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Abstract

In the current paper, we numerically investigate the approximation of a timewise-dependent heat transfer coefficient
(HTC) along with the temperature in the one-dimensional heat equation with the third-type boundary conditions and
an integral measurement. We utilize the integral overdetermination condition to reformulate the third-type boundary
conditions and seek the solution to the converted problem in the form of the linear combination of the method of
fundamental solutions and the heat polynomials. By applying the collocation method, the problem is reduced to the
solution of a linear system of algebraic equations. The method takes advantage of the combination of the natural
cubic spline technique and the Tikhonov regularization method to provide a stable approximation of the derivative of
the perturbed boundary data. We provide several numerical tests to show the effectiveness of the proposed method.
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1 Introduction

Consider the problem of simultaneously determination of the functions

(
u(x, t), σ(t)

)
satisfying the following

system of equations
ut(x, t)− uxx(x, t) = 0, in Ω := (0, 1)× (0, T ), (1.1)

u(x, 0) = u0(x), 0 < x < 1, (1.2)

−ux(0, t) + σ(t)u(0, t) = h0(t), 0 < t < T, (1.3)

ux(1, t) + σ(t)u(1, t) = h1(t), 0 < t < T, (1.4)∫ 1

0

ω(x)u(x, t)dx = E(t), t ∈ [0, T ], (1.5)
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where
u0(x) ∈ C1([0, 1]), h0(t) & h1(t) ∈ C([0, T ]), ω(x) ∈ L1(0, 1), E(t), (1.6)

are given functions and further assume that ω(x) > 0 and the following compatibility conditions hold

−u′0(0) + σ(0)u0(0) = h0(0), u
′
0(1) + σ(0)u0(1) = h1(0),

∫ 1

0

ω(x)u0(x)dx = E(0). (1.7)

Theoretical results concerning the existence and uniqueness of the solution for the nonlinear inverse problem (1.1)-
(1.5) were presented in [8]. It has been shown that with the properties (1.6)-(1.7) if |E(t)| > 0 on [0, T ], then the
solution to the inverse problem given by Eqs. (1.1)-(1.5) is unique.

Considering an electrical device being capable of heat exchange with the surrounding environment, according to
Newton’s law of cooling, the linear boundary conditions of the third kind given by Eqs. (1.3)-(1.4) relate the heat
flux at the ends of a rod to the boundary temperature and technically state that this convective heat exchange takes
place at the boundary of the space domain [19]. However, in the theory of electrical contacts and in general cases the
heat exchange is modelled as a nonlinear boundary condition of the third kind and the fourth-order Stefan-Boltzmann
power law is applied.

Typically, integral boundary conditions are used to reconstruct the problem in the form of an integro-differential
equation, and then the necessary conditions for the existence and uniqueness of the solution of the problem as well
as the continuous dependence upon the solution of the problem are distinguished. The kernel function ω(x) in the
integral condition can be effective in the solvability of the problem, but in particular it can affect the accuracy of
numerical methods [20].

From practical point of view, the inverse problem (1.1)-(1.5) and other similar problems usually appear in hostile
environments or in heat transfer situations at high temperatures such as combustion chambers and gas turbines. In
fact, in the process of cooling of hot steel or glass in fluids or gases and also in the quenching heat treatment of metals in
a liquid medium, the HTC σ(t) characterizes the contribution that an interface makes to the overall thermal resistance
to the system [19, 24] which can be used for recommendations on the choice of optimal parameters for the electrical
contact systems. Estimation of HTC also can be important in other industrial applications such as airconditioning
systems, food processing and nuclear power production [3].

The problem of recovering the time-dependent Robin coefficient in the heat equation using various boundary condi-
tions have been discussed in several articles and useful theoretical and numerical results have been obtained [8, 19, 24].
In [27], the authors presented a Bayesian inference approach for identifying a Robin coefficient from boundary tem-
perature measurement and a hierarchical Bayesian method for automatic selection of the regularization parameter in
the function estimation inverse problem was discussed. In [3], the authors presented a scheme including the combina-
tion of the truncated generalized singular value decomposition, Tikhonov regularization, and a filtering technique to
estimate the local convective HTC in coiled tubes. In [1], the authors studied the simultaneous identification problem
for recovering the Robin coefficient and heat flux and adopted a constrained minimization problem using the output
least squares method with Tikhonov regularization. In [28, 29], the collocation procedures by means of Sinc method
for determining the time-dependent function in the boundary condition of the parabolic equations were proposed.

The method of fundamental solutions (MFS) is a meshless boundary interpolation technique which belongs to the
class of the Trefftz method [12, 14, 25]. The following pure features have made this technique a popular method among
those interested in applied and computational mathematics. First, being efficient in solving various problems centered
on partial differential equations defined in multi-dimensional domains, provided that the governing equation has a
fundamental solution. Second, MFS is easy to use in numerical implementations and obtain appropriate accuracy, and
third, MFS is inexpensive in numerical simulations because unlike conventional methods such as the finite difference
method and the finite element method, we do not need to discretize the domain or boundary of the problem [21].
As a proof of concept, the authors stated the features and application of the MFS in solving problems related to
solid mechanics [15]. Later, this method was developed for solving various problems in the fields of direct and inverse
problems. For more background on the MFS, we refer the interested reader to [2, 4, 6, 9, 10, 11, 17, 18, 22, 23, 26]
and the references therein.

In this article, we propose a computational method based on the combination of the mathod of fundamental
solutions and the heat polynomials method to solve the problem given by Eqs. (1.1)-(1.5). Our main goal is to
provide an easy method to implement with low computational cost and at the same time with appropriate accuracy.
In addition, when dealing with perturbed input boundary data, the cubic spline technique will be adopted to cope
with noisy data and obtain stable numerical derivatives.
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The organization of the paper is as follows. In Section 2, we discuss the reconstruction algorithm. Section 3
includes the numerical implementation of the proposed technique. In Section 4, we discuss some concluding remarks.

2 Approximation method

In the first place, we use the integral boundary condition (1.5) to reduces the problem (1.1)–(1.5) to a PDE
containing only the unknown function u(x, t). In this respect, we differentiate Eq. (1.5) with respect to t to get∫ 1

0

ω(x)ut(x, t)dx = E′(t), t ∈ [0, T ], (2.1)

then multiplying (1.1) by w(x) and integrating it with respect to x we find∫ 1

0

ω(x)ut(x, t)dx = ω(1)ux(1, t)− ω(0)ux(0, t)−
∫ 1

0

ω′(x)ux(x, t)dx. (2.2)

From (2.1) and (2.2) we conclude

E′(t) = ω(1)ux(1, t)− ω(0)ux(0, t)−
∫ 1

0

ω′(x)ux(x, t)dx. (2.3)

Now by multiplying Eqs. (1.3) and (1.4) by ω(0) and ω(1), respectively and paying attention to the Eq. (2.3) we
achieve to the following equations

σ(t)u(0, t) =
ω(0)h0(t) + ω(1)ux(1, t)−

∫ 1

0
ω′(x)ux(x, t)dx− E′(t)

ω(0)
, (2.4)

σ(t)u(1, t) =
−ω(1)h1(t) + ω(0)ux(0, t) +

∫ 1

0
ω′(x)ux(x, t)dx+ E′(t)

−ω(1)
. (2.5)

Thus, the main problem is reformulated as the following PDE

ut(x, t) = uxx(x, t), in (0, 1)× (0, T ), (2.6)

u(x, 0) = u0(x), 0 < x < 1, (2.7)

−ux(0, t) +
ω(0)h0(t) + ω(1)ux(1, t)−

∫ 1

0
ω′(x)ux(x, t)dx− E′(t)

ω(0)
= h0(t), 0 < t < T, (2.8)

ux(1, t) +
ω(1)h1(t)− ω(0)ux(0, t)−

∫ 1

0
ω′(x)ux(x, t)dx− E′(t)

ω(1)
= h1(t), 0 < t < T. (2.9)

Next, we present the source points which are scattered external to the domain (0, 1)× (0, T ) as

x
(i)
1 = 1 + r, t

(i)
1 =

iT

N1 + 1
, x

(i)
2 =

i

N2 + 1
, t

(i)
2 = −τ, x

(i)
3 = −1− r, t

(i)
3 =

iT

N3 + 1
, (2.10)

where r and τ are fixed positive constants. Then, considering a non-singular solution to the one-dimensional heat Eq.
(1.1) as

ϕ(x, t) =
Heavisde(t+ T0) exp(− x2

4(t+T0)
)√

4π(t+ T0)
, T0 > T, (2.11)

and taking the heat polynomial of degree n given by explicit formula [5, 13, 22]

ψn(x, t) =

[n2 ]∑
k=0

xn−2ktk

k!(n− 2k)!
, n = 0, 1, 2, ..., (2.12)
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where [n2 ] denotes the largest integer less than or equal to n
2 , the approximate solution of the problem (2.6)-(2.9) is

proposed via the following expression:

uapprox(x, t) =

N1∑
k=1

c
(1)
k ϕ(x− x

(k)
1 , t− t

(k)
1 ) +

N2∑
k=1

c
(2)
k ϕ(x− x

(k)
2 , t− t

(k)
2 ) (2.13)

+

N3∑
k=1

c
(3)
k ϕ(x− x

(k)
3 , t− t

(k)
3 ) +

N4−1∑
k=0

c
(4)
k ψk(x, t). (2.14)

Following, we use the collocation method to impose the initial and boundary conditions (2.7)-(2.9) and then
construct a linear system of algebraic equation. In this respect, we define

R1(x) := uapprox(x, 0)− u0(x), (2.15)

R2(t) := −u∗(0, t) +
ω(0)h0(t) + ω(1)u∗(1, t)−

∫ 1

0
ω′(x)u∗(x, t)dx− E′(t)

ω(0)
− h0(t), (2.16)

R3(t) := u∗(1, t) +
ω(1)h1(t)− ω(0)u∗(0, t)−

∫ 1

0
ω′(x)u∗(x, t)dx− E′(t)

ω(1)
− h1(t), (2.17)

where

u∗(x, t) =

N1∑
k=1

c
(1)
k

x
(k)
1 − x

2(t− t
(k)
1 + T0)

Heavisde(t− t
(k)
1 + T0) exp(− (x−x

(k)
1 )2

4(t−t
(k)
1 +T0)

)√
4π(t− t

(k)
1 + T0)

+

N2∑
k=1

c
(2)
k

x
(k)
2 − x

2(t− t
(k)
2 + T0)

Heavisde(t− t
(k)
2 + T0) exp(− (x−x

(k)
2 )2

4(t−t
(k)
2 +T0)

)√
4π(t− t

(k)
2 + T0)

+

N3∑
k=1

c
(3)
k

x
(k)
3 − x

2(t− t
(k)
3 + T0)

Heavisde(t− t
(k)
3 + T0) exp(− (x−x

(k)
3 )2

4(t−t
(k)
3 +T0)

)√
4π(t− t

(k)
3 + T0)

+

N4−1∑
z=0

[ z2 ]∑
k=0

c(4)z (z − 2k)
xz−2k−1tk

k!(z − 2k)!
.

(2.18)

Assuming that M1 + 2M2 =
∑4

i=1Ni and collocating the residual functions

R1(yi) = 0, i = 0,M1 − 1, R2(zi) = 0, i = 0,M2 − 1, R3(zi) = 0, i = 0,M2 − 1, (2.19)

at the points

yi =
i

M1 − 1
, i = 0,M1 − 1, zi =

iT

M2 − 1
, i = 0,M2 − 1,

we form a system of linear equations such as
Ac = g, (2.20)

where c is the vector of unknown constants(
c
(1)
1 , ..., c

(1)
N1
, c

(2)
1 , ..., c

(2)
N2
, c

(3)
1 , ..., c

(3)
N3
, c

(4)
0 , ..., c

(4)
N4−1

)
.

Typically, A is an ill-conditioned matrix, therefore we need to apply the regularization techniques to obtain a stable
solution. Hence, instead of (2.20), according to the Tikhonov regularization method [16, 20], we solve the following
modified system of equations

(AtrA+ λ1I)c = Atrg, (2.21)

where I is the unit matrix, Atr denotes the transpose of the matrix A and λ1 > 0 is the regularization parameter.
For obtaining the appropriate regularization parameter we use the L − Curve criterion developed by [7]. Once the
approximation of u(x, t) is drived, from Eqs. (1.3) and (2.18) we get

σapprox(t) =
u∗(0, t) + h0(t)

uapprox(0, t)
, (2.22)
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provided that uapprox(0, t) ̸= 0,∀t ∈ [0, T ]. It should be noted that the approximations constructed by Eqs. (2.1)-
(2.22) are valid as long as the input initial and boundary data of the problem are free of errors. Otherwise, appropriate
instructions should be adopted so that the errors in the input data are controlled and stable numerical derivatives are
obtained. Thus, in the case of inaccurate boundary data, assume Eσ(t) be perturbation subject to ∥E(t)−Eσ(t)∥∞ ≤
σ. Then, we fix the constant N and consider the approximations of Eσ(t) and (Eσ)′(t) based on the following spline
functions

Eσ(t) ≃ S(t) =


S1(t), 0 ≤ t < T

N

S2(t),
T
N ≤ t < 2T

N
...

SN (t), (N−1)T
N ≤ t < T,

(Eσ)′(t) ≃ S′(t) =


S′
1(t), 0 ≤ t < T

N

S′
2(t),

T
N ≤ t < 2T

N
...

S′
N (t), (N−1)T

N ≤ t < T,

(2.23)

where
Si(t) = αi,1t

3 + αi,2t
2 + αi,3t+ αi4, S′

i(t) = 3αi,1t
2 + 2αi,2t+ αi,3.

We wish to find the unknown coefficients αi,j , i = 1, N, j = 1, 4 such that the function S(t) be a natural spline
approximation for Eσ(t). In this repect we form the following equations

αi,1(
jT
N )3 + αi,2(

jT
N )2 + αi,3(

jT
N ) + αi,4 = Eσ( jTN ), j ∈ {i− 1, i}, i = 1, N,

α1,2 = 0, 6αN,1T + 2αN,2 = 0,
3αi,1(

iT
N )2 + 2αi,2(

iT
N ) + αi,3 − 3αi+1,1(

iT
N )2 − 2αi+1,2(

iT
N )− αi,3 = 0, i = 1, N − 1,

6αi,1(
iT
N ) + 2αi,2 − 6αi+1,1(

iT
N )− 2αi+1,2 = 0, i = 1, N − 1,

(2.24)

and the result of which will be a system represented generically by

Bα = e,

where α is a vector including the unknowns αij , i = 1, N, j = 1, 4 and similar to Eq. (2.21), the Tikhonov regular-
ization method solves the modified system

(BtrB + λ2I)α = Btre, λ2 > 0,

to get the unknown vector α and then (Eσ)′(t) is specified which is contributed through Eqs. (2.1)-(2.22) instead of
E′(t).

3 Numerical experiments

In this section, we solve three examples to test the applicability of the proposed technique and use the notations

Abs(u) = |uexact(x, t)− uapprox(x, t)|, Abs(σ) = |σexact(t)− σapprox(t)|,

to present the absolute errors of the functions u(x, t) and σ(t). Numerical computations are implemented by the
MATHEMATICA software version 12.3. We use routine commands such as, LinearSolve (for solving the linear system
of algebraic equations) and RandomReal[-1,1] (for generating random real numbers belonging to the interval [−1, 1]).

3.0.1 Example 1

As the first example [19], consider the problem given by Eqs. (1.1)-(1.5) with the following properties:

u0(x) = x2 + 1, h0(t) = 2t2 + t, h1(t) = 2(1 + t+ t2), ω(x) = 1, E(t) = 2t+
4

3
, x ∈ (0, 1), t ∈ (0, 1). (3.1)

The exact solutions of this problem are

u(x, t) = x2 + 2t+ 1, σ(t) = t.

We solve the problem by applying the numerical scheme presented in Section 2 in the presence of exact initial and
boundary data with

N1 = N2 = N3 = N4 = 6, M1 =M2 = 8, T0 = 1, τ = r = 0.6, (3.2)
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Figure 1: Graph of the absolute error of the approximate solution for u(x, t) obtained by employing the proposed method in the presence
of presice boundary data with λ1 = 6× 10−9, discussed in Example 3.0.1.

0.2 0.4 0.6 0.8 1.0
t

0.0002

0.0004

0.0006

0.0008

0.0010

Abs(

Figure 2: Graph of the absolute error of the approximate solution for σ(t) obtained by employing the proposed method in the presence of
presice boundary data with λ1 = 6× 10−9, discussed in Example 3.0.1.
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Figure 3: Representation of the exact (blue line) and approximate solutions for σ(t) obtained by applying the proposed method in the
presence of the perturbed boundary data subject to different values of η, i.e. + + +: corresponding to η = 10−2, λ1 = 8 × 10−5, ◦ ◦ ◦:
corresponding to η = 0.03, λ1 = 6× 10−5, discussed in Example 3.0.1.

Table 1: Comparison between the infinity norm of absolute errors for the unknown functions u and σ, in the presence of the perturbed
boundary data discussed in Example 3.0.1.

η ∥Abs(u)∥∞ ∥Abs(σ)∥∞

0 0.00067 0.00097

10−2 0.035 0.082

3× 10−2 0.096 0.1

and derive the outcomes illustrated in Figures 1-2.

To study the numerical stability of the approximate solution with respect to the small perturbations of the input
data, we contaminate the extra condition (1.5) with artificial errors using the following rule

Eσ(ti) = E(ti) + η ×RandomReal[−1, 1], ti ∈ [0, 1], (3.3)

where η ∈ {10−2, 3 × 10−2} is the percentage of noise. By solving the problem using the presented method with the
following parameters

N1 = N2 = N3 = N4 = 6, M1 =M2 = 8, N = 10, T0 = 1, τ = r = 0.6, N = 10, (3.4)

and λ2 = 10−7, we get the results depicted by Figure 3 and Table 1. We observe that by applying the regularization
method, the errors introduced into the boundary measurement (1.5) are restrained and acceptable approximations are
obtained.

3.1 Example 2

Consider the inverse problem
ut(x, t) = uxx(x, t), in (0, 1)× (0, 1), (3.5)

with initial condition
u0(x) = cos(x), 0 < x < 1, (3.6)

and boundary conditions

−ux(0, t) + σ(t)u(0, t) = 1, ux(1, t) + σ(t)u(1, t) = cos(1)− e−t sin(1), 0 < t < 1, (3.7)∫ 1

0

(1 + x2)u(x, t)dx = 2e−t cos(1), 0 ≤ t ≤ 1. (3.8)
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Figure 4: Graph of the absolute error of the approximate solution for u(x, t) obtained by employing the proposed method in the presence
of presice boundary data with λ1 = 10−5, discussed in Example 3.1.
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t
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0.04

0.05

0.06

Figure 5: Graph of the absolute error of the approximate solution for σ(t) obtained by employing the proposed method in the presence of
presice boundary data with λ1 = 10−5, discussed in Example 3.1.

The exact solutions of this problem are u(x, t) = e−t cos(x), σ(t) = et. We solve the problem by applying the
numerical scheme presented in Section 2, with the properties (3.2) and λ1 = 10−5 in the presense of exact boundary
data. Figures 4-5 show the good agreement between the exact and approximate solutions.

We aim to examine the performance of the proposed method in the presence of perturbed additional specification
(1.5) and employ the rule (3.3) to generate noisy data such that η ∈ {10−2, 3 × 10−2}. The problem is solved using
the presented technique with the properties (3.4) and λ2 = 10−5 and the results are shown in Figure 6 and Table 2.
It can be observed that the unknown HTC is accurately retrieved proportional with the amount of noise η.

3.1.1 Example 3

Consider the inverse problem (1.1)-(1.5) with the following properties

u0(x) = ω(x) = 1, h0(t) = 1, h1(t) = 1 + t, x ∈ (0, 1), t ∈ (0, 1). (3.9)

Since the exact solution of this problem is not available, in the first step the solution of the direct problem including
Eqs. (1.1)-(1.4) with σ(t) = 1+t is sought of the form (2.13)-(2.14) and the following boundary conditions are imposed
using the collocation method

−ux(0, t) + (1 + t)u(0, t) = 1, ux(1, t) + (1 + t)u(1, t) = 1 + t, t ∈ (0, 1). (3.10)
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Figure 6: Representation of the exact (blue line) and approximate solutions for σ(t) obtained by applying the proposed method in the
presence of the perturbed boundary data subject to different values of η, i.e. + + +: corresponding to η = 0, λ1 = 8 × 10−6, ◦ ◦ ◦:
corresponding to η = 0.01, λ1 = 4× 10−5, ■■■: corresponding to η = 0.03, λ1 = 10−4, discussed in Example 3.1.

Table 2: Comparison between the infinity norm of absolute errors for the unknown functions u and σ, in the presence of the perturbed
boundary data discussed in Example 3.1.

η ∥Abs(u)∥∞ ∥Abs(σ)∥∞

0 0.0054 0.11

10−2 0.027 0.14

3× 10−2 0.04 0.18

For solving the direct problem we use the parameters (3.2) where the appropriate regularization parameter is chosen

as λ2 = 10−10 and the approximations of u(x, t) and E(t) =
∫ 1

0
u(x, t)dx are calculated.

Taking the approximation of E(t) along with the conditions (3.9) into account and applying the approximation method
for solving the inverse problem with λ1 = 8× 10−5 we find the results shown in Figures 7-8.

4 Concluding remarks

This paper proposes an approximation method for recovering a time dependent HTC along with the temperature
in the one-dimensional heat equation with the third-type boundary conditions and an integral measurement. By
employing the integral condition the unknown HTC is disapeared and the problem is reformulated as a certain PDE
and the solution of the converted problem is sought in the form of linear combination of the method of fundamental
solutions and the heat polynomials. By applying the collocation method, the problem is reduced to the solution of
a linear system of algebraic equations. The method employs the combination of the natural cubic spline technique
and the Tikhonov regularization method to provide stable approximation of the derivative of the perturbed boundary
data. We provide several numerical tests and the issue of numerical stability is discussed. It can be seen that by
employing the meshless regularization technique, satisfactory approximate solutions are obtained such that in the
presence of the precise initial and boundary data the unknown fuctions are excellently retrieved and regarding the
noisy boundary data the obtained approximations deviate from the analytical solution almost proportional to the
amount of introduced noise.
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Figure 7: Graphs of the exact (thick line) and approximate (dashed line) solutions corresponding to the unknown function σ(t), discussed
in Example 3.1.1.

Figure 8: Approximate solution of u(x, t), discussed in Example 3.1.1.
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