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Abstract—Content caching is a technique aimed to reduce
the network load imposed by data transmission during peak
time while ensuring users’ quality of experience. Studies have
shown that content delivery via coded caching can significantly
improve beyond the performance limits of conventional caching
schemes when caches and the server share a common link.
Finding the optimal cache content placement however, becomes
challenging under arbitrary distributions of content popularity.
While existing works show that partitioning contents into three
popularity levels performs better when multiple requests are
received at each time slot, they neither delve into the problem
analysis nor derive closed-form expressions for the optimum
partitioning problem. In this paper, we analyze the coded
caching scheme for a system with arbitrary content popularity,
where we derive explicit closed-forms for the server load in the
delivery phase and formulate the near-optimum partitioning
problem. Simulation results are presented to corroborate our
mathematical analysis.

Index Terms—Coded caching, arbitrary popularity distribu-
tion, multiple requests, cache content placement, optimization.

I. INTRODUCTION

The growing penetration of high throughput devices wit-
nessed in recent years has facilitated the ever-rising demand
for mobile content through wireless media. Deploying small
base stations (SBSs) to jointly shrink the network cell size
and increase spatial reuse is a promising solution to alleviate
this growth and has stimulated many research initiatives [1].
Nonetheless, providing high speed backhaul to connect these
SBSs to the core network still poses as the main obstacle in
this approach. In the context of content delivery, caching
popular contents at these SBSs would relieve the need for
high speed backhaul links [2], [3].

In general, conventional caching methods attempt to cache
the most popular contents located at close proximity of end-
users such that the requests for popular contents are directly
served from the local caches. Doing so results in the so-
called local caching gain, which is proportional to the local
memory size. In [4], a novel coded caching scheme showed
improved performance over conventional caching by lever-
aging the multicasting nature of the shared wireless medium
even for caches with distinct demands. Their scheme, in ad-
dition to local cache gain, also results in global caching gain
from coded-multicasting opportunities. The global cache gain
is proportional to the aggregate memory of all the caches,
where every user benefits from its cache contents to decode
the desired content and to remove interference in the coded
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message due to other cache requests. Further extensions of
the idea to hierarchical coded caching [5], multi-server coded
caching [6], decentralized coded caching [7], hybrid caching
[8], and coded caching with multiple file requests [9] have
also been reported in the literature.

To increase multicasting opportunities in coded caching,
different parts of the library should be cached among differ-
ent users, i.e. the diversity principle. However, in a set-up
where content popularity is not uniformly distributed, it is
desirable to cache more popular contents with higher fre-
quency, i.e. the popularity principle, which makes the cache
contents of different users almost the same. As these two
principles, namely diversity and popularity, are in tension,
cache placement design in such scenarios is very challenging.
Although the original coded caching scheme introduced in
[4] performs well under uniform popularity of contents, it is
inefficient in scenarios with arbitrary content popularities.
In view of this shortcoming, the same authors proposed
a non-uniform coded caching scheme in [10], where the
library is divided into almost equi-probable groups and each
user cache is equally shared among these groups. Each
group is then treated separately as a single coded caching
problem originally proposed in [4]. The efforts in [11]-[14]
show that when each cache receives only one request, the
asymptotically optimum strategy is to partition the library
into two groups: the popular contents are cached according
to the scheme in [4], while the non-popular contents are not
cached at all.

Scenarios involving multiple requests made by each user
have been studied in [9] and [15]. Specifically, the authors
in [15] exemplify that when each cache receives multiple
requests, partitioning the library altogether into three groups
improves caching performance over two partitioning strate-
gies. In their method, the first group is completely cached at
all cache memories, the second group of content is cached
according to the original coded caching paradigm, and the
last group is not cached at all. They however, assume that
the library is divided into multiple levels, based on varying
degrees of popularity. In addition, the work fails to provide
any closed-form expression for the optimum partitioning
under arbitrary popularity distribution.

To address the aforementioned shortcomings, in this paper,
we consider a system with arbitrary content popularities
and analyze the coded caching scheme when caches receive
one or more requests at each time slot. We derive explicit
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closed-form expressions for the server load at the delivery
phase and formulate the approximated optimum partitioning
problem. Our formulation considers up to three partitioning
strategies and find the best strategy in polynomial complex-
ity. In other words, our optimization strategy is a hybrid
of coded and uncoded caching that approximates the best
strategy by trading-off between popularity (uncoded caching)
and diversity (coded caching). Furthermore, we show that
our proposed optimization scheme outperforms the baseline
schemes of pure uncoded and pure coded caching as well as
the existing two-partitioning scheme, especially when caches
receive multiple requests at a single time slot.

The rest of the paper is organized as follows. In Section I,
the system model is introduced followed by an overview on
coded caching. The proposed caching scheme is described
in Section III. Section IV is dedicated to the system per-
formance analysis. The simulation results are discussed in
Section V. Finally, Section VI concludes the paper with
possible extensions as future works.

II. SYSTEM MODEL AND PRELIMINARIES

In this section, we first introduce our system model and
then summarize the coded caching scheme reported in [4].

A. System Model Description

Consider the cellular network system depicted in Fig. 1,
where one MBS is connected through a shared error-free link
to K number of SBSs. Each SBS has a cache memory of
size M x F' bits and is responsible for serving Z users. In
this setting, each user is connected to only one SBS. The
library contains N distinct contents that are all accessible
by the MBS. We assume that all contents have the same
size equal to F' bits and the content popularity distribution is
arbitrary. Let p,, denote the probability of requesting the n-th
content. Similar to existing works, we assume two phases;
the first phase corresponds to the placement phase, where
caches are filled with contents from the library. In the second
phase, each SBS to assumed to receive one request from
each user connected to it thus, resulting in a total of Z
requests. Accordingly, the MBS then sends information to
satisfy these requests, i.e. the delivery phase. Our objective
is to minimize the traffic load on the shared link which serves
as the bottleneck in the delivery phase.

B. Background on Coded Caching

In the original coded caching scheme [4], each content
is split into (ij) non-overlapping equal-sized chunks in
the placement phase, where 7' = K x M /N and the size
of each chunk is equal to F/ (IT() bits. These chunks are
distributed among the caches such that each cache stores
M/N bits of each content. Moreover, each chunk has T
copies in 7' different caches. In the delivery phase, each
cache receives a request for a single content. The server then
XORs the required chunk by different caches according to
some specific coding strategy and multicasts coded messages
to the corresponding groups of 7'+ 1 caches. The achievable
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Fig. 1. An example of our caching system with one MBS containing N =
26 contents of size F bits connected via an error-free shared link to K =3
SBSs, each with a cache size of M X F'=5F bits and serving Z =6 users.

rate of the coding strategy for serving all contents at the
shared link is proven to be [4]:

M . 1 N
R:K<1_N>mm{1+f(><M/N’K}' M

where K (1 — &%) is the local caching gain and

1
T+ K xM/N
is the global caching gain.

III. THE PROPOSED CACHING SCHEME

We now present the caching scheme for the case where
each cache receives multiple independent requests at each
time slot. Then, we formulate the corresponding optimization
problem for minimizing the load on the shared link. As
reported in [11]-[14], dividing the contents into two groups
(caching more popular contents based on coded caching
scheme and uncaching lesser popular contents) is almost op-
timal for coded caching scheme with non-uniform demands
when each cache receives one request per time slot. In here,
we propose an enhanced scheme for grouping contents in the
general case of multiple requests.

In the cache content placement phase, we categorize the
contents into (at most) three groups based on their request
probabilities. That is to say, we first choose the N; most
popular contents among all /N contents. We then completely
cache M, of the most popular contents from the selected Ny
contents at all caches, with the remaining N1 — M contents
being cached based on the coded caching scheme in [4].
Accordingly, each cache memory is divided into two parts:
M xF bits of each cache is allocated to the /; most popular
contents, while the remaining (M —M;)x F' bits of memory
is allocated to the coded caching scheme with a library size
of N1—M; contents. Therefore, the three groups of contents
resulting from our scheme are as follows:

1) M; most popular contents that are cached completely.

2) (N1—M,) popular contents cached according to [4].

3) (N—Ny) least popular contents not cached at all.

In the delivery phase, Z number of requests are received
by each SBS cache. Requests corresponding to contents
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belonging to the first group are locally served by the cache
of each SBS, whereas requests belonging to the second or
third group are processed by the MBS server. As illustrated
in Fig. 1, the MBS stores these requests in two types of
queues: one for coded and the other for uncoded requests.
The MBS has K queues corresponding to ' SBSs for coded
requests, denoted by QS, where s = 1,2,..., K. In order to
perform the coded caching scheme, the MBS has to maintain
the requests for the coded contents of each SBS separately.
It also maintains a single queue for uncoded requests from
all the users, denoted by QUC. The queues corresponding to
coded requests for every SBS are filled by considering an
arbitrary ordering on the users’ coded requests.

In what follows, we now explain the steps involved in the
transmission of coded messages. Initially, the MBS sends a
coded combination of chunks corresponding to the requested
contents received by different SBSs from the head of QS
using the coding method in [4]. The MBS then updates the
head of line requests in the queues and repeats the same
procedure, i.e. in step ¢, the i-th row of all queues are
considered by the coded method. Note that the number of
requests in each queue could be less than Z since some of
the requests associated with each SBS, among all Z, belong
to either the third group of contents that are not cached at all
or to the first group of contents that are cached completely.
Even requests belonging to the second group of contents
that are cached by the coded scheme might be repetitive and
are not stored in queues. As a result, the number of queues
involved in the coding process at step ¢ could be less than
K since some of the queues may not have any requests in
step 7. Moreover, the number of steps is at most Z when
all requests of at least one SBS are distinct and from the
coded contents. Finally, after sending all requested contents
belonging to the second group with the coded scheme, the
MBS sends the contents from QUC which guarantees that all
the users will be able to retrieve their requested contents.

Case in point, Fig. 1 depicts a scenario where the number
of SBSs is K = 3 and each SBS receives Z = 6 requests
during each time slot. Here, every SBS is responsible for 6
users, each with one request. The total number of contents
is N = 26 and are ordered based on to their popularity (i.e.,
‘A’ is the most popular content). The cache size is M =5
contents, and we assume that M, = 3, M — M; = 2, and
N; = 9. Based on this setting, contents ‘A’, ‘B’, and ‘C’
are cached completely. Moreover, 6 contents (from ‘D’ to
‘I") are cached based on the coded caching method. The
remaining 17 less popular contents (from ‘J’ to ‘Z’) are not
cached. In the delivery phase, the uncoded data is highlighted
in pink, while the contents in yellow are to be transmitted
in the coded manner. The contents in green are locally
hit by the cache contents without any further transmission
from the MBS. In this figure, the head of lines of all the
queues during the first, second, and third steps in coded
transmissions contain k1 = 3, ko = 2, and k3 = 1 content
requests, respectively.

IV. PERFORMANCE ANALYSIS

We dedicate this section to determine the expected MBS
traffic load as functions of M7 and N;. We then characterize

the partitioning strategy as an optimization problem to find
the minimum load. We assume that the contents are sorted
according to their popularity, i.e. p; > p; if 4 < j (contents
with lower index are more popular).

A. Expected Traffic Load Analysis

The traffic load contributed by the MBS is either related
to the requests belonging to the second group of coded
contents (i.e. contents with index from M;+1 to N;) or
associated with requests belonging to the third group of
uncoded contents (i.e. contents with index from Ni+1 to
N). With regard to the process explained in Section III, we
denote K; to be the number of non-empty queues in step
1, where ¢ = 1,2,...,Z. The following lemma introduces
the traffic load corresponding to the coded contents in step
1 when K; variables are known.

Lemma 1. The traffic load of the coded contents in step
i when K; = k;, denoted by r1(k;), is derived as follows,
where T = K x (M — My)/(N1 — My):

: (TKl) - (I;_I?)
Tl(ki) = min %, N1 - M. (2)
(7)
Proof. In regard to the traffic load of coded contents, each
content is split into ([qf) non-overlapping chunks, each of
size 1/ (IT() bits. Each cache selects 7'/ K chunks out of all
the chunks. For each transmitted signal, the MBS sends the
XOR of the T+ 1 chunks requested by 71" + 1 different
caches. Each cache can decode its requested content from
the signal with the help of its cached contents. If for all
caches there are Z request in the queue of coded requests,
then at each step, 7'+ 1 out of the K caches are selected to
serve requests by multicasting. In this case, the total number
of multicast transmissions is (Tfil). But as mentioned earlier,
in our problem, the number of contents in the queue of coded
requests may be lower than Z. If such is the case, then it is
not required to transmit from permutations where all selected
caches do not have any request in the corresponding queue
of coded requests. Hence, if k; is the number of caches
that have requests in step 4, then the number of unnecessary
transmissions would be (I;j) Consequently, the number
of multicast transmissions at each step in our problem would

K K—k; . .. .
be (, +1) - (% T ), where the size of each transmission is

equal to 1/(;{) and T = %
Contrarily, if (N; — My) < k;, then the MBS enjoys
an improvement of (N; — M;)/k; from broadcasting. Thus,

from (1), the traffic load of coded contents is given as:

M — M, Ny —M;
k; X (1_N1—M1> X 3 =Ny — M. 3)

This completes the proof. O

Lemma 2. The expected traffic load of coded content re-
quests, denoted by r1, is approximated by:

= XZ: (1) = Shimo Prifi = ki) (727)
i=1

(7) ’

“)
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where

Pr{K; =k} = (f) (Pzi)* (1= Pz)* M, (5)

i—1 7 , 4
PZiﬁl_Z<j>qj(1_Q)Z_j7 (6)

=0
with q = ny; M, +1 Pn- Moreover, the expected traffic load
of uncoded content requests, denoted by rs, is:

N

ro= Y 1—(1-p,)7K @)

n=N;+1
Finally, the total expected traffic rate is v = r1 + ro.

Proof. From Lemma 1, the expected traffic load of the coded
requests can be expressed as:

o () - ()
me <T+1KT“ Nl—Mﬂ .8
i=1 (T)

Note that the expectation is taken over the random variables
K; for i+ = 1,2,...,Z. In (8), the minimization function
involves two terms; the first term reaches the maximum value
at K; = K as shown below:

7“1=E

(WG _2)_ko7

(7) (z) THI

By replacing 7" in the above equation, we arrive at:
K-T K x (N — M) (10)

T+1 N —M +Kx(M-M)

If (10) is less than Ny — M, then the first term in the
minimization function of (8) is always selected. To this end,
we have the following inequality:

Ny — M

The above inequality holds when N; > M and M —M; > 1.
In the case of pure uncoded caching, where Ny = M7 = M,
we have 7y = 0. Also, we know that My < M if Ny > M
and therefore, (8) reduces to:

d (Tf—l) B (KTJE)]

_ ZZ: (Tf—l) - Zg:o PriK; = kz}(?@?) Coan
(7)

In (11), the notation Pr{K; = k;} denotes the probability
that k; SBSs request for coded contents in step i. This
occurs when exactly k; SBSs receive at least ¢ distinct
requests for coded contents, while the rest of the SBSs
receive less than ¢ distinct requests. Since the user requests
are independent of each other, Pr{K; = k;} is derived
according to the binomial distribution given in (5), where
Pz; symbolizes the probability that an SBS has at least
1 distinct requests for coded contents. Due to non-uniform
distribution of the contents, the derivation of Py; is tedious.

Here, we assume that all coded content requests received by
each SBS, inclusive of repetitive contents, are placed in their
corresponding queue at the MBS server.

Apparently, such approximation may not be the best strat-
egy since duplicate requests from a single SBS need not be
transmitted by the MBS. When the popularity distribution is
almost uniform, and for low quantities of Z, this approxima-
tion is more accurate. Contrarily, when the popularity distri-
bution is extremely non-uniform and for high quantities of Z,
where few contents are in high demand, this approximation
yields lower accuracy. However, the negligible impact of this
approximation on our choice of library partitioning, i.e. Ny
and M, will be shown numerically and via simulation in the
following section. Such approximation does not affect rate
calculation for all contents but, only for contents located in
different partitions based on different policies. In addition,
under extremely non-uniform popularity distributions, the
strategy tends to cache this content completely (tends to
higher value for M;) and the approximation may reinforce
this tendency. By caching the most popular files completely,
the error of this approximation is greatly reduced. Hence,
the approximation is reasonable and has minimal impact on
choosing the optimal policy. In this case, Pyz; can be derived
from the binomial distribution given in (6), where g denotes
the probability of a request for coded content given by the
summation of all p,, forn = M; +1,..., Ny.

To prove (7), we recall that from a total of K x Z
requests, any request from the third group of contents that
is not cached (contents indexed from N; + 1 to N) should
be satisfied directly by the MBS. Nonetheless, if the MBS
receives multiple requests for a content in one time slot, it
relies on broadcasting to send the content only once. There-
fore, the expected traffic load of such uncached contents
is equal to the expected number of distinct requests. The
probability that content 7 is not requested is (1 — p,,)%*Z.
Thus, the probability that content n is requested at least one
time is 1 — (1 — p,)%>*Z. So, the expected total number of
distinct requests for uncoded contents is equal to the sum of
this expected probability for all uncoded contents that can
be derived to yield (7) in a straightforward manner. This
completes the proof. L]

B. Optimal Library Partitioning Policy

We now formulate the near optimum partitioning problem
with the objective of minimizing the traffic load from the
MBS to the SBSs. In other words, we need to find optimum
M; and N;j values that minimize . The minimization

problem is presented as follows, where T = %
is restricted to integer values:
" (N,M,K,Z, a) =
K K-K;
. . Z (T+1)_E [( TH )]
min min (Z e , N1 — M)—i—
M<N <N ; (7)
0<M, <M i=1 T
N
> 1(1pn)KXZ}. (12)
n=Ni1+1

We now adopt an enhanced exhaustive search algorithm
to solve this optimization problem in polynomial time. To
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reduce the complexity of the search algorithm, we consider

the following simplifications:
o We do not perform calculation for all possible N; and
M; combinations since only fractions of N; and M;

. Kx(M—M .
are valid for T' = M to be an integer value.
K
o By considering ~554 = I}—jrlT, we calculate I;—ﬁ only

once for each possTible N7 and M, values.

o By storing the result of earlier computations, we can
skip duplicate computations. For instance, we can com-
pute and store (f) or (f) (or K! or Z!) once and use
it in the calculations that follow. Similarly, as another
example, YN Ny41 1= (1 = pp)?** for one quantity
of Nj can be used to compute it for the next N; values
with lower computations.

V. SIMULATION RESULTS AND DISCUSSIONS

In this section, simulation results are used to compare the
performance of the proposed scheme with respect to the pure
coded and conventional uncoded baseline schemes. To serve
this purpose, we compare our scheme with the optimum two-
partitioning pure coded scheme in [11]-[14] and the greedy
constrained local coloring (GCLC) approach in [16].

A. Simulation Set-up

We first verify the approximation used for finding the
optimal configuration in our scheme. We then study the affect
of system parameters on the optimum traffic load of the
shared link. For analytical results, the optimum M; and Vg
for integer values of T'= K x (M — M;)/(Ny; — M) are
obtained from (12) and then validated via simulations con-
ducted using MATLAB over a period of 2000 time units. The
optimal value of N; (when M; = 0) for the two-partitioning
pure coded scheme is also computed for integer values of
T = K xM/N;. We assume that there are N = 1000 content
files available in the MBS and a total of K = 10 SBSs in
place. The cache size of each SBS is M = 100 and each
serves Z = 10 users. To generate requests at each time slot,
each user selects a random number between 0 and 1. Based
on cumulative content popularity distribution function, the
content corresponding to this random number is then selected
and the user generates a request for it. Thus, at each time slot,
7 random numbers are generated for each SBS to determine
the requests. We suppose that the content popularity follows
the Zipf popularity profile with parameter o > 0 as given
below:

e
Pn = —%

— (13)
S (1)

B. Discussions

Fig. 2 shows the MBS traffic load as a function of NV; for
different scenarios of our hybrid coded-uncoded, pure coded
and pure uncoded caching schemes. The content popularity
follows the Zipf distribution with o« = 1. Considering (12),
we observe that the hit ratio of local cache improves as
M increases. But, due to reduction memory space for the
coded requests, the bandwidth load required to satisfy the
coded content requests increases. Moreover, by increasing
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Fig. 2. Traffic load in the delivery phase as a function of Ny for different
M values and the approximated optimal point.
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the value of NNy, although the contents that are not cached
decreases, the required bandwidth load to satisfy requests
of coded contents rises. The optimal configuration obtained
for the optimization problem (M; = 38 and Nj = 348)
is also indicated in this figure. We see that the proposed
hybrid caching scheme outperforms the pure coded and pure
uncoded schemes, and our computed configuration imposes
the lowest load as compared to the other configurations.
The simulation and analytical results for the traffic load
with respect to the Zipf parameter « € [0.5, 1.6] is plotted in
Fig. 3. In this figure, the benchmark schemes are the optimal
two-partitioning coded scheme, the GCLC method, and the
conventional uncoded scheme. The GCLC is a coded scheme
which handles multiple requests per cache by graph coloring
techniques, where each content is divided into B number
of sub-contents. Here, we assume uniform cache content
placement as given in [16] and B = oc!. In particular, for
our hybrid coded-uncoded and pure coded scheme, we first
find the M{ and N values for each popularity parameter
that minimizes the MBS traffic load. The caching schemes
are then evaluated for their corresponding optimal configu-
ration via simulation. It is evident from the figure that the
simulation results are very close to the analytical findings and
hence, our hybrid caching can lead to significant traffic off-
loading compared to pure coded and pure uncoded schemes

"More precisely, we use Eq. (4) in [16] to arrive at the expected traffic
load.

Authorized licensed use limited to: lowa State University. Downloaded on June 24,2020 at 07:43:48 UTC from IEEE Xplore. Restrictions apply.



N=1000, M=100, K=10, a=1

.
5

% Our hybrid scheme (Analytical) |
-=-0ur hybrid scheme {Simulation)
~-Optimal Pure coded (Simulation)
GCLC with B== (Analytical)
—+Pure U ded (Simulation)

©
@
=]

23
S

]
g

2

Average Required Traffic Loads
2 3
=] =]

g

0 10 20 30 40 50 60 70 80 S0 100 110 120 130 140 150
4

(a)

N=10000, M=1000, K=100, a=1

~#-0ur hybrid scheme (Analytical)
-2-0ur hybrid scheme (Simulation)
~~Optimal Pure coded (Simulation)
GCLC with B=« (Analytical)
—+Pure Uncoded (Simulation)

-
=1

g
=3

Average Required Traffic Loads
2 @
=3 =3
= =]

o
=1
=3

(b)

Fig. 4. Traffic load in the delivery phase versus number of users per SBS
(Z) for different system parameters.

(i.e. up to 12.5% better than optimal two-partitioning pure
coded scheme). The plot also reveals that the optimal con-
figuration of M; = M is achieved when « is larger than 1.5.
Therefore, under such conditions, the optimal traffic load of
pure coded and hybrid coded-uncoded schemes are equal to
the traffic load of uncoded scheme. Also, when o < 0.5, the
optimal configuration is M| = 0 and N; = N. That is to
say, caching with maximum diversity is optimal and thus,
uncoded caching has the worst performance.

In Fig. 4, the optimal traffic load (r) is plotted with respect
to Z for different content library sizes and different number
of SBSs. The number of users in the system (K x Z) is taken
to be 10 x Z and 100 x Z in Fig. 4a and Fig. 4b, respectively.
Our proposed scheme shows a significant improvement,
especially for Z > 2, in both settings. In comparison with
Fig. 4a, we also observe that the rate of the coded schemes
(pure and the proposed hybrid) in Fig. 4b is much better
than the pure uncoded scheme. This gap is due to the global
caching gain of coded schemes. It is also noteworthy that the
approximation used in Lemma 2 is more accurate for lower
values of Z in Fig. 4a, whereas it is accurate for all Z values
given in Fig. 4b.

VI. CONCLUSION AND FUTURE WORK

In this paper, we have analyzed the coded caching scheme
in a system where caches may receive multiple requests at
a given time slot under non-uniform content popularity dis-
tributions. We first derived explicit closed-form expressions

for the server load at the delivery phase. Then, the almost
optimum partitioning problem was formulated wherein, we
considered up to three partitioning strategies and found
the best strategy in polynomial complexity. Validated by
simulation results, we showed that the proposed scheme
outperforms the baseline schemes of pure uncoded and pure
coded caching, as well as the two-partitioning scheme exist-
ing in the literature. The strength of the proposed scheme was
better noticeable when the caches received multiple requests
at each time slot.

Future directions of this work include analysis of improved
methods to choose appropriate policies accounting for het-
erogeneity in users’ behaviour such as different number of
requests per SBS and user-dependent content popularity.
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