𝑟𝑣𝑐𝑙 , and (ii) when 𝑥′𝑘 is far from it,
.e. ‖𝑥′𝑘 − 𝑐𝑣𝑐𝑙‖ ≥ 𝑑𝑡ℎ𝑟. In the first case, adding a new cluster at 𝑥′𝑘 will result in intense overlap with cluster 𝑣𝑐𝑙 as 𝑥′𝑘 is very
lose to it. Thus, extending cluster 𝑣𝑐𝑙 ’s boundary to include 𝑥′𝑘 is preferable. Inequality (31) applies this preference by setting a
trong condition, i.e. 𝑃𝑘(𝑥′𝑘) > 𝑃 𝑜𝑣𝑟

𝑘 , on add operation for such an 𝑥′𝑘. In other words, for an 𝑥′𝑘 very close to cluster 𝑣𝑐𝑙 ’s boundary,
he extend operation is the default operation unless it is well suited to serve as a cluster center. Such 𝑥′𝑘 can be the one with
𝑘(𝑥′𝑘) > 𝑃 𝑜𝑣𝑟

𝑘 as it is more descriptive and has more summarization power than its overlapping cluster centers. In the second case,
the add operation is preferable since no overlapping is caused by a new cluster at 𝑥′𝑘. This preference is applied by setting an add
operation’s condition which is simply met for ‖𝑥′𝑘 − 𝑐𝑣𝑐𝑙‖ ≥ 𝑑𝑡ℎ𝑟. For a feature point 𝑥′𝑘 with 𝑟𝑣𝑐𝑙 < ‖𝑥′𝑘 − 𝑐𝑣𝑐𝑙‖ < 𝑑𝑡ℎ𝑟, (31) considers
a linear relation between 𝑃𝑘(𝑥′𝑘) and 𝑃 𝑜𝑣𝑟

𝑘 .
However, assuming a linear coefficient term may not balance the frequencies of the add and extend operations fairly. To

emonstrate, if feature data points mostly appear near cluster boundaries, the extend operation is prioritized over the add operation
ore often, and the MNN grows mainly by extending clusters rather than adding new ones. To address this issue, we include an

xponential part to create a fair balance between the add and extend operations’ frequencies based on run-time conditions. To
nhance the chances of adding more clusters when there have been frequent cluster radius rises, we set a more significant value
or 𝜆𝑘 and vice versa. We approximate 𝜆𝑘 as a linear function of two parameters: The normalized cluster radius and the normalized
umber of clusters, as formulated below:

𝜆𝑘 = 1 + 𝛾
𝑟𝑣𝑐𝑙 − 𝑟

𝑟 − 𝑟
−

|| − 1
𝑁𝑚𝑜𝑑 − 1

, 𝛾 > 0, (34)

in which 𝛾 is a constant coefficient determined empirically, as described in Section 5.
According to (34), we have 𝜆1 = 1, which relates 𝑃𝑘(𝑥′𝑘) and 𝑃 𝑜𝑣𝑟

𝑘 linearly in (31). Extending cluster 𝑣𝑐𝑙 increases the chances
of adding new clusters in the future by increasing 𝜆𝑘. On the other hand, adding new clusters increases the chances of extending
existing clusters by reducing 𝜆𝑘.

4.1.2. Shrinking the MNN
In online learning, clusters may shift as data points are provided one by one. Shifting a cluster may cause a small cluster to fall

entirely inside a large one, marking the small one as redundant. Thus, removing the small cluster can result in a more compact
13
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Algorithm 3 (Cluster_OnShrink): Decide if a cluster needs to be removed.
Input: Target operation 𝑜𝑝 ∈ {𝑎𝑑𝑑, 𝑠ℎ𝑖𝑓 𝑡, 𝑒𝑥𝑡𝑒𝑛𝑑,𝑁𝑜𝑛𝑒}, cluster added/shifted/extended 𝑣, current remove queue 𝑞
Output: Updated remove queue 𝑞, cluster to remove 𝑢

1: 𝑢 ← 𝑁𝑜𝑛𝑒;
2: if 𝑜𝑝 ≠ 𝑁𝑜𝑛𝑒 then
3: for 𝑖 ∈ , 𝑖 ≠ 𝑣 do
4: Calculate 𝑠𝑡𝑎𝑡𝑢𝑠𝑣,𝑖 using (35);
5: if 𝑠𝑡𝑎𝑡𝑢𝑠𝑣,𝑖 ≤ 0 then
6: if {𝑣, 𝑖} already in 𝑞 then
7: Update its priority to −𝑠𝑡𝑎𝑡𝑢𝑠𝑣,𝑖;
8: else
9: Add {𝑣, 𝑖} to the queue with priority −𝑠𝑡𝑎𝑡𝑢𝑠𝑣,𝑖;

0: else
1: if {𝑣, 𝑖} already in 𝑞 then
2: Remove {𝑣, 𝑖} from 𝑞;

3: if 𝑞 is not empty and || close to 𝑁𝑚𝑜𝑑 then
4: 𝑖1, 𝑖2 ← pop a pair from the front of the queue;
5: if 𝑟𝑖1 == 𝑟𝑖2 then 𝑢 ← argmin

𝑖∈{𝑖1 ,𝑖2}
{𝑃𝑘(𝑐𝑖)} else 𝑢 ← argmin

𝑖∈{𝑖1 ,𝑖2}
{𝑟𝑖};

6: Remove all {𝑢, 𝑖} pairs, 𝑖 ∈ , from 𝑞;
7: return 𝑞, 𝑢;

Two clusters 𝑖 and 𝑗, 𝑖, 𝑗 ∈ , lie inside one another if:

𝑠𝑡𝑎𝑡𝑢𝑠𝑖,𝑗 = ‖𝑐𝑖 − 𝑐𝑗‖ − |𝑟𝑖 − 𝑟𝑗 | ≤ 0. (35)

We use a priority queue denoted by 𝑞 to keep track of cluster pairs {𝑖, 𝑗} with 𝑠𝑡𝑎𝑡𝑢𝑠𝑖,𝑗 ≤ 0, and we set −𝑠𝑡𝑎𝑡𝑢𝑠𝑖,𝑗 as their priority
value. Algorithm 3 demonstrates the MNN shrinking policy, as described below.

Whenever a cluster 𝑣 is added, shifted, or extended, 𝑞 needs an update as the clustering operation might cause the cluster 𝑣 to
fall inside another cluster or leave one (Lines 2–12). As a result, the algorithm calculates 𝑠𝑡𝑎𝑡𝑢𝑠𝑣,𝑖 for the cluster 𝑣 and any other
existing cluster 𝑖 (Line 4). For a cluster 𝑖 with 𝑠𝑡𝑎𝑡𝑢𝑠𝑣,𝑖 ≤ 0, if the cluster pair {𝑣, 𝑖} is already in the queue, its priority value is
updated to −𝑠𝑡𝑎𝑡𝑢𝑠𝑣,𝑖 (Line 7); otherwise, the cluster pair is pushed into the queue with −𝑠𝑡𝑎𝑡𝑢𝑠𝑣,𝑖 as its priority value (Line 9). On
the other hand, for a cluster 𝑖 with 𝑠𝑡𝑎𝑡𝑢𝑠𝑣,𝑖 > 0, if the cluster pair {𝑣, 𝑖} is already in the queue, it is removed from the queue, as
they no longer fall inside each other (Line 12); otherwise, no update on the queue is required.

The algorithm starts removing when the maximum number of modules is almost reached. It pops the cluster pair with the highest
priority from the queue and removes the cluster with the smaller radius. If the radius values are the same, the cluster with the lower
potential is removed (Lines 13–16).

4.2. Managing cluster overlaps

The clustering algorithm must also ensure that the change to the clustering upon receiving an input complies with the constraint
on the maximum number of overlaps allowed between clusters (i.e. Constraint 1). To facilitate this, we model clustering using an
undirected graph ( , ) where  =  is the set of vertices, with each vertex representing a cluster ID, and  ⊂  ×  is the set of
edges, with each edge indicating an overlap between the involved clusters. Two clusters 𝑖 and 𝑗 overlap if:

‖𝑐𝑖 − 𝑐𝑗‖ < 𝑟𝑖 + 𝑟𝑗 . (36)

A subset  from  is called a clique  of  if every two vertices in  are adjacent, i.e. ∀𝑢, 𝑣 ∈  ∶ {𝑢, 𝑣} ∈  . A clique with a cardinality
of 𝜔 is called an 𝜔-clique. A clique is maximum if its cardinality is the largest among all the graph’s cliques. The cardinality of a
maximum clique of  is called the clique number of , denoted by 𝜔. In our work, 𝜔 represents the maximum number of overlaps
in the clustering. Thus, Constraint 1 is satisfied if we always have 𝜔 ≤ 𝑁𝑛𝑜𝑑𝑒 − 1.

To manage the cluster overlaps, the clustering algorithm is responsible for:

• Monitoring the clique number by keeping track of the maximum cliques using Algorithm 4 when a cluster is added, shifted,
or extended or using Algorithm 6 when a cluster is removed; and

• eliminating the maximum cliques that have caused 𝜔 > 𝑁𝑛𝑜𝑑𝑒 − 1 using Algorithm 7.

Algorithm 4. This algorithm updates the set of maximum cliques, denoted by Q, whenever a new vertex 𝑣 is added to  because
of an add operation or when a vertex 𝑣 in  is targeted for a shift or extend operation. Let Q+, +, and 𝜔+ represent the updated
14
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Algorithm 4 (UpdMC_OnGrow): Update the current set of maximum cliques upon an add, shift, or extend operation.
Input: Cluster targeted by the clustering operation 𝑣, new graph after clustering +(+, +), current clique number

𝜔, set Q𝑒𝑥𝑐 consists of all the existing maximum cliques in  that exclude 𝑣
Output: Set Q+ consists of all the maximum cliques in the new graph + after the clustering operation,

new clique number 𝜔+

1: Q+ ← ∅;
2: if |+ (𝑣)| ≥ 𝜔 then
3: for  ∈ Q𝑒𝑥𝑐 do
4: if  ⊆ + (𝑣) then
5: Q+ ← Q+ ∪ { ∪ {𝑣}};

6: 𝜔+ ← 𝜔 + 1;
7: if Q+ == ∅ then
8: Q+

𝑖𝑛𝑐 ← Clique(+, 𝜔, {𝑣},+ (𝑣));
9: Q+ ← Q+

𝑖𝑛𝑐 ∪ Q𝑒𝑥𝑐 ;
0: 𝜔+ ← 𝜔;
1: if Q+ == ∅ then
2: Q+ ← Clique(+, 𝜔 − 1, ∅,+);
3: 𝜔+ ← 𝜔 − 1;
4: return Q+, 𝜔+;

Algorithm 5 (Clique): Find all 𝜔-cliques, with each containing the clique  and constructed from the vertex set .
Input: Undirected graph ( , ), target clique cardinality 𝜔, clique , candidate set 
Output: Set of all target cliques Q

1: Q ← ∅;
2: if || == 𝜔 then
3: Q ← Q ∪ {};
4: if || < 𝜔 then
5: if || + || ≥ 𝜔 then
6: while  ≠ ∅ do
7: 𝑧 ← select a vertex from ;
8:  ← ∖{𝑧};
9: + ←  ∪ {𝑧};
0: + ←  ∩(𝑧);
1: Q ← Q ∪ Clique(, 𝜔,+,+);

2: return Q;

maximum clique set, graph, and clique number, respectively. The vertex 𝑣 receiving the clustering operation can increment, preserve,
or decrement 𝜔, with each case described in the following paragraphs.

The clique number gets incremented if at least one existing maximum clique excluding 𝑣 has all its vertices adjacent to 𝑣 after
lustering (Lines 2–6). If an existing maximum clique builds a maximum clique of a larger size with 𝑣, we say that 𝑣 has promoted
hat maximum clique. The algorithm takes the set of existing maximum cliques excluding 𝑣, denoted by Q𝑒𝑥𝑐 , as input to check for
ny promotion. Similarly, the set of existing maximum cliques including 𝑣 is denoted by Q𝑖𝑛𝑐 , and we have Q𝑒𝑥𝑐 ∪ Q𝑖𝑛𝑐 = Q and
𝑒𝑥𝑐 ∩ Q𝑖𝑛𝑐 = ∅. The required condition for the target vertex 𝑣 to promote at least one existing maximum clique in Q𝑒𝑥𝑐 is that the

umber of its adjacent vertices in + not be less than the current clique number 𝜔 (Line 2). In Algorithm 4, + (𝑣) returns the set
f vertices in + adjacent to 𝑣.

If 𝑣 does not promote any clique in Q𝑒𝑥𝑐 ≠ ∅, this implies that the clique number is preserved, and the algorithm uses Algorithm
to update Q𝑖𝑛𝑐 by finding all maximum cliques of size 𝜔 (Lines 7–10). Algorithm 5 is a recursive algorithm that receives three

nputs at each iteration: (i) A clique , (ii) a candidate set , and (iii) a target cardinality 𝜔. It is then expected to find all 𝜔-cliques
y starting from  and adding vertices from . Every vertex in  must be adjacent to all vertices in . In Algorithm 4, to find the

maximum cliques of size 𝜔 including 𝑣, Algorithm 5 is initially invoked with  = {𝑣} and  = + (𝑣) (Line 8).
When Q𝑒𝑥𝑐 = ∅ and there is no maximum clique of size 𝜔 after clustering (i.e. Q+

𝑖𝑛𝑐 = ∅), the algorithm looks for maximum
liques of size 𝜔 − 1 using Algorithm 5, implying that the clique number is decremented (Lines 11–13).
Algorithm 6. This algorithm updates the maximum clique set Q when a vertex 𝑣 is removed from  due to a remove operation.

Only are the maximum cliques including 𝑣 affected by the operation, having their cardinality decremented. As a result, the algorithm
15
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iterates through Q and keeps only those excluding 𝑣 (Lines 2–4). If all the existing maximum cliques include 𝑣, the remove operation
ecrements the clique number. In this case, the algorithm looks for maximum cliques of size 𝜔 − 1 using Algorithm 5 (Lines 5–7).
Algorithm 7. These considerations imply that only adding, shifting, or extending clusters can increment the clique number. Now,

consider a case wherein 𝜔 = 𝑁𝑛𝑜𝑑𝑒 − 1 and the center 𝑐 and radius 𝑟 decided by Algorithm 2 for cluster 𝑣 promote some maximum
cliques in Q𝑒𝑥𝑐 , resulting in 𝜔+ > 𝑁𝑛𝑜𝑑𝑒 − 1. In this case, Algorithm 7 determines an alternative center point 𝑐+ to prevent such
promotion and keep 𝜔+ at 𝑁𝑛𝑜𝑑𝑒−1. Let Q𝑝𝑟 and Q𝑝𝑟 denote the sets of maximum cliques in Q𝑒𝑥𝑐 promoted and those not promoted
by cluster 𝑣, respectively. Thus, we have Q𝑝𝑟 ∪Q𝑝𝑟 = Q𝑒𝑥𝑐 and Q𝑝𝑟 ∩Q𝑝𝑟 = ∅. The alternative center point must satisfy the following
equirements:

• Requirement 1. It must be far enough away from the centers of the cliques in Q𝑝𝑟 to eliminate any chance of forming
𝑁𝑛𝑜𝑑𝑒-cliques.

• Requirement 2. It must keep its distance from cliques in Q𝑝𝑟 as before to avoid forming 𝑁𝑛𝑜𝑑𝑒-cliques.
• Requirement 3. Cluster 𝑣 with the alternative center point must still include 𝑥′𝑘 in its cluster boundary.

Too many points in the 𝑙′-dimensional feature space may satisfy all the requirements. Algorithm 7 looks for a subset of them,
enoted by 𝑖𝑛𝑡𝑟, as the candidate points for the alternative center point 𝑐+. Among them, the closest to 𝑐 is selected as 𝑐+.

To find 𝑖𝑛𝑡𝑟, the algorithm starts by targeting each clique in Q𝑝𝑟, finding the cluster with the maximum distance from 𝑐 within
he clique, and adding its ID to 𝑚𝑑 (Line 3). To avoid the alternative point joining a clique in Q𝑝𝑟, it must be far enough from the
luster 𝑖 ∈ 𝑚𝑑 corresponding to that clique. One can find such a point at the intersection points of circles (𝑐𝑖, 𝑟𝑖 + 𝑟) and (𝑐, 𝑟). Other
oints that could be the alternative center are those at the intersection points of circles (𝑐𝑖, 𝑟𝑖+𝑟) and (𝑐𝑗 , 𝑟𝑗 +𝑟), with 𝑗 being another
luster from 𝑚𝑑 . The intersection points containing 𝑥′𝑘 in their cluster boundary are added to 𝑖𝑛𝑡𝑟 (Lines 4–7).

Nevertheless, the points in 𝑖𝑛𝑡𝑟 found so far may not fully adhere to Requirement 1, as a point in 𝑖𝑛𝑡𝑟 that maintains a safe
istance from a center 𝑐𝑖, 𝑖 ∈ 𝑚𝑑 , to avoid forming an 𝑁𝑛𝑜𝑑𝑒-clique may still be close to another center 𝑐𝑗 , 𝑗 ∈ 𝑚𝑑 , and forms such
clique. Moreover, Requirement 2 needs to be checked for points in 𝑖𝑛𝑡𝑟. To check requirements 1 and 2 for the points in 𝑖𝑛𝑡𝑟,

he algorithm first extends 𝑚𝑑 by including the cluster with the maximum distance from 𝑐 for each clique in Q𝑝𝑟 (Line 8). Next,
t visits the points in 𝑖𝑛𝑡𝑟 in ascending order of their distance to 𝑐, and checks for any overlapping between a cluster with center
∈ 𝑖𝑛𝑡𝑟 and radius 𝑟 and a cluster with center 𝑐𝑖 and radius 𝑟𝑖, 𝑖 ∈ 𝑚𝑑 . if no such overlapping is found, the point 𝑧 is returned as
+ (Lines 9 and 10).

.3. Adjusting the centers and radii

This subsection discusses the proposed online clustering approach, which is described in Algorithm 8. The algorithm adjusts the
enters and radii of the RBF neurons upon receiving a feature data point 𝑥′𝑘 and maintains the number of cluster overlaps at 𝑁𝑛𝑜𝑑𝑒−1.
t calls algorithms 2 and 3 to check for any growing and shrinking required in the RBF neurons. Adding or removing an RBF neuron
equires a corresponding module within the MNN to be added or removed accordingly. However, shifting or extending does not
equire any architectural change to be reflected in the MNN. As a result, the algorithm returns the IDs of added and removed RBF
eurons, denoted by 𝑢𝑎𝑑𝑑 and 𝑢𝑟𝑒𝑚, respectively, to be used to reflect a similar change in the MNN. The algorithm uses algorithms
, 6, and 7 to manage the cluster overlaps. The following paragraphs demonstrate Algorithm 8 in more detail.

Initially, the RBF layer has no RBF neurons. Upon receiving the first data sample, an RBF neuron is added. The algorithm then
eturns the neuron’s ID to indicate that the first module needs to be instantiated within the MNN. Thus, the first round commences
ith some initializations (Lines 2 and 3), followed by adding the first RBF neuron (Line 4).

For each feature data point 𝑥′𝑘 coming in the following rounds, the algorithm calculates 𝑃𝑘(𝑥′𝑘) and updates the potential values
f existing centers (Lines 6 and 7). It then invokes Algorithm 2 to decide on an add, shift, or extend operation (Line 8). If a clustering
peration is decided (i.e. 𝑜𝑝 is not 𝑁𝑜𝑛𝑒), we need to obtain the new set of maximum cliques. Therefore, the algorithm obtains the
ew graph and splits the current set of maximum cliques Q into the disjoint subsets Q𝑖𝑛𝑐 and Q𝑒𝑥𝑐 based on cluster 𝑣 (Lines 11

Algorithm 6 (UpdMC_OnShrink): Update the current set of maximum cliques upon a remove operation.
Input: Cluster targeted for removing 𝑣, new graph after removing +(+, +), set of maximum cliques before

removing Q, clique number before removing 𝜔
Output: Set consists of all the maximum cliques in the new graph Q+, new clique number 𝜔+

1: Q+ ← ∅; 𝜔+ ← 𝜔;
2: for  ∈ Q do
3: if 𝑣 ∉  then
4: Q+ ← Q+ ∪ {};

5: if Q+ == ∅ then
6: Q+ ← Clique(+, 𝜔 − 1, ∅,+);
7: 𝜔+ ← 𝜔 − 1;
8: return Q+, 𝜔+;
16
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Algorithm 7 (Eliminate_Clique): For a cluster that has promoted some existing maximum cliques, find an alternative center that
avoids promoting any existing maximum clique.
Input: Feature data point 𝑥′𝑘, cluster that has promoted some existing maximum cliques 𝑣, center 𝑐 and radius 𝑟 of

cluster 𝑣, set Q𝑒𝑥𝑐 consists of existing maximum cliques excluding 𝑣
Output: Alternative center point 𝑐+

1: 𝑚𝑑 ← ∅; 𝑖𝑛𝑡𝑟 ← ∅;
2: Split Q𝑒𝑥𝑐 into Q𝑝𝑟 and Q𝑝𝑟 based on cluster 𝑣;
3: Obtain the cluster with the maximum distance from 𝑐 for each  ∈ Q𝑝𝑟, and add its ID to 𝑚𝑑 ;
4: for 𝑖 ∈ 𝑚𝑑 do
5: Find two intersection points of hyperspheres (𝑐𝑖, 𝑟𝑖 + 𝑟) and (𝑐, 𝑟) that are not outside the hypersphere (𝑥′𝑘, 𝑟), and add

them to 𝑖𝑛𝑡𝑟;
6: for 𝑗 ∈ 𝑚𝑑 with {𝑖, 𝑗} not visited before do
7: Find two intersection points of hyperspheres (𝑐𝑖, 𝑟𝑖 + 𝑟) and (𝑐𝑗 , 𝑟𝑗 + 𝑟) that are not outside the hypersphere (𝑥′𝑘, 𝑟), and

add them to 𝑖𝑛𝑡𝑟;

8: Obtain the cluster with the maximum distance from 𝑐 for each  ∈ Q𝑝𝑟, and add its ID to 𝑚𝑑 ;
9: for 𝑧 ∈ 𝑖𝑛𝑡𝑟 visited in ascending order of ‖𝑧 − 𝑐‖ do
0: if ‖𝑧 − 𝑐𝑖‖ ≥ 𝑟𝑖 + 𝑟 for all 𝑖 ∈ 𝑚𝑑 then return 𝑧;
1: return 𝑁𝑜𝑛𝑒;

and 12). These subsets and the new graph are used by Algorithm 4 to obtain Q+ and 𝜔+ (Line 13). Now, it checks if the clustering
operation has caused more than 𝑁𝑛𝑜𝑑𝑒 − 1 clusters to overlap.

If 𝜔+ < 𝑁𝑛𝑜𝑑𝑒, the algorithm proceeds by calculating 𝑃𝑘(𝑐) (Lines 25–28). For add and shift operations, the feature data point
′
𝑘 serves as the added or shifted cluster’s center, then 𝑃𝑘(𝑐) = 𝑃𝑘(𝑥′𝑘). However, for an extend operation, the extended cluster’s
enter can be any point within the feature space, and thus, its potential is calculated using (9). In case 𝜔+ ≥ 𝑁𝑛𝑜𝑑𝑒, Algorithm 7 is

invoked to suggest an alternative center point that keeps 𝜔+ at 𝑁𝑛𝑜𝑑𝑒 −1 (Line 15). If such a point is found, the algorithm calculates
its potential and obtains + and Q+ accordingly (Lines 16–20). Since cluster 𝑣 has already maintained its safe distance from the
cliques in Q𝑒𝑥𝑐 by Algorithm 7, we just need to obtain Q+

𝑖𝑛𝑐 . In case no alternative center point is found, the algorithm ignores the
eature data point by setting 𝑜𝑝 to 𝑁𝑜𝑛𝑒 (Line 22).

After managing the cluster overlaps, the RBF neuron with 𝐼𝐷 = 𝑣 is added in case of an add operation (Lines 29–31). Finally, the
hanges to Q, , and 𝜔 are applied, and the cluster 𝑣 targeted by the clustering operation receives its center, radius, and potential

updates (Lines 32–34).
Moreover, the algorithm checks for any cluster removal in each round by calling Algorithm 3 (Line 35). If a cluster 𝑢𝑟𝑒𝑚 needs

to be removed, the algorithm updates  accordingly, removes the RBF neuron with 𝐼𝐷 = 𝑢𝑟𝑒𝑚, and updates Q by calling Algorithm
6 (Lines 36–39).

5. Experimental results

In this section, we first introduce the design flow of our experiments. Next, we present the parameter values selected for
conducting our experiments. Finally, the obtained results and discussions are presented.

5.1. Experiment design flow

In our experiments, we first conduct the module-level bias–variance trade-off analysis to establish the upper and lower bounds
for a module cluster radius. Then, we proceed with the online training of our MNN. Algorithm 9 outlines the steps to set up our
experiments. The algorithm needs the following inputs: The dataset, the module architecture, and the platform model. The module
architecture can be tuned for a given application using two hyperparameters: The number of layers ℎ𝑙 and the width multiplier ℎ𝑝.
The following paragraph briefly summarizes the steps.

We first set up the given dataset for the bias–variance trade-off analysis and online learning experiments (Line 1). Since modules’
clusters are formed over the feature space, a feature extractor is trained to extract the feature space (Line 2). Next, we determine the
application model by specifying the MNN architecture and the timeliness and accuracy constraints (Lines 3–5). Finally, we conduct
our bias–variance trade-off analysis and online learning experiments (Lines 6 and 7). The following subsections provide a more
detailed demonstration of each step.

Step 1: Dataset Setup. A given dataset  is randomly divided into two parts: 𝑎𝑛𝑎 and 𝑜𝑛𝑙. 𝑎𝑛𝑎 simulates data available offline
in a batch prior to the online learning experiment, and it is used for the bias–variance trade–off analysis. 𝑜𝑛𝑙 represents data not
seen by the analysis and is provided incrementally during online learning. Moreover, in the bias–variance trade–off analysis, we
must train an MNN for different sample sizes and evaluate its accuracy. Therefore, the data used for the analysis (i.e. 𝑎𝑛𝑎) is then
split into the training and validation parts, denoted by 𝑎𝑛𝑎 and 𝑎𝑛𝑎, respectively. 𝑎𝑛𝑎 is used for training the MNN, while 𝑎𝑛𝑎
17
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Algorithm 8 (Train_RBF): Adjust the centers and radii of the RBF layer.
Input: Minimum and maximum cluster radii 𝑟 and 𝑟
Output: Module to be added 𝑢𝑎𝑑𝑑 , module to be removed 𝑢𝑟𝑒𝑚

1: if 𝑘 == 1 then
2: 𝑃𝑘(𝑥′𝑘) ← 1; 𝑐1 ← 𝑥′𝑘; 𝑟1 ← 𝑟; 𝑃𝑘(𝑐1) ← 𝑃𝑘(𝑥′𝑘);
3: Initialize Q, , and ; 𝜔 ← 1; 𝑑𝑡ℎ𝑟 ← 2𝑟;
4: Add the first RBF neuron with 𝐼𝐷 = 1;
5: return 1, 𝑁𝑜𝑛𝑒

6: Calculate 𝑃𝑘(𝑥′𝑘) recursively by (9);
7: Update 𝑃𝑘(𝑐𝑖) recursively by (12), 𝑖 ∈ ;
8: 𝑜𝑝, 𝑐, 𝑟, 𝑣 ← Cluster_OnGrow(𝑥′𝑘, 𝑃𝑘(𝑥

′
𝑘));

9: 𝑢𝑎𝑑𝑑 ← 𝑁𝑜𝑛𝑒;
0: if 𝑜𝑝 ≠ 𝑁𝑜𝑛𝑒 then
1: + ← update  based on (𝑜𝑝, 𝑐, 𝑟, 𝑣);
2: Split Q into Q𝑖𝑛𝑐 and Q𝑒𝑥𝑐 based on cluster 𝑣;
3: Q+, 𝜔+ ← UpdMC_OnGrow(𝑣,+, 𝜔,Q𝑒𝑥𝑐 );
4: if 𝜔+ ≥ 𝑁𝑛𝑜𝑑𝑒 then
5: 𝑐 ← Eliminate_Clique(𝑥′𝑘, 𝑣, 𝑐, 𝑟,Q𝑒𝑥𝑐 );
6: if 𝑐 ≠ 𝑁𝑜𝑛𝑒 then
7: Calculate 𝑃𝑘(𝑐) by (9);
8: + ← update  based on 𝑐;
9: Q+

𝑖𝑛𝑐 ← Clique(+, 𝜔, {𝑣},+ (𝑣));
0: Q+ ← Q+

𝑖𝑛𝑐 ∪ Q𝑒𝑥𝑐 ;
1: else
2: 𝑜𝑝 ← 𝑁𝑜𝑛𝑒;
3: 𝜔+ ← 𝜔;
4: else
5: if 𝑜𝑝 == 𝑒𝑥𝑡𝑒𝑛𝑑 then
6: Calculate 𝑃𝑘(𝑐) by (9);
7: else
8: 𝑃𝑘(𝑐) ← 𝑃𝑘(𝑥′);

9: if 𝑜𝑝 == 𝑎𝑑𝑑 then
0: Add an RBF neuron with 𝐼𝐷 = 𝑣;
1: 𝑢𝑎𝑑𝑑 ← 𝑣;  ←  ∪ {𝑣};
2: if 𝑜𝑝 ≠ 𝑁𝑜𝑛𝑒 then
3: Q ← Q+; ← +;𝜔 ← 𝜔+;
4: 𝑐𝑣 ← 𝑐; 𝑟𝑣 ← 𝑟;𝑃𝑘(𝑐𝑣) ← 𝑃𝑘(𝑐);

5: 𝑞, 𝑢𝑟𝑒𝑚 ← Cluster_OnShrink(𝑜𝑝, 𝑣, 𝑞);
6: if 𝑢𝑟𝑒𝑚 ≠ 𝑁𝑜𝑛𝑒 then
7:  ← remove 𝑢𝑟𝑒𝑚 from ;  ← ∖{𝑢𝑟𝑒𝑚};
8: Remove the RBF neuron with 𝐼𝐷 = 𝑢𝑟𝑒𝑚;
9: Q, 𝜔 ← UpdMC_OnShrink(𝑢𝑟𝑒𝑚,,Q, 𝜔);
0: return 𝑢𝑎𝑑𝑑 , 𝑢𝑟𝑒𝑚;

represents data not seen by the MNN during training and is used to evaluate the accuracy of the trained MNN. In summary, the
dataset  is split into three parts: 𝑎𝑛𝑎

𝑡𝑟𝑛 , 𝑎𝑛𝑎
𝑣𝑎𝑙 , and 𝑜𝑛𝑙.

Step 2: Feature Extractor Setup. In this step, a feature extractor is trained on 𝑎𝑛𝑎
𝑡𝑟𝑛 with 𝑎𝑛𝑎

𝑣𝑎𝑙 as the validation dataset. Clustering
orks on the feature space, and its quality is thus affected by the feature extraction quality. Hence, we select sophisticated CNN
odels as our feature extractor. However, complex models are resource-intensive during training. Fortunately, this is not a concern

ince, unlike the MNN, the feature extractor is frozen at run-time and will be used solely in the inference phase, which requires
ewer resources than the training phase. Therefore, we used MobileNetV2 [48] as our feature extractor, whose architecture is tailored
owards resource-efficient DNN inference in mobile and embedded applications.
Step 3: Application Model Setup. To set up our application model, we need to determine the workload, i.e. our MNN

rchitecture, and the accuracy and timeliness constraints. The MNN architecture is determined by specifying three hyperparameters:
he maximum number of modules 𝑁 and the module’s hyperparameters ℎ and ℎ . On the other hand, the MNN architecture
18
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Algorithm 9 (Setup_Exp): Set up the experiments.
Input: Dataset , module architecture with hyperparameters ℎ𝑙 and ℎ𝑝, platform model (𝑁𝑛𝑜𝑑𝑒, 𝜌, 𝛽,𝑊 𝑓𝑙𝑎𝑠ℎ,𝑊 𝑅𝐴𝑀 )

1: Split  into three parts: 𝑎𝑛𝑎
𝑡𝑟𝑛 , 𝑎𝑛𝑎

𝑣𝑎𝑙 , and 𝑜𝑛𝑙;
2: 𝐹𝐸 ← train a feature extractor on (𝑎𝑛𝑎

𝑡𝑟𝑛 , 𝑎𝑛𝑎
𝑣𝑎𝑙 );

3: Use Bayesian search to determine 𝑁𝑚𝑜𝑑 , ℎ𝑙, and ℎ𝑝 leading to the MNN architecture 𝑀𝑁𝑁 𝑖𝑛𝑖𝑡 with clustering

{(𝑐𝑖𝑛𝑖𝑡𝑖 , 𝑟𝑖𝑛𝑖𝑡𝑖 )}
𝑁 𝑖𝑛𝑖𝑡

𝑚𝑜𝑑
𝑖=1 that gives the minimum execution time and error rate 𝑡𝑡𝑜𝑡𝑎𝑙 and 𝐸𝑟𝑟 subject to Constraint 3;

4: Define the target accuracy constraint 𝐸𝑟𝑟 according to 𝐸𝑟𝑟;
5: Set 𝑡𝑡𝑜𝑡𝑎𝑙 as the timeliness constraint 𝑇 ;

6: Call Gen_CI(𝑎𝑛𝑎
𝑡𝑟𝑛 ,𝑎𝑛𝑎

𝑣𝑎𝑙 ,𝑀𝑁𝑁 𝑖𝑛𝑖𝑡, {(𝑐𝑖𝑛𝑖𝑡𝑖 , 𝑟𝑖𝑛𝑖𝑡𝑖 )}
𝑁 𝑖𝑛𝑖𝑡

𝑚𝑜𝑑
𝑖=1 ) to obtain the upper-bound learning curve, and use the curve to obtain the

minimum and maximum radius values 𝑟 and 𝑟 given 𝐸𝑟𝑟;
7: Call Learn_Online(𝐹𝐸,𝑀𝑁𝑁 𝑖𝑛𝑖𝑡, 𝑟, 𝑟,𝑜𝑛𝑙) to initiate online learning;

affects the resource requirements, total execution time, and accuracy, which in turn affects the range of accuracy and timeliness
constraints (i.e. 𝐸𝑟𝑟 and 𝑇 ) feasible under the given platform model and module architecture. In this step, we seek the feasible
accuracy and timeliness constraints for a given platform model and module architecture.

We use Bayesian search to tune our MNN’s hyperparameters to minimize error rate and execution time subject to Constraint 3.
The Bayesian search takes the following steps for each trial, examining a hyperparameter combination (𝑁𝑚𝑜𝑑 , ℎ𝑙, ℎ𝑝) that complies
with Constraint 3. First, the feature space is clustered into 𝑁𝑚𝑜𝑑 clusters. We used k-means for feature space clustering. The radius
of each cluster is defined as the maximum distance between the cluster center and a point within the cluster. Next, an MNN with
the hyperparameter values of 𝑁𝑚𝑜𝑑 , ℎ𝑙, and ℎ𝑝 is instantiated, and each module is associated with a cluster. The instantiated MNN
is batch-trained on 𝑎𝑛𝑎

𝑡𝑟𝑛 , and its error rate on 𝑎𝑛𝑎
𝑣𝑎𝑙 is reported. Additionally, the training execution time is calculated using (A.17)

and reported.
The output of the Bayesian search is a pre-trained MNN with the minimum error rate and execution time found, 𝐸𝑟𝑟 and 𝑡𝑡𝑜𝑡𝑎𝑙,

respectively. We denote this MNN by 𝑀𝑁𝑁 𝑖𝑛𝑖𝑡, which will be used in the bias–variance trade–off analysis and the online learning
experiment latter. The number of modules and the clustering associated with 𝑀𝑁𝑁 𝑖𝑛𝑖𝑡 are denoted by 𝑁 𝑖𝑛𝑖𝑡

𝑚𝑜𝑑 and {(𝑐𝑖𝑛𝑖𝑡𝑖 , 𝑟𝑖𝑛𝑖𝑡𝑖 )}
𝑁 𝑖𝑛𝑖𝑡

𝑚𝑜𝑑
𝑖=1 ,

respectively. With the application workload determined, we set 𝑇 = 𝑡𝑡𝑜𝑡𝑎𝑙, and the target accuracy constraint (𝐸𝑟𝑟) is set so that
𝐸𝑟𝑟 ≥ 𝐸𝑟𝑟.

Step 4: Bias-Variance Trade-off Analysis. The pre-trained modular neural network 𝑀𝑁𝑁 𝑖𝑛𝑖𝑡 as well as the training and
alidation datasets 𝑎𝑛𝑎

𝑡𝑟𝑛 and 𝑎𝑛𝑎
𝑣𝑎𝑙 are then fed into Algorithm 11 to generate the upper-bound learning curve. The curve is then

sed to compute the upper and lower bounds for the modules’ cluster radii based on the accuracy constraint 𝐸𝑟𝑟.
Step 5: Online Training of the MNN. In our online learning, the batch size is set to 1 to provide data incrementally over time.

efore initiating our online learning experiment, we use a grid search to determine 𝛾 in (34). 𝛾 is determined based on the validation
dataset 𝑎𝑛𝑎

𝑣𝑎𝑙 to maximize the number of time steps that the error rate is below 𝐸𝑟𝑟. Next, the pre-trained modular neural network
𝑀𝑁𝑁 𝑖𝑛𝑖𝑡, the feature extractor 𝐹𝐸, and the online learning dataset 𝑜𝑛𝑙 are fed into Algorithm 1 to conduct the online learning
experiment. The algorithm also needs 𝑟 and 𝑟 to adjust the modules’ cluster radii at run-time.

5.2. Experiment parameter values

Dataset. We used CIFAR-100 [49] as our dataset . We split it into parts 𝑎𝑛𝑎
𝑡𝑟𝑛 , 𝑎𝑛𝑎

𝑣𝑎𝑙 , and 𝑜𝑛𝑙 with ratios of 70%, 15%, and 15%,
respectively. To prevent overfitting our MNN, we enlarged 𝑎𝑛𝑎

𝑡𝑟𝑛 by two times using augmentation. Finally, the number of images in
𝑎𝑛𝑎
𝑡𝑟𝑛 , 𝑎𝑛𝑎

𝑣𝑎𝑙 , and 𝑜𝑛𝑙 was 80 000, 10 000, and 10 000, respectively.
Module Architecture. We used MobileNetV2 as our module architecture. The architecture consists of a standard CONV layer

followed by seven groups of bottleneck layers. We introduced the hyperparameter ℎ𝑙 as the number of bottleneck groups used in
the module architecture, i.e. 0 ≤ ℎ𝑙 ≤ 7. Moreover, according to the architecture, we have 𝑅 = 1280 × ℎ𝑝.

Platform Model. Our online learning application was assumed to use two slave nodes, i.e. 𝑁𝑛𝑜𝑑𝑒 = 3. We aimed for nodes with
CPU frequency of around 1 GHz and a RAM capacity of tens to hundreds of MB. To set the resource constraints for a node, we

hose a standard MobileNetV2 (i.e. ℎ𝑙 = 7 and ℎ𝑝 = 1.0), a DNN model commonly used at the edge, as our baseline model. We then
efined the constraints as a fraction of its resource requirements. We set the RAM resource constraint for the platform model at
0% of the RAM amount required by the baseline model, i.e. 𝑊 𝑅𝐴𝑀 = 50% × 25 (MB) = 12.5 (MB). Since embedded devices are
sually equipped with larger amounts of flash memory compared to RAM, we set the flash memory constraint two times the RAM
onstraint, i.e. 𝑊 𝑓𝑙𝑎𝑠ℎ = 2 × 12.5 (MB) = 25 (MB). For our targeted nodes, 𝜌𝑓𝑟𝑒𝑞 = 1 GHz, and according to [45], we have 𝜌𝑓𝑙𝑜𝑝 = 4
nd 𝑀𝐴𝐶𝑓𝑙𝑜𝑝 = 2. Hence, based on (14), our nodes have a computational power of 𝜌 = 4 𝐺𝐹𝐿𝑂𝑃𝑆. For a node provided with a
i-Fi module using 802.11g protocol, the maximum theoretical data rate is 𝛽 = 54 Mbps.
Feature Extractor. We used a MobileNetV2 with ℎ𝑙 = 7 and ℎ𝑝 = 0.8 as our feature extractor. Thus, we have 𝑃𝑎𝑟𝑓𝑒 = 1.64 × 106

and 𝐴𝑐𝑡 = 0.04 × 106. Then, assuming 32-bit scalar numbers (i.e. 𝑏 = 32), (A.12) gives 𝑅𝐴𝑀 = 6.72 (MB).
19
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Fig. 7. Confidence interval of a module’s learning curve after running the bias–variance trade-off analysis.

We trained our feature extractor on training and validation datasets 𝑎𝑛𝑎
𝑡𝑟𝑛 and 𝑎𝑛𝑎

𝑣𝑎𝑙 using a batch size of 256 for 120 epochs with
momentum of 0.9, weight decay of 0.0001, and an initial learning rate of 0.1. The learning rate was decayed by a factor of 10

very 30 epochs. The feature extractor achieved a top-1 accuracy of 69 %. Moreover, we used principal component analysis (PCA) to
educe the feature space’s dimensionality, resulting in 𝑙′ = 2.
Application Model. We conducted a Bayesian search using Optuna [50] for 22 trials. In the search space, the hyperparameters

𝑚𝑜𝑑 and ℎ𝑙 were set as integers ranging from 3 to 5 and 0 to 7, respectively, while the hyperparameter ℎ𝑝 was a floating-point
ariable ranging from 0.6 to 1.4 with a step size of 0.2. In each trial, we trained an MNN for 40 epochs with a batch size of 32,
omentum of 0.9, weight decay of 0.0001, and an initial learning rate of 0.01. The learning rate was decreased by a factor of 10

very 10 epochs. The best hyperparameter values found by the search were 𝑁𝑚𝑜𝑑 = 4, ℎ𝑙 = 4, and ℎ𝑝 = 0.6. We then instantiated
n MNN using these hyperparameter values and performed more intensive training with 100 epochs and a step size of 25. Our
re-trained MNN’s error rate was found to be 45.6%. We set the target error rate (𝐸𝑟𝑟) to be 5% worse than the pre-trained MNN’s

best error rate, i.e. 𝐸𝑟𝑟 = 50.6%. The training time for the pre-trained MNN was computed using (A.17) to be 410 (ms), thus
= 410 (ms).
Bias-Variance Trade-off Analysis and Online Learning. We performed 40 experiments, i.e. 𝑁𝑒𝑥𝑝 = 40. To set 𝑁 𝑖𝑛𝑖𝑡

𝑠𝑚𝑝, we had to
calculate 𝑟𝑐𝑣𝑟. Considering 𝑑𝑝2𝑝 = 212, (B.1) calculates 𝑟𝑐𝑣𝑟 = 26.5. Thus, 𝑁 𝑖𝑛𝑖𝑡

𝑠𝑚𝑝 = 36000, and we set 𝑁𝑏𝑎𝑠𝑒
𝑠𝑚𝑝 = 4000 to have four sample

izes in total. For each sample size, an MNN was batch-trained for 40 epochs with a batch size of 256, momentum of 0.9, weight
ecay of 0.0001, and an initial learning rate of 0.01. The learning rate was reduced by a factor of 10 every 10 epochs. To generate
he corresponding confidence interval, 𝛼 = 80%. To determine 𝛾 for our online learning experiment, we used a grid search with 𝛾

ranging from 1 to 10. The result of our search was 𝛾 = 4.

5.3. Results and discussion

After running the bias–variance trade-off analysis described in Algorithm 11, the resulting lower- and upper-bound module
learning curves are depicted in Fig. 7.

With 𝐸𝑟𝑟 = 50.6%, Fig. 7 introduces 𝑟 = 42. The radius upper bound was set based on the maximum distance, i.e. 𝑟 = 𝑑𝑝2𝑝∕2 = 106.
The results of our online learning experiment are reported in Fig. 8. Fig. 8(a) reports the error rate CDF. The number of activated
modules and the total number of modules in each time step are depicted in Fig. 8(b) and Fig. 8(c), respectively. Fig. 8(d) reports the
clique number before applying any maximum clique elimination of Algorithm 7. The following observations are made from Fig. 8:

Observation 1. Fig. 8(a) shows that the error rate of our online training was below the accuracy constraint in all time steps.
Observation 2. Fig. 8(b) reports that the maximum number of modules activated in each time step was equal to the number of

available slave nodes.
Observation 3. Fig. 8(c) signifies that the MNN experienced variations in the number of employed modules during online

learning.
Observation 4. Fig. 8(d) illustrates some time steps at which maximum cliques of sizes exceeding the number of slave nodes

were formed.
Observations 1 and 2 demonstrate how our distributed online learning effectively adheres to the accuracy constraint while

keeping the maximum number of activated modules at the number of slave nodes. By maintaining |𝑎𝑐𝑡(𝑥′𝑘)| ≤ 𝑁𝑛𝑜𝑑𝑒 − 1, it is
guaranteed that the timeliness constraint is met.

Based on Observation 3, it is concluded that our MNN effectively utilizes all its modules instead of just relying on a few.
Additionally, it is inferred that our MNN can adaptively adjust its size by growing and shrinking as data arrives.
20
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Fig. 8. The online learning experiment’s result with regard to (a) the error rate CDF, (b) the activated number of modules, (c) the total number of modules,
and (d) the clique number before applying any maximum clique elimination of Algorithm 7.

Fig. 9. The result of online learning experiment without using Algorithm 7. The result includes (a) the error rate CDF and (b) the number of activated modules.

Observation 4 highlights the need for Algorithm 7 to keep the maximum number of activated modules at the number of slave
nodes. As shown, there were cases where an add, extend, or shift operation caused the number of clusters overlapping with each
other to exceed the number of slave nodes. In these scenarios, the proposed clustering algorithm is expected to suggest an alternative
center point to avoid the formation of such a group of overlapping clusters. Observation 2 shows that our proposed clustering
algorithm has succeeded in this task.

To further highlight the role of Algorithm 7 in keeping the number of activated modules at the number of slave nodes, we
conducted our online learning experiment again, this time excluding Algorithm 7. Fig. 9 shows the result. The following observation
is made:

Observation 5. With Algorithm 7 excluded, the accuracy constraint is met while the number of activated modules has exceeded
21

the available number of slave nodes.
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Fig. 10. Reporting the result of conducing the online learning experiment with 3 and 4 slave nodes. The result includes (a) the error rate CDF, and the number
of activated modules over time for (b) 3 and (c) 4 slave nodes.

Table 1
Overview of the literature on the resource-intensive training of DNNs.

Category Studies Highlights

Distributed
learning

Data parallelism [51] Primarily focused on preserving privacy, mitigating the network bandwidth demands, and
accelerating training (Shortcoming: Paying less attention to edge-level resource limitations)

Model parallelism
[18–34]

Focused on increasing throughput through accelerating training by large-scale CPU/GPU
clusters (Shortcoming: Paying less attention to edge-level resource limitations and the
timeliness constraint inherent in online learning)

Pipeline parallelism
Hybrid parallelism

Approximation Network compression [35–40] Providing real-time on-device online training (Shortcoming: Suggesting sub-optimal
pre-determined architectures, lacking any self-adaptivity feature)Network expansion

Modular
design

TreeNets and DSNs [52–54] Focused on increasing throughput through accelerating training by large-scale CPU/GPU
clusters (Shortcoming: Paying less attention to edge-level resource limitations and the
timeliness constraint inherent in online learning)

MNNs [41,42,55] Providing self-adaptive architecture designs (Shortcoming: Paying less attention to
edge-level resource limitations and the timeliness and accuracy constraints)

Computation offloading [56,57] Focused on the resource allocation and scheduling aspects (Shortcomings: Offering limited
innovation in model partitioning and still suffering from privacy issues)

As demonstrated by Observation 5, eliminating Algorithm 7 has caused the number of activated modules to reach the maximum
umber of modules. By comparing Figs. 8(a) and 9(a), it is inferred that using Algorithm 7 effectively manages cluster overlaps
hile meeting the accuracy constraint.

We also examined the MNN’s online training with different numbers of slave nodes. Since the MNN has a maximum number of
our modules and an individual slave node is responsible for the local training of only one module, we repeated our online learning
xperiment with three and four slave nodes. For three and four slave nodes, we obtained 𝛾 = 4 and 𝛾 = 7, respectively. The results

are depicted in Fig. 10. Fig. 10(a) reports the error rate CDF, and Figs. 10(b) and 10(c) depict the number of activated modules
over time when employing three and four slave nodes, respectively. The following observation is made:

Observation 6. Fig. 10(a) shows that increasing the number of slave nodes has shifted the CDF curve to the left, satisfying
the accuracy constraint. Additionally, Figs. 10(b) and 10(c) demonstrate that the constraint on the maximum number of activated
modules was fulfilled when employing various numbers of slave nodes.

A key finding from Observation 6 is that as the number of slave nodes increases, we allow more modules to be activated by
an input. As a result, more modules contribute to the online training corresponding to the input, improving the overall error rate.
Moreover, the observation confirms that our proposed cluster overlap management algorithm (i.e. Algorithm 7) has effectively kept
the maximum number of activated modules at the number of slave nodes.

6. Related work

This section reviews the literature on the resource-intensive training of DNNs. The training has three main aspects: (i) The data,
(ii) the model, and (iii) the resource platform on which the model is trained. The literature leverages these aspects to address
22
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the high resource demands of training DNNs. We classify the related literature into four main categories: Distributed Learning,
approximation, modular architecture designs, and computation offloading. Distributed learning applies a form of partitioning to the
data and model. Approximation mainly targets the model aspect and reduces the model’s computational complexity. Some studies
propose modular architecture designs to target the model aspect. Further, extensive research studies leverage the resource aspect and
provide resource allocation and task scheduling algorithms to collaboratively offload computations across a broad set of resource
platforms, ranging from resource-constrained end devices to resource-rich servers located at the edge or in the cloud.

Our work targets the model aspect to enable distributed deep learning across resource-constrained end nodes; however, it is
nriched with the following distinctive properties: (i) The consideration of application-specific timeliness and accuracy constraints
n addition to the device resource limitations, and (ii) architecture self-adaptivity. Table 1 provides a brief overview of the related
iterature. The following subsections review the literature and demonstrate where our work stands from the perspective of these
roperties.

.1. Distributed learning

Distributed learning involves applying partitioning to the data (data parallelism), model (model parallelism), or both (hybrid
parallelism).

Data parallelism allows several users to collaborate in training a single model using their local datasets, offering two benefits: (i)
Improving privacy through local training and (ii) accelerating training through parallelism. Federated learning is an example. Data
arallelism primarily assumes each processing node has sufficient computational and memory resources to train an entire model
ocally. However, our work concerns stringent resource limitations at the network edge that hinder training an entire DNN model
n a single edge node. As a result, data parallelism does not apply to our work. For a survey on a data-parallelism approach like
ederated learning, see [51].

Model parallelism mitigates the memory and computing demands per node by partitioning the stack of 3D tensors within a DNN
odel and then allocating the partitions to separate data processing nodes to learn the same training data in a distributed manner.
he partitioning occurs in two forms: (i) Horizontally at the tensor level, called tensor-wise partitioning [18–21], or (ii) vertically at
he layer level, called layer-wise partitioning [22]. In tensor-wise partitioning, each partition is a slice from a tensor of a layer. The
licing can occur at different tensor dimensions, i.e. the channel, height, or width. Layer-wise partitioning considers one or multiple
ayers from the stack as a partition, with the tensors of the layers unaffected.

Pipeline parallelism [22–27] addresses resource under-utilization of layer-wise partitioning scheme as only one end node is active
t a time with this scheme. It achieves this by pipelining data samples, offering parallelism at both sample and layer levels.

Hybrid parallelism attempts to uncover higher degrees of reductions in resource consumption and training time by enabling
arallel training across various dimensions, i.e. sample, layer, channel, height, and width. The literature introduces hybrid
arallelism in two general forms: (i) Expert-designed [28–30] and (ii) automated [31–34]. The expert-designed form manually
etermines a hybrid parallelization for a specific DNN based on an expert’s domain knowledge and experience. However, the
utomated form aims to find an optimized hybrid parallelization in a search space defined by different dimensions.

Current research studies in model, pipeline, and hybrid parallelism categories mainly aim to accelerate training large-scale DNN
odels and increase throughput by distributing the model over large-scale CPU- or GPU-based clusters. In these works, model
artitioning is tailored more towards accelerating offline batch learning of DNNs than enabling real-time on-device training with
trict edge-level limitations on the resource capacity and number of processing nodes. Although acceleration can aid timeliness,
hese studies have not considered this factor, which is the main contributor to an online learning application.

.2. Approximation

Some works employ approximation techniques like model compression and model expansion to offer on-device training of DNNs.
Model compression makes existing DNN model designs resource-efficient by reducing the number of parameters and MAC

perations. Pruning and quantization are two common compression techniques. However, most works targeting model compression
echniques are envisioned to enable resource-efficient inference. Only recently have compression techniques been considered for
n-device training.

Pruning discards parts of a DNN model that have a non-essential effect on prediction accuracy. These parts may include
arameters and activations during the forward pass or gradients during the backward pass. [35] targets training on a microcontroller
nd reduces the memory footprint of the full backward computation by skipping the gradient computation for the less important
ayers and sub-tensors. [36] targets training on more resource-rich devices but provides a dynamic sparse computation graph to
rune activations during training according to the input sample instead of applying permanent pruning.

Quantization involves approximating the floating-point parameters, activations, and gradients with low-bit-width numbers, thus
nabling DNN computations in a reduced-precision format. [35] reduces training resource demands by enabling real quantized
raining. To stabilize the quantized training and improve accuracy, the authors propose the quantization-aware scaling (QAS) method
o automatically scale the gradients of tensors having different bit-precisions. [37] offers DNN training with 8-bit floating-point
umbers.

Model expansion techniques handle the high resource demands of training a large DNN model by freezing it and incorporating a
mall trainable neural network. The training resource demand is decreased as the parameter updates only occur for the embedded
23
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learning on a microcontroller for an inference model by adding an extra trainable layer on top of it. TinyTL [39] and Rep-Net [40]
target training on more resource-rich devices and introduce a lightweight module that is incorporated alongside the main model. All
the parameters inside the module are updated, while the main model only has its biases updated. Rep-Net also introduces activation
connectors that allow feature exchange between the main and side models.

Similar to approximation-based research studies, our work follows the fact that DNN architecture designs are not inherently
esource-efficient due to their high architectural redundancies. These redundancies can be leveraged to enhance resource efficiency.
owever, the model architecture is usually pre-determined by the designer and fixed during training. Our work differs from these

tudies by allowing the model to adapt its architectural design according to the problem’s complexity and available resources.
his adaptive architectural design management is beneficial in two ways. First, the designer may make a sub-optimal design of the
rchitecture, and the fixed pre-determined architecture may still be over-parameterized for a given problem, even if the architecture
as been approximated. Second, in scenarios facing online data, new aspects of the problem’s complexity emerge as new data arrives,
nd it is beneficial to let the model adjust its complexity by adjusting its architectural design to adapt to new data.

.3. Modular architecture designs

Some works focus on modular designs for neural networks. TreeNets [52] facilitate distributed training for an ensemble of
NNs (i.e. groups of DNNs trained for the same task, with their outputs averaged to generate more accurate predictions). Deep stack

networks (DSNs) [53,54] consist of modules stacked to build deep architectures, allowing for efficient parallelized training. However,
the main objective of these works is to accelerate large-scale training of DNNs over large-scale GPU-based clusters, which is not our
focus.

Some works use MNNs and fuzzy logic to capture the non-linear behavior of a system [41,42]. Our study is similar to these
works in that they enable adaptive incremental learning of a non-linear behavior. However, these works assume no timeliness or
resource constraints, and thus, there is no constraint on the MNN size (i.e. the number of modules and the architectural complexity
of the modules). The authors of [55] propose a modular architecture for a points-of-interest (POI) recommendation system, where
two modules extract local and global features separately. However, the system architecture is designed manually, lacking the
self-adaptivity feature.

6.4. Computation offloading

Some studies explore resource allocation and task scheduling algorithms for offloading the DNN computations to more resource-
rich entities like edge servers. There are two offloading schemes: (i) Binary offloading and (ii) partial offloading. Binary offloading,
extensively researched for the inference phase, entails deciding either to outsource the DNN computation to an edge server or to
perform a less-complex version of the computation on an end device. Partial offloading [56,57], on the other hand, partitions and
distributes the resource-intensive DNN computation across end devices and an edge server. The algorithm proposed in [56] also
leverages the size of the computation shares allocated to an end device and an edge server to accelerate the execution time further.

In these studies, the partitioning mostly takes a naive data-parallelism or layer-wise model-parallelism approach. Instead, they
mainly focus on the resource allocation and scheduling aspects of the offloading. Moreover, although using an edge server instead
of a cloud server mitigates the latency, security, and privacy concerns considerably, it does not necessarily eliminate them [58].

7. Conclusion

Online learning allows for adapting DNNs deployed at the edge for inference to variations in data caused by the environmental
changes. However, the high computational complexity of DNNs leads to high resource demands for the training, which is in contrast
to the edge resource limitations. This paper addresses this issue through distributed in-edge deep learning using the module set within
an MNN. The MNN employs an online clustering algorithm that allows it to manage its computational complexity adaptively by
adding, removing, and adjusting module clusters as input data comes. The proposed online clustering is subject to the application-
specific accuracy and timeliness constraints. The simulation results show that the proposed online clustering effectively adheres to
the application and resource constraints.
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Appendix A. Time and resource requirements of our online learning

This appendix presents: (i) The resource requirement of each part in our MNN as well as the feature extractor, (ii) the resource
equirement of the master and individual slave nodes, and (iii) the total execution time of the MNN’s online training. Our formulation
onsiders a batch size of 1 since an online learning application is involved.
Resource Requirement of the MNN Parts. Our MNN consists of the module set, the integration network, and the RBF layer.

he resource requirement of each part is calculated as follows.
A module consists of several CONV layers, with each defined by the following set of hyperparameters: The width (ℎ𝑤) and

height (ℎℎ) of the input to the layer, the number of input channels (ℎ𝑐), the number of kernels (ℎ𝑚), the kernel size (ℎ𝑘), the stride
size (ℎ𝑠), and the number of groups (ℎ𝑔), as described in [59]. Assuming a homogeneous architecture design for all modules, they
all have the same number of activations, 𝐴𝑐𝑡𝑚𝑜𝑑 , and the same number of parameters, 𝑃𝑎𝑟𝑚𝑜𝑑 , i.e. 𝑃𝑎𝑟𝑚𝑜𝑑 = |𝜃𝑖| = |𝜃𝑗 |, 𝑖 ≠ 𝑗. 𝐴𝑐𝑡𝑚𝑜𝑑
and 𝑃𝑎𝑟𝑚𝑜𝑑 are obtained by summing the number of activations and parameters over the constituent CONV layers. The number of
arameters and the number of activations for a CONV layer are respectively computed using (A.1) and (A.2):

𝑃𝑎𝑟𝑐𝑜𝑛𝑣 =
ℎ𝑚 × ℎ𝑐

ℎ𝑔
× ℎ2𝑘, (A.1)

𝐴𝑐𝑡𝑐𝑜𝑛𝑣 = ℎℎ × ℎ𝑤 × ℎ𝑐 . (A.2)

Training a module requires enough RAM space to accommodate: (i) The module’s parameters and their changes and (ii) the
alues of activations and their corresponding error values. As a result, the amount of RAM required for online training of a module
s denoted by 𝑅𝐴𝑀𝑚𝑜𝑑 , and is calculated as follows:

𝑅𝐴𝑀𝑚𝑜𝑑 = 2(𝑃𝑎𝑟𝑚𝑜𝑑 + 𝐴𝑐𝑡𝑚𝑜𝑑 )𝑏, (A.3)

in which 𝑏 represents the number of bits of a single scalar value. The amount of flash memory to hold the parameter set of a module
is denoted by 𝐹 𝑙𝑎𝑠ℎ𝑚𝑜𝑑 and computed as:

𝐹 𝑙𝑎𝑠ℎ𝑚𝑜𝑑 = 𝑃𝑎𝑟𝑚𝑜𝑑𝑏. (A.4)

For the integration network, the number of parameters and the number of activations are respectively computed using (A.5) and
(A.6):

𝑃𝑎𝑟𝑖𝑛𝑡𝑒𝑔 = ||𝑀𝑅, (A.5)

𝐴𝑐𝑡𝑖𝑛𝑡𝑒𝑔 = ||𝑅 +𝑀. (A.6)

The RAM and flash memory requirements are denoted by 𝑅𝐴𝑀𝑖𝑛𝑡𝑒𝑔 and 𝐹 𝑙𝑎𝑠ℎ𝑖𝑛𝑡𝑒𝑔 , respectively, and computed as:

𝑅𝐴𝑀𝑖𝑛𝑡𝑒𝑔 = 2(𝑃𝑎𝑟𝑖𝑛𝑡𝑒𝑔 + 𝐴𝑐𝑡𝑖𝑛𝑡𝑒𝑔)𝑏, (A.7)

𝐹 𝑙𝑎𝑠ℎ𝑖𝑛𝑡𝑒𝑔 = 𝑃𝑎𝑟𝑖𝑛𝑡𝑒𝑔𝑏. (A.8)

The set of all the 𝑙′-dimensional centers and all the real-valued radii form the parameter set of the RBF layer. Thus, the number
of parameters and the flash memory requirement for this layer are respectively computed using (A.9) and (A.10):

𝑃𝑎𝑟𝑟𝑏𝑓 = ||(𝑙′ + 1), (A.9)

𝐹 𝑙𝑎𝑠ℎ𝑟𝑏𝑓 = 𝑃𝑎𝑟𝑟𝑏𝑓 𝑏. (A.10)

The required amount of RAM for the RBF layer is computed based on the proposed clustering algorithm (i.e. Algorithm 8), and
is formulated as:

𝑅𝐴𝑀𝑟𝑏𝑓 = 𝑁𝑠𝑐𝑎𝑙𝑎𝑟𝑏, (A.11)

in which 𝑁𝑠𝑐𝑎𝑙𝑎𝑟 denotes the number of scalars required.
Table A.2 outlines the primary sources of memory consumption. Our formulation disregards the sources of memory consumption

with 𝑁𝑠𝑐𝑎𝑙𝑎𝑟 ∈ (1). We need RAM to accommodate some computed distances (Rows 1–3) and the values of radii, centers, and
potentials (Row 4). The graph  requires 𝑁𝑠𝑐𝑎𝑙𝑎𝑟 = ||2 (Row 5). The amount of RAM required by 𝑖𝑛𝑡𝑟 depends on the maximum
number of intersection points. The maximum number happens when (i) |𝑚𝑑 | is maximum, i.e. 𝑚𝑑 = , (ii) all the hyperspheres in
Algorithm 7 intersect at two points, and (iii) all the intersection points are qualified. Hence, max(|𝑖𝑛𝑡𝑟|) = 2(||+

(

||
2

)

) = ||(||+1),
nd we need 𝑁𝑠𝑐𝑎𝑙𝑎𝑟 = ||(||+1)𝑙′ for 𝑖𝑛𝑡𝑟 (Row 6). The priority queue 𝑞 has a maximum number of

(

||
2

)

elements, each containing
wo cluster IDs and one priority value; hence, 𝑁𝑠𝑐𝑎𝑙𝑎𝑟 = 3∕2||(|| − 1) (Row 7).

To calculate 𝑁𝑠𝑐𝑎𝑙𝑎𝑟 for Q, we know that Q is a set of maximum cliques, where each maximum clique is a set of at most 𝑁𝑛𝑜𝑑𝑒
luster IDs. Therefore, we need the maximum number of these cliques in our graph. According to [60], a graph with || vertices

|| 𝜔
|| 𝜔
25

an have at most ( ∕𝜔) maximum cliques of size 𝜔. Assuming ( ∕𝜔) as a function of 𝜔 ∈ R ≥ 1, the extreme value happens at
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Table A.2
Description of RAM requirements for the various variables used in the proposed online clustering
algorithm (i.e. Algorithm 8).
Row Variables RAM requirement

1 {‖𝑥′𝑘 − 𝑐𝑖‖}𝑖∈ ||𝑏
2 {‖𝑐𝑣 − 𝑐𝑖‖}𝑖∈ ||𝑏
3 {‖𝑐𝑣 − 𝑧‖}𝑧∈𝑖𝑛𝑡𝑟

||(|| + 1)𝑏
4 {(𝑐𝑖 , 𝑟𝑖 , 𝑃𝑘(𝑐𝑖))}𝑖∈ ||(𝑙′ + 2)𝑏
5  ||2𝑏
6 𝑖𝑛𝑡𝑟 ||(|| + 1)𝑙′𝑏
7 𝑞 3∕2||(|| − 1)𝑏
8 Q 𝑁𝑛𝑜𝑑𝑒⌈exp(||∕𝑒)⌉𝑏

𝜔 = ||∕𝑒. Hence, the maximum size of Q is exp(||∕𝑒), and we have 𝑁𝑛𝑜𝑑𝑒⌈exp(||∕𝑒)⌉ as an upper bound for 𝑁𝑠𝑐𝑎𝑙𝑎𝑟 (Row 8). Summing
the RAM requirements over the table rows approximates the amount of RAM required by our online clustering algorithm.

Resource Requirements of the Feature Extractor. Since the feature extractor is also a CNN, the number of its parameters,
𝑃𝑎𝑟𝑓𝑒, is the sum of the number of the parameters within each constituent CONV layer. However, since the feature extractor is
exclusively utilized for inference during online learning, we need sufficient RAM to accommodate the model’s parameter set and
a layer’s input and output activations. Therefore, with 𝐴𝑐𝑡𝑓𝑒 denoting the maximum number of input and output activations for a
layer within the feature extractor model, the RAM and flash memory requirements are respectively formulated using (A.12) and
(A.13):

𝑅𝐴𝑀𝑓𝑒 = (𝑃𝑎𝑟𝑓𝑒 + 𝐴𝑐𝑡𝑓𝑒)𝑏, (A.12)

𝐹 𝑙𝑎𝑠ℎ𝑓𝑒 = 𝑃𝑎𝑟𝑓𝑒𝑏. (A.13)

Resource Requirements of the End Nodes. The amount of flash memory that the master node requires to accommodate the
parameter sets associated with the pre-trained MNN, the modules within our run-time MNN, and the RBF and integration layers,
denoted by 𝐹 𝑙𝑎𝑠ℎ𝑚𝑎𝑠𝑡𝑒𝑟, is calculated as:

𝐹 𝑙𝑎𝑠ℎ𝑚𝑎𝑠𝑡𝑒𝑟 = 𝑁𝑚𝑜𝑑 (𝑃𝑎𝑟𝑚𝑜𝑑 + 𝑃𝑎𝑟𝑟𝑏𝑓 )𝑏 + ||𝐹 𝑙𝑎𝑠ℎ𝑚𝑜𝑑 + 𝐹 𝑙𝑎𝑠ℎ𝑓𝑒 + 𝐹 𝑙𝑎𝑠ℎ𝑟𝑏𝑓 + 𝐹 𝑙𝑎𝑠ℎ𝑖𝑛𝑡𝑒𝑔 . (A.14)

As (A.14) implies, the maximum number of modules 𝑁𝑚𝑜𝑑 is limited by the master node’s flash memory capacity.
The amount of RAM that a slave node requires for online training of its assigned module is denoted by 𝑅𝐴𝑀𝑠𝑙𝑎𝑣𝑒, and is calculated

as follows:

𝑅𝐴𝑀𝑠𝑙𝑎𝑣𝑒 = 𝑅𝐴𝑀𝑚𝑜𝑑 + 𝑙𝑏. (A.15)

For the master node, we have:

𝑅𝐴𝑀𝑚𝑎𝑠𝑡𝑒𝑟 = 𝑅𝐴𝑀𝑓𝑒 + 𝑅𝐴𝑀𝑟𝑏𝑓 + 𝑅𝐴𝑀𝑖𝑛𝑡𝑒𝑔 + (𝑙 + 𝑙′)𝑏. (A.16)

Training Execution Time. The time required for one round of training of the MNN comprises two parts: (i) Computation time,
𝑡𝑝𝑟𝑜𝑐 , and (ii) communication time, 𝑡𝑐𝑜𝑚𝑚, as formulated below:

𝑡𝑡𝑜𝑡𝑎𝑙 = 𝑡𝑝𝑟𝑜𝑐 + 𝑡𝑐𝑜𝑚𝑚. (A.17)

The communication time has four parts: (i) Sending the input vector and parameter sets to the slave nodes in Stage 2, with
maximum communication overhead of (𝑁𝑛𝑜𝑑𝑒 − 1)(𝑙 + 𝑃𝑎𝑟𝑚𝑜𝑑 ), (ii) receiving the forward pass outputs from the slave nodes in Stage
2, with a maximum communication overhead of (𝑁𝑛𝑜𝑑𝑒 − 1)𝑅, (iii) sending the error values to the slave nodes in Stage 3, with a
maximum communication overhead of (𝑁𝑛𝑜𝑑𝑒 −1)𝑅, and (iv) receiving the parameter changes from the slave nodes in Stage 3, with
a maximum communication overhead of (𝑁𝑛𝑜𝑑𝑒 − 1)𝑃𝑎𝑟𝑚𝑜𝑑 . Thus, we have:

𝑡𝑐𝑜𝑚𝑚 = (𝑁𝑛𝑜𝑑𝑒 − 1)(2𝑃𝑎𝑟𝑚𝑜𝑑 + 2𝑅 + 𝑙) 𝑏
𝛽
. (A.18)

The computation time is formulated based on the number of multiply-and-accumulate (MAC) operations. Therefore, we first
ormulate the number of MAC operations for each part in our MNN. The number of MAC operations required by the feature extractor
nd a module, denoted by 𝑀𝐴𝐶𝑓𝑒 and 𝑀𝐴𝐶𝑚𝑜𝑑 , respectively, is the sum of the number of MAC operations involved within their
onstituent CONV layers. The number of MAC operations involved in training a CONV layer is denoted by 𝑀𝐴𝐶𝑐𝑜𝑛𝑣 and computed
s:

𝑀𝐴𝐶𝑐𝑜𝑛𝑣 = 3(ℎℎ × ℎ𝑤 × ℎ−2𝑠 × 𝑃𝑎𝑟𝑐𝑜𝑛𝑣). (A.19)

q. (A.19) also applies to the inference mode but with a coefficient of 1 instead of 3. This is because the computations involved within
he error backpropagation and gradient computation steps of the backward pass phase are symmetric to the forward pass phase’s
26

omputations. Hence, the number of operations required for the backward pass phase is approximately two times the number of
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Table A.3
Number of MAC operations involved in the proposed online clustering algorithm (i.e.
Algorithm 8).
Row Computation Number of MAC operations

1 𝑃𝑘(𝑥′𝑘) 3𝑙′

2 𝑃𝑘(𝑐𝑣) 3𝑙′

3 {𝑃𝑘(𝑐𝑖)}𝑖∈ ||𝑙′

4 {‖𝑥′𝑘 − 𝑐𝑖‖}𝑖∈ ||𝑙′

5 {‖𝑐𝑣 − 𝑐𝑖‖}𝑖∈ 2||𝑙′

6 𝑖𝑛𝑡𝑟 3||(|| + 1)𝑙′

7 {‖𝑐𝑣 − 𝑧‖}𝑧∈𝑖𝑛𝑡𝑟
||(|| + 1)𝑙′

8 {‖𝑐𝑖 − 𝑧‖} 𝑧∈𝑖𝑛𝑡𝑟
𝑖∈𝑚𝑑

||2(|| + 1)𝑙′

operations for the forward pass phase [61,62]. Therefore, we use a coefficient of 1 when calculating the number of MAC operations
for the feature extractor, as it is used only for inference.

The number of MAC operations for training the integration network is denoted by 𝑀𝐴𝐶𝑖𝑛𝑡𝑒𝑔 and computed as follows:

𝑀𝐴𝐶𝑖𝑛𝑡𝑒𝑔 = 3𝑃𝑎𝑟𝑖𝑛𝑡𝑒𝑔 , (A.20)

which (A.20) has a coefficient of 3, one for the forward pass and two for the backward pass.
The number of MAC operations for training the RBF layer is computed based on the proposed online clustering algorithm.

This algorithm relies on feature points’ distances to define the cluster potential values, decide on the clustering operation, and
manage the cluster overlaps. This fact introduces distance computation as the primary operation in our online clustering. As a
result, we approximate 𝑀𝐴𝐶𝑟𝑏𝑓 by counting the number of involved distance computations in the 𝑙′-dimensional feature space. A
distance computation between two feature points 𝑥′1 and 𝑥′2, i.e. ‖𝑥′1 −𝑥′2‖, can be considered a sequence of 𝑙′ MAC operations, each
preceded by a subtract operation. Since a MAC operation is more resource-intensive than a subtract operation, we approximate the
computational overhead of a distance calculation by 𝑙′ MAC operations. Therefore, we formulate 𝑀𝐴𝐶𝑟𝑏𝑓 as follows:

𝑀𝐴𝐶𝑟𝑏𝑓 = 𝑁𝑑𝑖𝑠𝑡𝑙
′, (A.21)

in which 𝑁𝑑𝑖𝑠𝑡 determines the number of distance computations.
Table A.3 outlines the primary sources of distance computations. Having a new feature data point 𝑥′𝑘 received or a new center 𝑐𝑣

suggested by the clustering algorithm, calculating its potential value using (9) requires three distance computations for 𝑍⊤𝑍, 𝜎𝑘, and
𝜂𝑘; thus, 𝑁𝑑𝑖𝑠𝑡 = 3 (Rows 1 and 2). Updating the potential value of each existing center using (12) costs one distance computation
for 𝜁𝑘(.), i.e. 𝑁𝑑𝑖𝑠𝑡 = || (Row 3). Calculating the distance between 𝑥′𝑘 and all existing centers costs 𝑁𝑑𝑖𝑠𝑡 = || (Row 4). Once
computed, these distances can be utilized in Eqs. (23), (24), and (30) in Algorithm 2. Similarly, calculating the distance between
𝑐𝑣 and all centers requires 𝑁𝑑𝑖𝑠𝑡 = ||. This calculation is required once for lines 3 and 8 in Algorithm 7 and once for Line 4 in
Algorithm 3. Therefore, we have 𝑁𝑑𝑖𝑠𝑡 = 2|| (Row 5). We use an algorithm that requires three distance computations to find each
intersection point of two hyperspheres. Considering the maximum number of the intersection points, we have 𝑁𝑑𝑖𝑠𝑡 = 3||(|| + 1)
or obtaining 𝑖𝑛𝑡𝑟 (Row 6). Sorting intersection points in Line 9 of Algorithm 7 costs 𝑁𝑑𝑖𝑠𝑡 = ||(|| + 1) (Row 7). Moreover, Line
0 of Algorithm 7 calculates the distance between the points in 𝑖𝑛𝑡𝑟 and 𝑚𝑑 with cost 𝑁𝑑𝑖𝑠𝑡 = ||2(|| + 1) (Row 8). Summing the
omputational overheads outlined in Table A.3 gives an approximate for 𝑀𝐴𝐶𝑟𝑏𝑓 .

With the number of MAC operations computed, the computation time for our online training is calculated as:

𝑡𝑝𝑟𝑜𝑐 = 𝑡𝑓𝑒 + 𝑡𝑟𝑏𝑓 + 𝑡𝑚𝑜𝑑 + 𝑡𝑖𝑛𝑡𝑒𝑔 , (A.22)

n which 𝑡𝑓𝑒 represents the time for feature extracting an input data; and 𝑡𝑟𝑏𝑓 , 𝑡𝑚𝑜𝑑 , and 𝑡𝑖𝑛𝑡𝑒𝑔 denote the training execution time of
he RBF layer, a module, and the integration network, each computed as follows:

𝑡𝑓𝑒 =
𝑀𝐴𝐶𝑓𝑒 ×𝑀𝐴𝐶𝑓𝑙𝑜𝑝

𝜌
, (A.23)

𝑡𝑚𝑜𝑑 =
𝑀𝐴𝐶𝑚𝑜𝑑 ×𝑀𝐴𝐶𝑓𝑙𝑜𝑝

𝜌
, (A.24)

𝑡𝑟𝑏𝑓 =
𝑀𝐴𝐶𝑟𝑏𝑓 ×𝑀𝐴𝐶𝑓𝑙𝑜𝑝

𝜌
, (A.25)

𝑡𝑖𝑛𝑡𝑒𝑔 =
𝑀𝐴𝐶𝑖𝑛𝑡𝑒𝑔 ×𝑀𝐴𝐶𝑓𝑙𝑜𝑝

𝜌
, (A.26)

wherein 𝑀𝐴𝐶𝑓𝑙𝑜𝑝 represents the number of flops performed per MAC operation. 𝑀𝐴𝐶𝑓𝑙𝑜𝑝 is a constant for a processing core of a
iven microarchitecture [45].
27
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Algorithm 10 (Gen_ModLC): Generate the module learning curve.
Input: Training and validation datasets 𝑎𝑛𝑎

𝑡𝑟𝑛 and 𝑎𝑛𝑎
𝑣𝑎𝑙 , modular neural network 𝑀𝑁𝑁 𝑖𝑛𝑖𝑡 pre-trained on 𝑎𝑛𝑎

𝑡𝑟𝑛 and
𝑎𝑛𝑎
𝑣𝑎𝑙 , pre-trained MNN’s clustering {(𝑐𝑖𝑛𝑖𝑡𝑖 , 𝑟𝑖𝑛𝑖𝑡𝑖 )}𝑁𝑚𝑜𝑑

𝑖=1
Require: Total number of samples sizes 𝑁 𝑖𝑡𝑒𝑟

𝑠𝑚𝑝, initial number of samples 𝑁 𝑖𝑛𝑖𝑡
𝑠𝑚𝑝, the first cluster increase made to the

initial number of samples 𝑁𝑏𝑎𝑠𝑒
𝑠𝑚𝑝

Output: Learning curve’s point set {(𝑟𝑖, 𝐸𝑟𝑟𝑖)}
𝑁 𝑖𝑡𝑒𝑟

𝑠𝑚𝑝
𝑖=1

1: for 𝑖 ∈ {1, 2,… , 𝑁𝑚𝑜𝑑} do
2: 𝑀𝑁𝑁 ← clone 𝑀𝑁𝑁 𝑖𝑛𝑖𝑡;
3: 𝑎𝑛𝑎

𝑡𝑟𝑛
(𝑐𝑙𝑜𝑛𝑒) ← clone 𝑎𝑛𝑎

𝑡𝑟𝑛 ; 𝑐𝑙𝑢𝑠𝑡
𝑡𝑟𝑛 ← ∅;𝑐𝑙𝑢𝑠𝑡

𝑣𝑎𝑙 ← ∅;
4: Set 𝑐𝑙𝑢𝑠𝑡

𝑡𝑟𝑛 as the module 𝑖’s cluster and let the other modules’ clusters be defined by (𝑐𝑖𝑛𝑖𝑡𝑙 , 𝑟𝑖𝑛𝑖𝑡𝑙 ), 𝑙 ≠ 𝑖;
5: Freeze 𝑀𝑁𝑁 except for module 𝑖 and the integration part;
6: for 𝑗 ∈ {1, 2, . . . , 𝑁 𝑖𝑡𝑒𝑟

𝑠𝑚𝑝} do
7: Initialize module 𝑖 with raw parameters;
8: Calculate 𝑁𝑠𝑡𝑒𝑝

𝑠𝑚𝑝,𝑗 using (B.2);
9: Select points from 𝑎𝑛𝑎

𝑡𝑟𝑛
(𝑐𝑙𝑜𝑛𝑒) whose features are the 𝑁𝑠𝑡𝑒𝑝

𝑠𝑚𝑝,𝑗 nearest to 𝑐𝑖𝑛𝑖𝑡𝑖 , and move them to 𝑐𝑙𝑢𝑠𝑡
𝑡𝑟𝑛 ;

0: 𝑟 ← calculate the maximum distance between the feature of a point in 𝑐𝑙𝑢𝑠𝑡
𝑡𝑟𝑛 and 𝑐𝑖𝑛𝑖𝑡𝑖 ;

1: 𝑐𝑙𝑢𝑠𝑡
𝑣𝑎𝑙 ← obtain all points from 𝑎𝑛𝑎

𝑣𝑎𝑙 whose features are inside a circle with center 𝑐𝑖𝑛𝑖𝑡𝑖 and radius 𝑟;
2: 𝐸𝑟𝑟 ← batch-train MNN on 𝑐𝑙𝑢𝑠𝑡

𝑡𝑟𝑛 with 𝑐𝑙𝑢𝑠𝑡
𝑣𝑎𝑙 as the validation dataset;

3: Correspond (𝑟, 𝐸𝑟𝑟) with |𝑐𝑙𝑢𝑠𝑡
𝑡𝑟𝑛 | in the module 𝑖’s learning curve point set;

4: Aggregate radius values to associate each sample size with a single radius value;
5: Aggregate error rates to generate a single learning curve;
6: return aggregated learning curve point set;

Appendix B. Confidence interval of the module learning curve

Algorithm 10 targets each module within the MNN and conducts a similar analysis to estimate its learning curve. The analysis
nvolves incrementally increasing the cluster radius of a target module and calculating the corresponding MNN’s accuracy. The
nputs to the algorithm are training and validation datasets 𝑎𝑛𝑎

𝑡𝑟𝑛 and 𝑎𝑛𝑎
𝑣𝑎𝑙 . The analysis taken for each target module is described

n the following paragraphs.
First, to capture the accuracy variation caused when the target module receives more training samples due to an increase in its

luster radius, it is crucial to eliminate the impact of cluster radius changes and poor training performance for the other modules.
hus, the algorithm uses a clone of an MNN already pre-trained on 𝑎𝑛𝑎

𝑡𝑟𝑛 . Then, for each increase in the module’s cluster radius,
he cloned MNN is set up by initializing the target module with raw parameters, while the other modules keep their pre-trained
arameters. In other words, the target module is the only module that receives training and cluster radius changes during its analysis,
hereas the remaining modules contribute only to inference and preserve their initial parameter sets and cluster radii from the
re-trained MNN (Lines 2–5 and 7).

Next, the module’s cluster size increases gradually, starting from including an initial number of samples and growing incre-
entally by having more training data samples from the training dataset. The initial number of samples is denoted by 𝑁 𝑖𝑛𝑖𝑡

𝑠𝑚𝑝 and
etermined by a minimum radius 𝑟𝑐𝑣𝑟 that ensures the feature space is covered by employing at most 𝑁𝑚𝑜𝑑 number of clusters,

calculated as follows:

𝑟𝑐𝑣𝑟 =
𝑑𝑝2𝑝

2𝑁𝑚𝑜𝑑
, (B.1)

in which 𝑑𝑝2𝑝 is the maximum distance between two feature points in the feature space.
Starting with an empty cluster, the number of samples added to the target module’s cluster at the 𝑗th growth, denoted by 𝑁𝑠𝑡𝑒𝑝

𝑠𝑚𝑝,𝑗 ,
s as follows:

𝑁𝑠𝑡𝑒𝑝
𝑠𝑚𝑝,𝑗 =

{

𝑁 𝑖𝑛𝑖𝑡
𝑠𝑚𝑝, if 𝑗 = 1

(2𝑗−1 − 1)𝑁𝑏𝑎𝑠𝑒
𝑠𝑚𝑝 , if 𝑗 > 1,

(B.2)

n which 𝑁𝑏𝑎𝑠𝑒
𝑠𝑚𝑝 is the first cluster size increase made to the initial number of samples. The cluster size after the 𝑗th growth is

omputed as follows:

𝑁𝑠𝑚𝑝,𝑗 = 𝑁 𝑖𝑛𝑖𝑡
𝑠𝑚𝑝 + (2𝑗 − 𝑗 − 1)𝑁𝑏𝑎𝑠𝑒

𝑠𝑚𝑝 , 𝑗 ≥ 1, (B.3)
𝑎𝑛𝑎 𝑖𝑡𝑒𝑟
28

nd the maximum value of 𝑗 for which we still have 𝑁𝑠𝑚𝑝,𝑗 ≤ |𝑡𝑟𝑛 | is denoted by 𝑁𝑠𝑚𝑝.
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Algorithm 11 (Gen_CI): Generate a confidence interval for the module learning curve resulting from Algorithm 10.
Input: Training and validation datasets 𝑎𝑛𝑎

𝑡𝑟𝑛 and 𝑎𝑛𝑎
𝑣𝑎𝑙 , modular neural network 𝑀𝑁𝑁 𝑖𝑛𝑖𝑡 pre-trained on 𝑎𝑛𝑎

𝑡𝑟𝑛 and
𝑎𝑛𝑎
𝑣𝑎𝑙 , pre-trained MNN’s clustering {(𝑐𝑖𝑛𝑖𝑡𝑖 , 𝑟𝑖𝑛𝑖𝑡𝑖 )}𝑁𝑚𝑜𝑑

𝑖=1
Require: Number of experiments 𝑁𝑒𝑥𝑝, confidence level 𝛼%
Output: Lower- and upper-bound learning curves

1: for 𝑗 ∈ {1, 2,… , 𝑁𝑒𝑥𝑝} do
2: 𝑎𝑛𝑎

𝑡𝑟𝑛
(𝑏𝑠𝑡𝑟𝑝) ← generate a bootstrap dataset from 𝑎𝑛𝑎

𝑡𝑟𝑛 ;
3: 𝑀𝑁𝑁 ← fine-tune a clone of 𝑀𝑁𝑁 𝑖𝑛𝑖𝑡 on 𝑎𝑛𝑎

𝑡𝑟𝑛
(𝑏𝑠𝑡𝑟𝑝);

4: Call Gen_ModLC(𝑎𝑛𝑎
𝑡𝑟𝑛

(𝑏𝑠𝑡𝑟𝑝),𝑎𝑛𝑎
𝑣𝑎𝑙 ,𝑀𝑁𝑁, {(𝑐𝑖𝑛𝑖𝑡𝑖 , 𝑟𝑖𝑛𝑖𝑡𝑖 )}𝑁𝑚𝑜𝑑

𝑖=1 ) to generate the 𝑗-th learning curve;
5: Aggregate corresponding radius values from all experiments;
6: Sort the experiments’ error rates in ascending order for each radius;
7: Set the (𝑁𝑒𝑥𝑝 × (1 ± 𝛼∕100)∕2)-th error rates for each radius as the corresponding lower- and upper-bound points;
8: Form the lower- and upper-bound learning curves by fitting one curve to all the lower-bound points and another to all the

upper-bound points;
9: return lower- and upper-bound learning curves;

Each time, the algorithm expands the module’s cluster by targeting the training samples that have not yet been included in
he cluster and adding 𝑁𝑠𝑡𝑒𝑝

𝑠𝑚𝑝,𝑗 of those whose corresponding features are closest to the target module’s cluster center (Lines 8 and
9). The radius of the expanded cluster is calculated as the maximum distance between the cluster center and a feature data point
inside the cluster (Line 10). The data samples inside the expanded cluster, denoted by 𝑐𝑙𝑢𝑠𝑡

𝑡𝑟𝑛 , will be used as training data for the
ongoing training. The corresponding validation dataset, denoted by 𝑐𝑙𝑢𝑠𝑡

𝑣𝑎𝑙 , is formed from the points in 𝑎𝑛𝑎
𝑣𝑎𝑙 whose features fall

within the target module’s cluster boundary (Line 11). With the training and validation datasets 𝑐𝑙𝑢𝑠𝑡
𝑡𝑟𝑛 and 𝑐𝑙𝑢𝑠𝑡

𝑣𝑎𝑙 obtained for a
sample size under analysis, the algorithm initiates batch-training of the cloned MNN on the datasets, and the error rate obtained
from the batch-training is reported as the error rate corresponding to that sample size (Lines 12 and 13).

With the modules’ learning curves obtained, each sample size corresponds to different radius values coming from different
learning curves. Algorithm 10 associates each sample size with a single radius value by aggregating the corresponding radius values
coming from the modules’ learning curves (Line 14). Furthermore, the error rates corresponding to a radius value resulting from
different curves are aggregated to generate a single learning curve (Line 15). We use average as our aggregation function.

As explained, Algorithm 10 estimates the modules’ learning curves and generates an aggregated curve. However, to account for
the uncertainty in estimating a module learning curve, we use Algorithm 11 to form a confidence interval for the curve resulting
from Algorithm 10. The upper-bound curve is then used to determine 𝑟 and 𝑟.

Algorithm 11 uses the Bootstrapping method [63] and conducts multiple experiments to generate the confidence interval, and
hen it returns the corresponding upper- and lower-bound curves. Each experiment creates a bootstrap training dataset by resampling
rom the original training dataset 𝑎𝑛𝑎

𝑡𝑟𝑛 (Line 2). The sampling is done with replacement, and the bootstrap dataset’s size equals the
ize of the original one. The same validation dataset 𝑎𝑛𝑎

𝑣𝑎𝑙 is used for all experiments. With the bootstrap training dataset available,
n MNN must be trained on it. To avoid training an MNN from scratch for each experiment and accelerate the process, we train
n MNN on the original training dataset, and then fine-tune it on the bootstrap training dataset for each experiment (Line 3). The
alidation dataset 𝑎𝑛𝑎

𝑣𝑎𝑙 , the bootstrap training dataset, and the fine-tuned MNN are fed into Algorithm 10 to generate a learning
urve corresponding to that experiment (Line 4). Once all the experiments are concluded, the radius values corresponding to a
ample size resulting from different experiments are aggregated to associate each sample size with a single radius value (Line 5).
ext, for each radius value, the error rate estimates from different experiments are sorted in ascending order (Line 6). Assuming a
onfidence level of 𝛼% and with 𝑁𝑒𝑥𝑝 denoting the number of experiments, the (𝑁𝑒𝑥𝑝×(1−𝛼∕100)∕2)-th and (𝑁𝑒𝑥𝑝×(1+𝛼∕100)∕2)-th
stimate values represent the lower and upper bounds for the error rate corresponding to that radius (Line 7). Finally, the confidence
nterval is established by fitting two curves, one on the upper-bound points and another on the lower-bound points, representing
he upper- and lower-bound learning curves, respectively (Line 8).
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