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Abstract

Information aging has gained prominence in characterizing communication protocols for timely remote
estimation and control applications. This work proposes an age of information (Aol)-aware threshold-
based dynamic frame slotted ALOHA (T-DFSA) for contention resolution in random access machine-type
communication networks. Unlike conventional DFSA that maximizes the throughput in each frame, the
frame length and age-gain threshold in T-DFSA are determined to minimize the normalized average Aol
reduction of the network in each frame. At the start of each frame in the proposed protocol, the common
access point (AP) stores an estimate of the age-gain distribution of a typical node. Depending on the observed
status of the slots, age-gains of successful nodes, and maximum available Aol, the AP adjustsits estimationin
each frame. The maximum available Aol is exploited to derive the maximum possible age-gain at each frame
and thus, to avoid overestimating the age-gain threshold, which may render T-DFSA unstable. Numerical
results validate our theoretical analysis and demonstrate the effectiveness of the proposed T-DFS A compared
to the existing optimal frame slotted ALOHA, threshold-ALOHA, and age-based thinning protocols in a

considerable range of update generation rates.
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I. INTRODUCTION

By virtue of the ubiquitous connection offered by emerging wireless technologies and the vast pro-
liferation of smart devices, the Internet of Things (IoT) and Machine-type Communications (MTC)
have revolutionized the way information is shared and processed [1]. Making precise control and
monitoring decisions in such real-time networked systems depends critically on the timely reception
of information at the destination node. The application domains of the IoT devices essentially de-
termine how long the information aggregated at a common access point (AP) may still be regarded
as fresh [2], [3]. To quantify the timeliness of status updates in such large-scale systems, the Age of
Information (Aol) has been widely adopted as a key destination-centric performance metric [4].
Formally, the Aol at any given time ¢ is defined as the random process A(t) = t —u(t), where u(t) is
the generation time of the most recent status update received at the monitoring node. Previous studies
have shown that maximizing throughput or reducing delay does not necessarily ensure alow Aol [5].

Besides the stringent temporal constraint, the Aol in IoT networks is also influenced by the under-
lying channel access scheduling policy for contending nodes that intermittently transmit short status
packets [6]. Though Time Division Multiple Access (TDMA)-based access protocols are power-
efficient for individual nodes, they are not suitable for decentralized applications due to their low
spectrum efficiency and lack of scalability. For this reason, random access protocols such as Slotted
ALOHA (SA) and Framed Slotted ALOHA (FSA) are deemed more effective in capturing the
nuances of information aging in timely communications with bursty traffic [7]. Existing age-aware
slot-based protocols leverage threshold-based structures to limit contention to nodes with higher age-
gains, where the age-gain of anode in each slotis defined as the difference between the ages of the most
recent updates available at the AP and the node. Higher age-gains indicate that the most recent update
atthe node was generated a long time after its last successful transmission. While threshold-based SA
protocols significantly reduce the average Aol (AAol) compared to conventional protocols, they may
not be energy-efficient due to their reliance on contention alone. In contrast, hybrid protocols such as
FSA strike a balance between contention-based and contention-free approaches, thus making them
well-suited for settings with low-power nodes. By centrally controlling node access to the medium,
hybrid protocols mitigate excessive collisions and offer improved energy efficiency. In particular,
FSA has long been the de facto protocol in Machine-to-Machine (M2M) and RFID communications
since it restricts node access to a limited number of slots within frames, thus effectively reducing

collision probability [8]. To address the inherent instability of FSA with a fixed frame length, the
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Dynamic FSA (DFSA) protocol was developed. DFS A adjusts the frame length based on estimates of
active or backlogged nodes in each frame to achieve optimal throughput [9], [10]. However, it entails
estimating the number of backlogged nodes at the inception of each frame. While recent FSA variants,
such as Irregular FSA (IRSA), have explored age improvement [11]-[14], a systematic age-aware

analysis of a threshold-based DFS A protocol under stochastic update generations remains untapped.

A. Related Work

Aol performance of scheduling policies in shared channels has garnered much research attention
inrecent years. Concerning decentralized access protocols, SA has been analyzed for periodic status
updates [15], stochastic arrivals [16], and unreliable channels [17], [18]. The collision-resolution SA
protocol in [19] reduces the AAol by resolving all collisions in each access period. Integrating age-
aware transmissions into SA protocols can further improve their age efficiency. By exploiting the op-
timal age threshold and transmission probability, [20] shows that the optimal A Aol under Threshold-
ALOHA (TA) grows linearly with the network size, yielding a multiplicative gain of 1.4169. The TA
protocol is modified in [21] to include a mini-slot at the start of each slot, within which active
users contend with certain probabilities and back off in case of collisions. The Stationary Age-based
Thinning (SAT) and the Adaptive Age-based Thinning (AAT) protocols for stochastic arrivals are
proposed in [22], where each node transmits its latest packet according to SA only if its age-gain
exceeds a certain threshold. This threshold is estimated dynamically by monitoring ACK messages
or determined statically, leading to similar scaling results as in [20]. In particular, in AAT, each
node estimates the age-gain distribution at the beginning of each slot using the collision status of the
previous slot. Compared to AAT and SAT, the proposed T-DFS A protocol updates the estimated age-
gain distribution by leveraging the successfully received age-gains in the previous frame. Moreover,
in T-DFSA, the AP is responsible for updating estimations in each slot and determining the threshold,
thus making it more suitable for networks comprising low-power nodes.

Among the FSA-based protocols, [23] investigates the Aol performance of FSA, where each frame
consists of a fixed number of data slots and one reservation slot. The AAolin the FSA structure, where
users compete using a pool of pilots in each frame, has been explored and optimized in [24]. The
design and stability analysis of an FSA-based protocol in the presence of new arrivals and an unknown
node population are provided in [25]. The IRSA protocol is a recent adaptation of FSA that allows
repeated update transmissions in a frame and uses successive interference cancellation (SIC) to offset

the latency cost of framed channel access. The work in [12] examines the AAol and age-violation
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likelihood to optimize the IRSA repetition distribution and frame size, while analytical results for
the optimal normalized channel traffic and repetition distribution are derived in [11]. To optimize
the number of transmissions in IRSA, [14] presents a Q-learning solution for energy-harvesting IoT
networks. In [13], the AAol and packet loss rate expressions for a graph-based spatially coupled
IRSA protocol combined with the pseudo-random access method and coupled frames are obtained.

The throughput of the standard DFSA protocol is optimized by setting the frame length equal to
the number of backlogged nodes. Estimating the number of backlogged nodes is crucial, especially in
scenarios with stochastic packet arrivals. Existing efforts primarily focus on exploiting the observed
status of slots within a single frame to minimize estimation errors within that frame. Algorithms such
as the Vogt algorithm [26], the maximum a posteriori probability rule [27], and the Schoute algorithm
[9] have been proposed for this purpose. Although DFSA has been scrutinized for maximizing
throughput, its performance in relation to the new Aol requirement has not been investigated. This
Aol-incorporated setup is ideally pertinent for remote estimation and control of observed processes
in power-limited [oT networks. To the best of our knowledge, this work presents the first proposal
for improving the DFSA protocol that benefits from a threshold-based approach to minimize age,

specifically considering updates generated in a non-deterministic manner.

B. Contributions

In this work, we focus on laying the theoretical foundations for the age-aware design of a novel
threshold-based DFSA (T-DFSA) policy for networks in which the status updates stochastically

generated by nodes are aggregated at the AP. The main contributions of this paper are as follows:

o We propose the ideal T-DFSA, in which the common AP broadcasts the frame length and the
age-gain threshold at the start of each frame to identify the nodes eligible to transmit in that
frame. The Average Aol Reduction (AAR) per slot is minimized by determining the threshold
and frame size of each frame. We establish that the AAR is minimized if only the nodes with
the highest age-gains transmit in each frame and the frame size is equal to the number of such
nodes, presuming that the age-gains are known at the start of each frame.

o We then propose the practical T-DFSA, where the AP, being unaware of the exact age-gains of
the nodes, maintains an estimate of the age-gain probability mass function associated with a
typical node at the start of each frame and updates it across frames. As such, the AP implements
T-DFSA in four steps within each frame. The frame length and the threshold are specified and

broadcast using the current estimation in the first step. Observations of the AP within the frame,
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Fig. 1: System model with /V source nodes generating updates with probability A and transmitting

them to a common AP over a shared medium.

such as the slot states and the age-gains of the successful nodes, are used to update estimates
in the second step. In the third and fourth steps, the estimates are further enhanced using the
known node generation rates and the maximum achieved Aol, respectively.

o Though the frame lengths in T-DFSA are generally small, we demonstrate that it outperforms
the optimal FSA (i.e., FSA with the optimal fixed frame length) in Average Age-Gain (AAQG),
even if adjustments to the minimum frame length are based on the AP broadcast frequency re-
quirements. Moreover, operating at its optimal point, T-DFSA outperforms existing SA-based
protocolsincluding TA, AAT, and SAT in a considerable range of generation rates. Our numerical
results also show that T-DFS A remains stable almost surely if the initial conditions of the nodes

are set to be sufficiently diverse.

C. Organization

The rest of the paper is organized as follows. Section II describes the system model. The ideal and
practical models of T-DFSA, where the AP is, respectively, aware of and unaware of the age-gains
of the source nodes, are introduced in Section III. The mechanisms of the practical T-DFSA are
further detailed in Section IV, which involve updating the estimations for the following frame and
using the estimates from each frame to calculate the threshold and frame length. Section V analyzes
the complexity of stable T-DFSA. Numerical results are presented in Section VI and conclusions

are drawn in Section VIL.

II. SYSTEM MODEL AND NOTATIONS

We consider a network where N time-synchronous source nodes attempt to send their status up-
dates to acommon AP via a shared wireless channel using the T-DFSA access protocol, as depicted in
Fig. 1. The network operates in slotted time, where each frame consists of multiple slots. At the
onset of each frame ¢, the AP broadcasts the frame length w;, which represents the number of slots in

the frame, and a threshold I';. Subsequently, backlogged nodes with an age-gain equal to or greater
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than ['; become active. These nodes choose a slot uniformly at random within the current frame and
transmit their update with probability one. A collision occurs when multiple nodes transmit their
updates in the same slot, while an empty slot indicates no transmission and a singleton slot represents
a single node transmission. At the start of frame ¢, the AP broadcasts the slot statuses from the
previous frame ¢ — 1, along with w, and I';, enabling successful nodes to discard their sent updates.
All updates are considered equally important and are assumed to be generated at the start of a slot
with probability \. Furthermore, the nodes retain only the most recent update packet and re-transmit
it after activation until it is either successfully sent or replaced by a fresher update.

To index the slots within a generic frame ¢, we define slot & as the time interval [k, k + 1), and
k; as the first slot in that frame. Therefore, the time slots within frame ¢ are represented by the set
Ky =k, ki +1,..., k +w, — 1}. Accordingly, the Aol of node i at the start of frame ¢, denoted

by xi, evolves over time as follows:

. i 4w, ifu'(k) =0,Vk € Ky,
Typ1 = . , (D
kt+1—]{f7 llek'EICtUl(k) = 1,Uz(j) :Oforj GICt,j > k',
where u'(k) = 1 if node i generates an update in time slot k and zero otherwise. Assuming that the

AP decodes the packets at the end of the frames, the Aol of the update packet received at the AP

from node 7 can be expressed as:

; i w, ifdi=1,
Yer1 = A , (2)
y, +wy, ifd; =0,
where di takes the value of 1 if node 7 transmits successfully in frame ¢ and 0 otherwise. Realizations
of z{ and y! along with the collision and singleton slots for node 7 are exemplified in Fig. 2. Based on
the definitions in (1) and (2), the age-gain ¢! and age reduction 7} of node 7 in frame ¢ can be written as:
A ®
Tt =Y~ Y
Since the backlogged nodes in T-DFSA are determined by non-zero age-gains, it is noteworthy that
x! in (1) is defined regardless of whether node i is backlogged or not, and has no bearing on our
approach. Importantly, the nodes that satisfy the condition g/ > T'; are the active nodes in frame ¢.
The objective of conventional DFSA is to determine the optimal frame length that maximizes net-

work throughput. This is achieved by setting w; equal to the number of active nodes at the start of

frame ¢. It is important to note that in T-DFS A, the active nodes are determined based on the threshold
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Fig. 2: An example of z¢ and y! evolving over time under the T-DFSA protocol. The red arrows (with
asterisk tails) represent instances when update packets are generated at node ¢, while the blue arrows

(with bullet tails) represent instances when they are received at the AP.

signaled by the AP, whereas in standard DFS A, the active nodes are those that have pending updates.
Furthermore, in T-DFSA, the values of w; and I'; are obtained such that the following AAR within
frame ¢ is minimized: N .
R — Zz E[r]
=

2o U, @

where E[-] denotes the expectation operator. The rationale behind the division of the total expected
age reduction of the network, expressed as » f\i L E[r], by the frame duration w; in (4) is to achieve
greater age reductions in smaller frames. In fact, R, represents the AAR per slot. Moreover, based

on (3), where 7} = y; — y;,, R can be expressed as:

R, — Zz]\il E[y;] _ Z£1E[?/z+1] 5)
! Nwt Nwt ’

Since the first term of (5) is known at the AP at the beginning of frame ¢, maximizing R, is equivalent

to minimizing ) | fi L Elyi1]/(Nw,), whichrepresents the normalized A Aol of the nodes at the end of
frame ¢. Furthermore, the throughput in each frame, denoted by Uy, is defined as the average number

of transmitted updates per slot and is given as:

Ut _ Zi:géZFt E[di] _ Zi:gzzrt Pr{d; = 1}7 (6)

Wy Wy

where E[d!] (= Pr{d.=1}) is the average number of successfully transmitted updates by node i in

frame ¢.
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TABLE I: Main Notations and Definitions

Notation Description
N Number of independent source nodes
Wy Length of frame ¢
Iy Age-gain threshold in frame ¢
x Aol of node 7 at the onset of frame ¢
yi Aol of node ¢ at the AP at the onset of frame ¢
gt Age-gain of node ¢ at the onset of frame ¢
ri(RY) (Expected) Aol reduction of node 7 in frame ¢
R; Average Aol reduction in frame ¢
Py Successful transmission probability of an active node in frame ¢
ny Number of nodes with age-gain of a at the onset of frame ¢
ng s Number of successful nodes with age-gain of a in frame ¢
f{l( ft‘i) Estimated probability of a node with age-gain of a at the onset (end) of frame ¢
ag(=N ft‘l) Estimated average number of nodes with age-gain of a at the onset of frame ¢
g Posterior estimated mean number of nodes with age-gain of a > I'; at the onset of frame ¢
gt(g}) Set (estimated set) of distinct age-gains of all nodes at the onset of frame ¢
Ay (At) Set (posterior estimated set) of distinct age-gains of active nodes at the onset of frame ¢
St Set of distinct age-gains of successful nodes in frame ¢

In the section that follows, we first introduce the ideal T-DFSA in which age-gains are assumed to

be known at the start of the frames. The practical T-DFSA is then proposed, where the distribution

of g! is estimated by the AP. The main notations are listed in Table 1.

III. PROPOSED T-DFSA PROTOCOL

In this section, we first gauge the behavior of the hypothetical model in which the age-gain of each

node is known to the AP at the onset of the frames, before delving into the Aol analysis of its practical

counterpart.

A. Ildeal T-DFSA

To facilitate our analysis, we introduce R, = E[r}|g;] to denote the expected age reduction of node
i in frame ¢ under ideal T-DFSA. Our derivation of R} begins by considering the scenario where
node 7 is active in frame ¢ (i.e., gi > I';). Assuming successful transmission by node 7 in frame ¢,
the age reduction of node 7, denoted by r¢, can be written based on (2) and (3) as follows:

POV 2 el ary — b p
Ty =Yy — & — Wy = gy — Wy

(7
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On the other hand, if node 7 is active but fails to transmit successfully in frame ¢, the value of yg’

increases by wy, resulting in y;, ; = y; + w;. Using (3), we then have:
=Y Y = Y~ Y — W= g ®)

Let us denote P/ as the successful transmission probability of an active node in frame ¢, given
by Pf = Pr{d. = 1}. Note that this probability is identical for all active nodes, as they exhibit
symmetry when transmitting their packets within the frame. From (7) and (8), we can express the

expected age reduction of an active node 7 in frame ¢ as follows:
Ry = Py (g; —we) + (1 = PY)(—wi) = Pg; — wr. ©)

Furthermore, if node  remains inactive throughout the frame, its age increases by w; with probabil-
ity one, leading to y;_ , = y; + w;. Consequently, based on (3), the age reduction r} can be expressed
as i = —w;. As aresult of this, we have R = ri = —w,. By consolidating all these considerations,

the expression for R! is given by:

. Prgi —wy, ifgl >T,
R;: t 9t t 9 = Lt (10)

—wWy, if otherwise.

We now define n{ as the number of nodes with an age-gain of a at the start of frame ¢. Then, the total
number of active nodes at the beginning of frame ¢, denoted as n;, can be expressed as n; £ Zi\irt ne,

where M = max; g! is the maximum available age-gain. Using the definition of n;, the expression

1 ne—1
P = (1 — —) , (11
wy

where each active node selects any slotin frame ¢ with a probability of 1 /w;. Thus, Py is the probability

for P} can be derived as:

that none of the other n; — 1 active nodes choose the same slot as node ¢ and can be expressed as
(1 —1/wy)™ L

Given that the age-gains are known in ideal T-DFSA, we can establish that E[r!] = E[r!|g!] and
thus, the definition of AAR in (4) can be expressed as 3" | E[r?|gi]/(Nw,). Taking into account that
E[ri|gi] = R} and using (10), the AAR in frame ¢ under ideal T-DFSA can be obtained as:

N

B g S = g | X w0+ 3 (o

i=1 i:gi>Ty i:gi <Dy

N
77 LD SUED SRTED VR RS LD SIS oit

i:gngt i:gfzrt i:gi<Ft i:giZFt
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B | 1 1\ Zatr ni—t M
= 1= 1— — “_ 1. 12
Y Nwt( wt) 3 an (12)
i:g; >t a=I"y

The final expression in (12) is derived using (11) along with the equalities n; = Zi\irt n¢ and
> Gi>T, gi = Ziirt an?. Given the values of g for all i, the following lemma indicates the optimal

I'; and w; values that maximize AAR in frame ¢.
Lemma 1. In ideal T-DFSA, setting I'; = M and w;, = n,{” maximizes R;.

Proof. See Appendix A. [

From the above lemma, it becomes evident that in ideal T-DFSA, the AP allows nodes with the
highest age-gain to transmit within a frame, while setting the frame length equal to the number of
nodes with the highest age-gain. Considering the definition of P and using (11), the throughput U,
in (6) can thus be written as follows:

mby (1 " (13)
Wy Wy Wy '

The following corollary shows that the AAR-optimal ideal T-DFSA is throughput-optimal as well.

Ut:

Corollary 1. Similar to conventional DFSA, the throughput U, in T-DFSA is maximized when w; =
n,' [9]. Furthermore, according to Lemma 1, in AAR-optimal T-DFSA, the frame length w, is set
equal to the number of active nodes, i.e., n; = nM. Consequently, the AAR-optimal values of T

and w; are also throughput-optimal.

Inthe case when \ = 1, the age-gains are known at the AP and can be expressed as g = y—1, since
x! = 1foralli. This implies that the nodes always have a fresh update at the beginning of each frame.
By applying Lemma 1 in this scenario, we can conclude that only the nodes satisfying 3! = max; y!
are allowed to transmit, and the frame length is determined by the number of these nodes. It is not
viable for the AP to acquire the age-gains of all source nodes when A < 1, especially in large-
scale IoT and M2M communications. Therefore, in the following sub-section, we present a practical
T-DFSA protocol where the AP estimates the average values of n{ using observations from the

preceding frame before deciding on w; and I'; values.

o . L n 1\" ?/n . -
'The derivative of U; with respect to w; is given by —tz ( - —) —Y _ 1), which is maximized at w; = n,. Therefore,
Wi Wt Wt

among all discrete values of w;, wy = n; is considered optimal.
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B. Practical T-DFSA

The AP in practical T-DFSA stores an estimate of the age-gain distribution of a typical source node
at the start of frame ¢. Accordingly, the estimated probability that a node has an age-gain of a at the
onset of frame ¢ is denoted by ff. The AP also keeps an estimate of the set of distinct age-gains, given
by G, at the start of frame ¢ where for all a € G,, we have ft“ >0and ), 4 ft“ = 1. The estimated
average number of nodes with age-gain a at the start of frame ¢, i.e. E[n¢], is represented by 7 = N f¢
as the nodes are symmetric. Since it is impossible to determine the precise value of the largest age-
gain in practical T-DFSA, the AP leverages a threshold I'; based on estimation fta, and then allows
all nodes with age-gains equal to or higher than I'; to transmit in frame ¢. The AP then updates
fta for the subsequent frame based on the observations made during the current frame and its local
information. A succinct explanation of the key steps of the proposed practical T-DFSA (detailed in
Section IV) is given below:

o Step 1: The AP decides on I'; and the frame length w; based on the estimates ft“, and broadcasts

them to the nodes.

o Step 2: At the end of frame ¢, the AP improves fﬁ using observations made within the frame,
which encompass the slot states and age gains of successful nodes. Subsequently, the AP
computes the estimated probability of a node possessing an age-gain of a at the end of frame ¢,
denoted as _ft‘ﬁr.

o Step 3: The AP exploits the update generation rate A and ff+ to obtain ffH.

« Step 4: Finally, the AP truncates fﬁH using its knowledge of the maximum age-gain that can

be deduced from the Aol of all nodes, i.e. 4!, Vi.

IV. CHARACTERIZATION OF PRACTICAL T-DFSA

This section is dedicated to a comprehensive explanation of the four main steps in practical T-

DFSA as given in Algorithm 1.

A. Step 1: Derivation of Threshold and Frame Length

Unlikeinideal T-DFSA, the AP only has access to the estimates 71, Va, in practical -DFSA. Hence,
instead of determining the exact highest age-gain, a threshold I'; € G, is determined, indicating that
any node with an age-gain equal to or higher than this threshold can transmit in frame ¢. In light of
Lemma 1, the threshold is chosen to be as high as possible to ensure that only nodes with the

highest age-gains contend in frame ¢. Specifically, the threshold is selected to be the highest value
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Algorithm 1 Practical T-DFSA (implemented in frame t)

Step 1:  Input: {Qt, { ft“}a 6, }; Output: {T't, wi} /I Tmplemented at the onset of frame ¢
1: Setnf = fofl, Va € Gi.
2: Derive I't and wy from (15) and (17), respectively.

Step 2:  Input: {G:, {7} gcg, St: {nf s}aes, (ns,np,no)}; Output: {74}  // Implemented at the end of frame ¢
3: for [ from (ng + 2n¢) to N do

4: z0=0
5: if ng > 0 then
6: Derive m{, Va € S;, from Proposition 1.
(ne) (") e
7 m= el ey g e
(ns)
8: else
9 21 = () ap”ace
10: if z; > zo then
11: zZ0 = 21
12: else
13: I=1
14: if ng = 0 then
15: Set /it * = [ and mf = 0,Va € S;.
16: else if ng > 0 then
17: Use [ in Proposition 1 to derive mf, Va € S;.
18: Derive 1y and ft‘ﬂr from (37) and (38), respectively.
19: break

Step 3:  Input: { ft‘ﬂ , max; ), max; yi }; Output: { fta+1} // Tmplemented at the end of frame ¢
20: Derive fta_H from (41).

Step 4: Input: { ft“_H }; Output: { fta_,_l} // Tmplemented at the end of frame ¢
21: Truncate fta+1 using (42).

that guarantees the estimated average number of active nodes, denoted by 7, is at least equal to one.
Owing to this fact, the threshold I'; € Qt 1s chosen such that:
Ap= Y Af>1 (14)
a€Gp:a>Ty
Selecting 7 to be less than one would result in empty slots, which is not desirable since the minimum

frame length is equal to one. As such, the threshold I'; can be expressed as:

Iy=max<T"e€G| Y af>1p. (15)
aegt:aZF’

Letting 7, > 1, however, may not be optimal given that decisions are made based on estimates 77,

rather than the exact values. As a result, we determine I'; such that 7, is lower bounded by a minimal
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threshold w,,,;,, as follows:

[, =max{ ' € G, | Z Ny > Winin ¢ - (16)
aGQaaZF’
Consequently, the frame length is chosen to be:

w = {Z nw , (17

aE.At

where A, is the set of distinct age-gains of active nodes at the start of frame ¢. The optimal value of
Wmin 18 found through exhaustive search, but as will be demonstrated in Section VI, at higher gen-
eration rates and lower values of N, w,,,;, = 1 results in the best T-DFSA performance because the
variance of the age-gains is reduced and the estimates of 7§ become more accurate. Additionally, the
power consumption of the AP (or equivalently, the frequency of its broadcasts) may be restricted. To
guarantee that w; is always greater than the minimum broadcast interval in this situation, w,,;, can

be set to be equal to the inverse of the maximum broadcast frequency.

B. Step 2: Derivation of f;ﬁr using Observations

Atthe end of frame ¢, the AP updates the list of successfully received age-gains and the status of the
slots within the frame. It then uses this information to update the available age-gain distribution _ft“' and
compute the age-gain distribution at the end of frame ¢, denoted as f % ,where t* represents the end of
frame ¢. The number of singleton, empty, and collision slots, denoted by ng, ng, and n¢, respectively,
as well as the age-gains of the successful nodes, are exploited in particular by the AP. As such, the
number of successful nodes in frame ¢ with age-gain of a is denoted by nj .

For the sake of better representation, we adopt the notion of multisets, which differs from a setin that
it allows for multiple occurrences of an element. A multiset can be denoted as {(e, m(e)) : e € A},
where A is the set of distinct elements in the multiset, and m(e) denotes the number of occurrences of
element e. Following this definition, £, and £}, which represent the multisets of age-gains of active

and successful nodes in frame ¢, respectively, are given as:

Ly ={(a,n?):a € A},
:ﬁ = {<a7ng,s> tac St}a

where S; denotes the set of distinct age-gains of successful nodes in frame . Note that all nodes that

(18)

contend in frame ¢ have age-gains greater than or equal to I'; and thus, every element in sets A; and

S, is guaranteed to be greater than or equal to I';.
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Let us first suppose that £} is not empty, i.e. there exists at least one successful slot in frame ¢
(or ng > 0). The AP then calculates the estimate of £;, denoted by ﬁt, based on the observations

I = (ng,ng,n¢) and L} as follows:
Lo ={(a,m) :a €A}, (19)
where A, and m¢ are estimations of A; and average n{ after observing frame ¢, respectively. Specif-

ically, we can conveniently write:
i = Bng|I, L) (20)

We now employ the maximum likelihood (ML) estimation to derive L, as follows:

L, = argmax Pr(I, £ L,), 1)
Ly
where the maximization in (21) can be further expressed as:
mlaxcrrllczn'( lPr(I|£t) Pr(L;| L4, 1). (22)

Next, we focus on deriving the first conditional probability in (22), i.e. Pr(7|L;). The probabilities
that a single time slot in frame ¢ is a singleton, an empty, and a collision slot are denoted by ¢s, qg,

and g¢, respectively, and can be readily computed as:

|Le|—1
s = % (1 - wlt) )
= (1-2)", (23)

gc =1—4qs —qg,
where L] = ) ., n{. It should be noted that gs in (23) is the likelihood that one of the |£;|
nodes transmits in a chosen slot, with probability 1/w;, and the others do not, with probability
(1 —1/w,)**I=1, whereas ¢y is the probability that no node transmits. Using (23), Pr(7|£;) can thus

be stated as follows:

Pr(I|L,) = Pr(1] L)) = (w) (wt - ”) 45 o4

ng ng

Interestingly, Pr(/|L,) is solely dependent on the number of active nodes and not their age-gains.

Thereby, the maximization in (22) can be re-written as:

mlaXPr([] L] =1) Jnax Pr(Ly| L4, 1). (25)

Let ﬁt(l ) be the optimal estimation of the multiset £;, given L;, I, and that the number of active

nodes, |L;|, is equal to [. That is to say,

L,(1) = argmax Pr(L}|L,, ). (26)
Ly:|Li|=1
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Resulting from (25) and (26), the optimal estimation of the number of active nodes, denoted by i

can be obtained as:
I = argmax Pr(I||L,]| = 1) Pr(L4|L.(1), I). (27)
!
Also, £, = L,(I). With a slight abuse of notation, we use £;(1) = {(a,m?) : a € A, Y, mf = I}

to derive £, (1) in Proposition 1.

Proposition 1. ﬁt(l) is calculated by seiting A, = S, and m¢ = [l/ns]|ni,+7ra, where 0 < rq <

n¢, is derived from Algorithm 2. Moreover, the probability Pr(Ly|L,(1), I) in (27) is computed as:

HaGSt (:l,;ts)

—
(ns)

Proof. Knowing [ in (26) implies that |£;| = ng. Furthermore, given that |£;| = [ and |L}| = ng,

Pr(Ly|L,(1), 1) = (28)

the probability of observing £} depends on which specific sets of ng nodes out of [ active nodes
transmit successfully in frame ¢. In light of the fact that all active nodes behave symmetrically for
contention within a frame, the probability that a particular set of ng nodes would succeed is equal
to1l/ (nls) and is therefore, independent of np and n-. Consequently, the maximization in (26) can

be expressed as:

~

Li(l) = argmax Pr(L; | Ly, |Li| =1, |L}] = ns), (29)
Ly
where the probability in (29) can be obtained as follows:
HaESt (71%,‘:3)
—
(as)

The denominator in (30) is the total number of (not necessarily distinct) multisets of size ng

Pr(Li| Lo L] = 1]1£4| = ns) = (30)

observable in frame ¢. The numerator in (30) represents the number of ways the multiset £; can
be observed, i.e., Va € S;, the combination of nf  nodes with age-gain a out of n active nodes with
the same age-gain. Replacing £; in (30) with ﬁt(l) results in (28). We derive m¢ in the rest of the
proof. As such, we first derive a necessary condition for /mny{ in Lemma 2 using (28). Lemma 3 then
proceeds with the derivation of the exact values of 7.

Lemma 2. For ﬁt(l), we have fit = S;. Moreover, Ya,b € ./th, the following condition holds:

mfg my 1
7 — <
Ty

< —. (31)
\5 n?,s nta,s

Proof. See Appendix B. 0
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Algorithm 2 Derivation of 7, (introduced in Proposition 1)

Input: {l,ng,{n{s}ucs,}; Output: {rq,Va € St}
0 Set (mf,ra) = (L5z Ini's,0) ,Va € S;.

—

_ B l
2: Setr =1— |55 ]ns.
3: while r > 0do a
5 1

4wl =md 11 > where J = argmin, ¢ s, m,ia—i_

t,s
3 ry=ry+1
6 r=17r— 1

Lemma 3. For any a € ./th, we have the following, where 0 < r, < n{, k' = |l/ns|, and
K r,€Z":

(32)
Proof. See Appendix C. [

In essence, Lemma 3 postulates that 1if /n{  is either &’ or &’ + 1 for all values of a. The ultimate
step is to determine the 7, values in Lemma 3. To this end, we present Algorithm 2 which sequentially
increases the values of m{ while ensuring that (31) holds in each iteration, thus preserving the viability
of the final 7n{ values. In this algorithm, we apply Lemma 3 to initialize 1f with [I/ngs]n{, which
satisfies (31). Using induction, we then assume that (31) holds in the ¢-th iteration, Va, b € flt. Then,

in iteration ¢ + 1, we set:

i 4 1) = me(i)+1, ifa= { = argmin,_ 4, m%;(g)jl (33)
mé(i), ifa e Ayanda # J.

Since, Va,b # J, m&(i + 1) and mb(i + 1) retain the same values as in the previous iteration, the
corresponding inequality (31) still holds in iteration ¢ + 1. We now need to show that it also holds
for J and Va # J. More precisely, we should prove that i (i + 1) /nf, < (1+m](i41))/n], and
mi (i+1)/n!, < (1+mf(i+1))/n¢,. Using the formulation in (33) allows us to further simplify the
above two inequalities as 1f (i) /n{, < (2+ ] (i))/n] and (] (i) + 1) /nf, < (1+mg (i) /ng,,
respectively. The first inequality holds directly from the induction assumption, whereas the second

inequality is plainly asserted by the definition of J. This completes the proof of the proposition. L[]

By plugging (24) and (28) in (27), we obtain the following, where ¢s, ¢z, and q¢ are derived from
(23) by setting |L;| = I:

7 (;U;) (wtn_EnS) mg ns ng n
| = argmax ————F~ H o as°a5"ac” (34)
! (nS) aESy nt’s
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Besides, m{ is a function of [ and can be readily obtained from Proposition 1. Once lis computed
using (34), substituting it in Proposition 1 eventually yields (19).
In our derivation of £, so far, L was assumed to be non-empty. For the case when £, = (), the

optimization in (25) reduces to:

L, = argmax Pr(I | L), (35)
Ly
where Pr(/|L;) is derived from (24) and is only dependent on |L;|. Thus, we get:

[ = argmax (wt) q57qcc, (36)
l ng

where ¢ and g¢ are deduced from (23) by setting ng = 0 and |£;| = [. As can be observed, we are
only able to estimate the number of active nodes when ng = 0 and not their age-gains. We therefore,
suppose that all [ active users have an age-gain of ['; in this circumstance.

Thus far, we have updated the estimation n{ for a > I'; using the observations in frame ¢. Our
ultimate goal is to calculate f ++ or the probability that a generic node has an age-gain of a at the end
of the frame ¢. To achieve this, we first deduce ™Y, , Va, using the earlier estimations nf for a < I,

the derived estimations 1y for a > I';, and the data on nf  as follows:

(

n+ng, ifa=0
i ne, ifaeG,0<a<Iy 37
=
mg —ng,, ifa€s
0, ifaeG,a>Tnads,.

\

In the first case of (37), ng number of successful nodes with zero age-gain at the end of frame ¢ are
added to the initial estimation of 7). In the second case, ¢ for a < I'; remains unaffected since the
corresponding nodes are inactive in frame ¢. For a € S in the third case of (37), n{ , is deducted from
the updated estimation of nf, i.e. m¢. In the final case, if @ > I'; but is not among the observed age-
gains, we set ;. = 0. This case is considered because, according to Proposition 1, the predicted
active age-gains in frame ¢ match the observed ones, i.e. A; = S;. Therefore, if a € Qt anda > Iy,
but it is not amongst the observed age-gains, then the estimation 72§, which is the updated value of 7
after observations, is set to zero. As a result, the corresponding estimated value at the end of frame ¢,
My, is also set to zero, as stated in the last case of (37). It is worth noting that in the third and fourth
cases of (37), which correspond to a > I'; (either a € S, or not), the values of 12, are solely derived
based on observations and not on the previous estimations nj'. Conversely, in the case where a < I,

the values my, are set to be equal to the previous estimations 7. Accordingly, although the 72 values
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satisfy the equality > nf=>" N fa=N, the constraint >, M =N does not necessarily hold. In
this respect, we normalize the mj, values by dividing each value by their sum. This normalization
allows us to derive the probability distribution ftﬂ as follows:

>Ha

mey

fi = =20, (38)
Zaeét+ mt+
where G+ denotes the set of existing age-gains at the end of frame ¢, formulated as:
gAt+ = {CZ’CL c gAt’a < Ft} U {a’& c St,m?+ > O} (39)

In Algorithm 1, lines 3 to 19 implement Step 2 of practical T-DFSA. This includes solving the
optimization in (34) using exhaustive search. The minimum number of active nodes in frame ¢ is set
to be ng + 2n¢ since there must be at least two contesting active users in each collision slot (line 3).

Note that the incurred time complexity is minimal due to the generally short frame lengths.

C. Step 3: Derivation of fta—i-l using Generation Rates

Estimates of f + quantify the impact of observations in frame ¢ but not the generation rates of status
updates in this frame. In the proposition below, we exploit ftﬂ and the update rates )\ to obtain the

estimations for f7, ;.

Proposition 2. Using ft‘ﬁr derived in (38), the values of ffﬂ can be estimated as follows:

a—1 Cmazx
fla= Q=N Fa+ Y f D pebn (40)

b=0 C=Cmin
where p. = AN(1 — N\ ! and h = ¢+ a — b — wy. Here, py, is the probability that the age of the

node at the start of frame t is h and is given by:
A1 — Nkt
( ) h Y l:f 1 S h S hmaa}u

pr=14 L= (L= A)hmes (41)

0, if otherwise,

where Ny, = max; ri = min{max; ¥} + k;, max; yi — b}, copin = (b — a4+ w)" + 1, Car =

max{(Mmee —a+b)~ +wy, 1}, (2)T = max{0, z}, and (2)~ = min{0, z}.
Proof. See Appendix D. [

In Proposition 2, p. essentially captures the probability of a fresh update being generated at
a typical node in time slot k;,; — ¢ within frame ¢. Moreover, the age of a typical node at the onset
of frame ¢, i.e. h, establishes a relation between the age-gain at the onset of that frame (a), the

age-gain just before the end of the frame (), w;, and ¢ (more details in Appendix D). In the derived
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upper bound for h, max; z}) + k; refers to the maximum possible value of 1 when no updates are
generated by any of the N sources up to time slot ;>. On the other hand, we have g; > g/, , which
means that the age-gain may fall at the end of the frame as a result of a successful transmission. Then,
given g/, = band g; = y; — z}, we establish that 2} < y; — b. Hence, the expression max; y; — b
indicates the highest feasible value of & in relation to the y¢ values. Interestingly enough, the former
limit dominates in the initial stages of practical T-DFSA, while the latter gains prominence when

the protocol is implemented for a sufficiently large time interval.

Remark 1. In the upper bound expression max; y — b, we assume that b < max; y; — 1 to ensure that
hmax = 1. This assumption implies flf; = 0forb < max; y; — 1. We can satisfy this condition in Step
4 of Algorithm 1, where fta is truncated at the end of frame ¢ — 1 to guarantee fta = Ofora > max; y;.

Additionally, considering that g; > ¢!, , we can conclude that ftﬁ = 0 for b > max; y! — 1.

Remark 2. In Proposition 2, h,,,,, = max; yz — b in steady state. Thus, the inequality h = ¢+ a —
b—w; < Nypae implies that a < max; y! +w; — ¢ < max; y! +w; — 1. Consequently, ffﬂrl = 0 holds

for a > max; y! + wy.

The above remarks highlight the importance of considering an upper bound for h by utilizing
information on max; y.. This approach allows us to avoid computing ffH for large values of a, which
could lead to an overestimation of the threshold I';. Overestimating the threshold would result in the
inability to transmit backlogged updates, thus leading to their replacement with newer updates. In
turn, more backlogged nodes with higher age-gains would be spawned which may render the network
unstable. Note that the network is said tobe stable if and only if lim;_, Zf\il yi/N = 0.Furthermore,
the upper bound on the age-gains in this step draws out from max; y/ and max; z}, (line 20 of

Algorithm 1). The subsequent step further refines the range of age-gains in ffﬂrl using max; yj ;.

D. Step 4: Truncation of ft“H

The last step (line 21 of Algorithm 1) truncates ft"'ﬂ by reducing the range of potential a values
using the data in y;_, that is available at the AP. Beyond any doubt, we know that the maximum age-
gain at the AP at the start of frame ¢ + 1 cannot exceed @, £ max; Y. 41 — 1, where the maximum

value is achieved when u/(k;;, — 1) = 1 for i = argmax; 4/, ,. Thus, we update f¢,, as follows:

’In T-DFSA, we assume that nodes only retain fresh updates at time 0, i.e. ,LB = 1. As a result, the maximum value max; .L6 is
known at the AP, and there is no need for the AP to acquire {x(‘]}L This assumption is specifically related to the transient phase of

the network and does not impact the steady-state AAol of the network.
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Fig. 3: Flowchart of T-DFSA illustrating the four main steps.

A(l
~ aft——‘rlAa7 ifoSGSGmar7
a max
Jin = >l i (42)
0, if otherwise.

The truncation in (42) profoundly impacts the stability of T-DFSA since it prevents overestimating

the threshold. The four steps of T-DFSA can be visualized in the flowchart shown in Figure 3.

V. DISCUSSIONS ON COMPLEXITY AND HETEROGENEITY
A. Complexity Analysis of Stable T-DFSA

Aswas briefly pointed out earlier, stability is a crucial requirement in random access protocols. Our
numerical findings show that the T-DFSA protocol is highly likely to be stable if the initial age-gain
values are chosen to be sufficiently diverse. Even if the initial age-gain values are not diverse enough,
instability only occurs in the early phases, when congestion may arise. In this case, the AP can detect
instability when there are multiple consecutive frames with no successful transmission. The AP can
reset the source nodes by instructing them to discard their previous updates and retain only the most

recent ones, if any, before resuming the protocol.

Remark 3. The complexity of the T-DFSA algorithm in frame ¢ can be expressed as O(ngN) +

O(w; max; y)).

The first term of the complexity introduced in Remark 3 pertains to finding the optimal value of [
(i.e., the number of active nodes) in the loop of Step 2 in Algorithm 1 (lines 3 to 19). Within each
iteration of the loop, the main computational burden lies in computing z; in line 7, while executing
Algorithm 2 incurs low complexity. This is because in anideally stable T-DFSA, the frame lengths are

often w,,;, + 1 OF Wi + 2, thus resulting in ng < w,,;, + 1. Hence, the while loop in Algorithm 2,
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repeated for r < ng iterations, has a low time complexity. It should be noted that O(ng/N) is a
theoretical bound, and the search for the optimal / does not extend up to /V since frame lengths are
typically small, thus restricting the number of active nodes when ng > 0. Only when all slots of a
frame are marked as collision slots (ng = 0), will the search proceed up to N. However, as shown in
Section VI, this occurrence is exceedingly rare and has an infinitesimal probability in stable T-DFSA
scenarios. The second term of the complexity, O(w; max; y!), relates to Step 3 of Algorithm 1, which
involves computing ffﬂrl forall @ < max; ! +w; — 1. This complexity increases as A\ decreases and
N grows. As \ decreases, the inter-arrival times between updates at the nodes increase, leading to
larger values of z¢ and consequently larger y!. On the flip side, as N grows, more contentions occur
among nodes, causing them to transmit updates with larger delays which inevitably results in larger

Aols at the AP (i.e., larger max; ).

B. Effect of Heterogeneity of Nodes

In this work, we have focused on the assumption that all nodes have the same arrival rates. This
assumption allowed us to develop an analytical framework for designing T-DFS A, which s applicable
in scenarios where nodes monitor the same physical quantity, such as temperature. However, T-DFSA
can also be extended to handle heterogeneous scenarios, where nodes belong to different classes with
specific arrival rates )., while still aiming to minimize the AAR of the network. In such scenarios,
although the arrival rates of nodes may differ, the fundamental principle of indicating a single age-
gain threshold for the activation of all nodes remains unchanged, as the goal is still to minimize
the AAR. Therefore, all steps of T-DFSA can be extended to accommodate such heterogeneous
scenarios. Specifically, nodes are categorized based on their classes and age-gains, and the age-gain
distributions of different classes are estimated, denoted as fta’c instead of ft“. Contrarily, in scenarios
where not only the arrival rates but also the age requirements of the nodes differ, minimizing the
AAR may not be sufficient. The design principles of T-DFSA should recognize the varying age
requirements of the nodes, potentially allocating higher transmission probabilities to nodes with
more stringent Aol requirements. Exploring T-DFSA’s applicability in scenarios with heterogeneous

age requirements presents an interesting avenue for future research.

VI. NUMERICAL RESULTS AND DISCUSSIONS

We now evaluate the performance of T-DFSA and benchmark it against the optimal FSA, TA
[20], SAT, and AAT [22] protocols in terms of the network AAG, which is defined by the expression
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Averga age-gain reduction (AAR)

(a) AAR versus w; and ;. (b) Pr(L}| L, T) versus n? and ny.
Fig. 4: Verification of (a) Lemma 1 where N = 20, M = 4,n? = 4,n! = 1,n? = n} = 6, and
ny = 3, and (b) Proposition 1 where S; = {2,5}, nj, = 2, n}, = 1,1 = 10, and w; = 10.

By e Yo o SO (3 — 1) /(NT). Here, the first term limy o0 35 S2, yi/(NT) signifies
the Aol of the network, whereas limy o, 1o SN 2% /(NT) = 1/\. The Monte Carlo simula-
tions were run in the MATLAB environment for sufficiently long time intervals.

Fig.4a and Fig. 4b serve as verification for the validity of Lemma 1 and Proposition 1, respectively.
In Fig. 4a, we set N = 20, M = 4 (i.e., the maximum age-gain), n{ = 4, n} = 1,n? = n? = 6, and
n} = 33. By varying the parameters w; and I'; and simulating the contention process described in
Section II, the figure plots the AAol against w; and I';. As observed in Fig. 4a, the maximum A Aol is
attained at w; = 4 and I'; = 3, which is consistent with the findings of Lemma 1. In Fig. 4b, another
scenario is considered where S; = {2, 5}, nfg = Q,nf’s = 1,/ = 10(i.e., the number of active nodes),
and w; = 10. In this figure, the probability Pr(L}| L, I') from (26) is tracked for various combinations
of n? and n? such that n} + n? < 10. As depicted in Fig. 4a, the probability is maximized when
n? = 3 and ny = 7, thus aligning with the values proposed by Proposition 1. Hence, Proposition 1
suggests setting n; = [10/3]n7, + 7y =3 x 24+ Land nf = [10/3]nf +r; =3 x 1 +0.

InFig. 5, the AAG is plotted against the varying packet arrival rate (A) for T-DFSA with w,,;,, = 1
(asin (16)), T-DFSA with optimal w,,;,, optimal FSA, and TSA protocols. Note that the results for
optimal FSA were determined via simulation. As evident in this figure, T-DFSA performs up to 65%
better than optimal FSA which is apparent when operating at higher arrival rates. We see that the
AAG drops in T-DFS A while remaining constant in optimal FSA, especially for A values greater than
0.1. This is due to the fact that the increased number of contentions in T-DFSA under high load are

classified according to the age-gains and are managed to occur in different frames. Contrarily,

3These values have been deliberately chosen to be small for better visualization, and the curves are plotted as continuous values.
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Fig. 5: AAG comparison of T-DFSA with optimal FSA and TA protocols under varying packet
arrival rates for N = {50, 100}.

increasing A\ (which is akin to adding more newly arriving updates) in optimal FSA does not yield
any advantage because of the increase in collisions. Furthermore, the T-DFSA with w,,,;,, = 11s the
optimal choice when ) exceeds a threshold (whichis 0.3 for N = 50 and 0.5 for N = 100), where this
threshold is lower at lesser values of V. Recalling the discussion in Section V, this happens because
the variance of the age-gains diminishes with A and increases with N, leading to more accurate
estimations of ny. Also note that the T-DFSA with optimal w,,;, outperforms TA, especially at
higher generation rates. This is because, unlike TA, which has a fixed threshold, T-DFSA adjusts its
threshold in every frame based on the status of the network, such as the number of backlogged nodes
and their age-gains. As such, collisions are managed more effectively, notably at higher arrival rates.

For T-DFSA with optimum w,,;,,, and the age-based thinning SAT and A AT protocols, the normal-
ized AAG (i.e., AAG divided by N)is plotted against the packet generation rate in Fig. 6. As detailed
in [22], the nodes in each slot under the SAT policy discard freshly generated updates with age-gains
below an optimized threshold. Based on the estimated backlogged nodes, each node then transmits
its update with probability p,. On the other hand, AAT uses feedback data on the slots’ collision
state to adaptively adjust the indicated threshold in each slot. Fig. 6 shows how T-DFSA outperforms
SAT and AAT as A rises, though its performance with respect to AAT decreases when the arrival
rate becomes very close to 1. The observed superiority of T-DFSA implies that it resolves collisions
more effectively for the benefit of age improvement. This happens because the age-gain threshold in
AAT (and SAT) is chosen so that the effective generation rate equals 1/e, which yields the maximum

achievable throughputin SA. In this manner, while the throughput is maintained at its optimum point,
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Fig. 6: Normalized AAG comparison of T-DFSA with age-based thinning protocols under varying
packet arrival rates for N = {50, 100}.

itis the competing nodes that possess larger age-gains. However, T-DFS A has two degrees of freedom
due to the dynamic structure of its frames. First, to maximize the throughput, the frame length can
be set to be equal to the number of active nodes. Second, by adjusting I'; so that only nodes with the
highest age-gain can compete, the total number of active nodes can be determined. In fact, T-DFSA
achieves superior AAG since the nodes are more finely categorized for contention in frames based
on their age-gains, while maintaining the optimal throughput. Moreover, as A approaches unity,
the variability in arrival patterns decreases. Thus, T-DFSA and AAT, which both employ adaptive
thresholds, exhibit similar behavior under such conditions. It is also worth noting that, in contrast to
AAT, the AP is responsible for determining the dynamic thresholds in T-DFSA rather than the nodes
that may be power limited. Moreover, the estimates are updated at the start of each frame rather than
each slot (as in AAT), leading to lesser power utilization.

Fig. 7 compares the AAG efficacy of the network under T-DFSA and TA with respect to w,y,;, for
different A\ values. Under N =50 and 100, the trends in Fig. 7a and Fig. 7b clearly show that w,y,;,
reaches the optimal points of 1, 2, and 3 as A drops from 0.6 to 0.1, respectively. Note that the Aol of a
generic node can be modeled by a geometric distribution with parameter \ and variance (1 — \)/\2.
In light of this, when the packet generation rate is low, the variation in node ages is large, resulting in
high variances of age-gain as well as estimates of ffﬂrl, derived in (40). As a natural consequence of
this, w,,;,, = 1 may result in either entirely empty or collision slots. The opportune choice is to have
Wmin = 1 since the estimations ny have smaller variations at higher A rates and are thus, more accurate.

We also note that the AAG drops with A for w;,,;, < 3 under T-DFSA, implying that fresh update
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Fig. 7: AAG comparison of T-DFS A with TA protocol under varying w,y,;, values for N = {50, 100}
and A = {0.1,0.3,0.6}.

generations are effectively being transmitted to reduce the AAol. Higher values of w,,;,, however,
compel T-DFS A to maintain a minimal frame length and prevent it from successfully classifying the
available age-gains by altering [';. Thereby, increasing A from 0.3 to 0.6 does not impact the AAG
significantly. Interestingly, even at greater values of w;,,;,,, T-DFSA performs reasonably better than
optimal FSA. Indeed, optimal FSA is shown to deliver AAGs of 160 and 320 for N = 50 and 100,
respectively, which are much larger than the comparable AAGs of T-DFSA when w,,,;,, < 15.

In Fig. 8, the frame length distribution is plotted for various values of NV and A while accounting for
the optimal w;,,;,,. Note that the minimum frame length is w,,;, + 1. As an example, for NV = 100 and
A = 0.3, we have w,,,;;, = 3 and thus, a minimum frame length of 4. We observe that w,,;,, reduces
with A and grows with N. For instance, by fixing A = 0.8, w;,,;,, values for N = 300 and N = 100 are
1 and 2, respectively. The figure also discriminates between the variance in frame lengths at different
update generation rates. In particular, the variance in frame length is greater at lower generation
rates, such as A = (.05, whereas it decreases at higher A values.

Fig. 9 evaluates the effect of the number of source nodes that generate updates at different rates on
the AAG under T-DFS A with optimal w,,;,,. Not only does the AAG increase linearly with /V, but the
simulation results also suggest the slopes of the plotted lines decrease with A. This implies that as A
rises, the estimations of nf get more accurate. At A\ = 1, the AP can accurately detect ny since the
ages of the nodes are known to be 1. In theory, one might expect the performance to resemble that of
anideal T-DFSA, where the age-gains are assumed to be known at the AP. Under such load, however,

the practical T-DFSA, which relies on max; ! instead of individual y; values for all nodes, does not
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Fig. 9: AAG comparison of T-DFSA with TA protocol under varying number of source nodes for
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achieve the same performance as the ideal T-DFSA. On that premise, T-DFSA yet outperforms TA
the most, under the high rate of A\ = 0.93, by significantly lowering the AAG (~ 20% improvement).

Fig. 10 depicts the throughput of T-DFSA at optimal w,,,;,, in terms of /V achieved under different
A values. Notice that the overall throughput decreases with both, NV and A. This is underpinned by the
fact that the number of backlogged nodes and thus, the diversity of age-gains increase in both cases.
As aresult, a typical backlogged node waits longer to transmit because T-DFSA takes more time to
assign frames to nodes with higher age-gains, which eventually limits the throughput. The throughput

under T-DFSA is also shown in Fig. 10 to be higher than the e ! optimal throughput attainable with
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the FSA protocol. This is plainly because e~ is derived assuming that a relatively large number of
source nodes (/N > 10) are competing in each frame. However with T-DFSA, the frame lengths are
short, resulting in improved throughput. Albeit, if we impose the minimum frame length constraint
as indicated in Section V, the throughput achievable under T-DFSA is reduced.

Fig. 11 shows the normalized complexity per slot as a function of the packet generation rate for
different values of /V. The normalized complexity is derived by summing the complexities across all
frames and then dividing by the total number of slots. According to Remark 2, ft“ is computed for all
a < maxy, ; + w;_1 in Step 3, and after further truncation in Step 4, n¢ = N fta is used in (16) to
determine I';. In (16), I'; is set to the largest I that satisfies the inequality Zaeg};azr' Ng > Winin,

; ; ~a ) ~a ) /s _
which can be rewritten as » Y+ D e, asar M = Wimin, Where a’ is the smallest age

a€Gy:I"<a<a

gain that satisfies » ,nd < 1. Since wy,;, > 1, I'; is guaranteed to be greater than o', thus

aEQt:aZa
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omitting the calculations in Step 3 for all values of a > ¢/, i.e., only the summation Zaeét:a’ <a N
is sufficient. Now, the first data point on the three curves in Fig. 11 corresponds to A = 0.001.
Therefore, the total arrival rate N\ equals 0.1 for N = 100, which is less than the maximum
achievable throughput of DFSA, i.e., e~ !. In this case, almost all updates are transmitted with high
probability, resulting in a very small average number of backlogged nodes. Hence, we set w,,;,, = 1.
Additionally, in many frames, the estimated number of backlogged nodes is less than one, thus leading
to a frame length of one. As a result, the calculations in Step 3 are significantly reduced using the
aforementioned technique. However, as A increases and N\ surpasses the maximum throughput of
e~ !, the complexity initially increases. But as explained in Section V, the value of max; y! decreases

with A, resulting in a subsequent reduction in complexity. Also, the complexity increases with N.

VII. CONCLUSION

We developed an age-aware threshold-based DFSA protocol for large-scale IoT networks with
stochastic update arrivals. The AP broadcasts the frame length and a threshold at the start of each frame
in the proposed T-DFS A, designating nodes with age-gains larger than the threshold as suitable nodes
to transmit. The average number of nodes with various age-gains at the beginning of the frames is
estimated using a four step approach by the AP in order to determine the threshold and frame length.
The information observed throughout the frame, the age-gains of successful nodes, and Aols at the
AP are all used in this procedure, together with any available information on the node arrival rate.
The presented analysis revealed that T-DFSA becomes stable provided the initial condition of the
system is sufficiently diverse. Numerical results showed that T-DFSA significantly improves the age
performance, with gains of up to 65% compared to its optimal FSA counterpart. Furthermore, T-
DFSA demonstrated to be a practical solution for power-limited networks by surpassing the TA, SAT,
and AAT baseline protocols in terms of AAG. Extending the analysis of Aol in T-DFSA to settings
that involve nodes with different sampling behaviors and age requirements using machine learning

driven techniques is worthy of further investigation.

APPENDIX A

PROOF OF LEMMA 1

We first show that w; = n, maximizes R, for a given I'; value. For now, we assume that w; is a
continuous variable. Differentiating (12) with respect to w; yields:

OR; _ uir,ant (1 _ 1>""_2 (”t _ 1) | (43)

owy Nuw? Wy
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By equating OR, /Ow; = 0, we can conclude that, for a given I'y, setting w; = n, maximizes R,.Note
that w, = 1 also satisfies Oﬁt/ﬁwt = 0, but it minimizes R,, thus resulting in R, = —1. Thus, since
w; = n; maximizes R, over all continuous values of wy, it is also the optimal discrete value. Next,

we optimize the value of I'; by setting w; = n; = Ziw:n n¢ in (12) to obtain:

M
Za:l"t ng—1 ZM a
1 a=r, AT

Ry (Ty) = (1 - ~1, (44)
A Zi‘irt n? 4\]\[ Zi\irt ng;
M Yy

where R}(T';) is the maximum of R, for a given value of T';. We now show that R} (T';) is a decreasing
function of I';. Note thatn; = nyzrt n¢ i1sadecreasing function of I'; since the number of active nodes
reduces as I'; grows. Alternatively, forn, > 1, the function (1—1/ nt)”t_1 increases with n,. Thus, the
term x in (44) is a decreasing function of I';, given that Zi\ipt n¢ > 1. Moreover, the term y in (44)
can be written as follows, which is a convex combination of the values {I';,T";, + 1,..., M }:

> a]\?—t (45)
a=T} Za:Ft U

As aresult, it attains its maximum value whenever the coefficient of the highest value of a in (45) is

equal to one. This leads ton / Zg/irt n¢ = 1, which transpires only when I'y = M. This completes

the proof.

APPENDIX B

PROOF OF LEMMA 2

For (30) to be positive, we should have ny > ng - Thus, the optimal values of 72§ should satisfy
my > ni forany a € S;, implying that S, C A, In regardto ) . 1 7§ = [, we should set7f = 0
for a ¢ S, in order to maximize the probability in (30). As a result of this, we will have .»th =3G,.

Let us now consider a, b € .,th. Accounting for the fact that ﬁt(l ) is the optimal solution of (29),
flipping b to a in £,(1) (i.e., changing /¢ to ¢ + 1 and 7 to 7m? — 1) should reduce the probability
in (30). Expressly, the difference between the probability before and after flipping can be stated as:

Mecaicran Gi) (g1 (it =1\ (1 (i (46)
( l ) ngs ng,s TL?’S ngs .

ns

By letting (46) to be less than or equal to zero, (31) can be obtained straightforwardly. This completes
the proof.
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APPENDIX C
PROOF OF LEMMA 3
Suppose 7§ /nf, = ki, + 1. /0, Vo € Ay, wehave k., r, € Zt and 0 < 1, < ng ;. Using (30),

forany a,b € flt, we have:

Ta ry+ 1
— <K -k < - (47)

ng Ny.s Ni.s Ny s
Depending on the values taken by r,, the following two cases may occur:

« Case I: When r, = 0, Vz € A,. By assigning r, = r, = 0 in (47) along with the fact that
n{,,ny, > 1, we can conclude that k, = k[, (i.e., Y, m /nf, = k) and thus, k' = /n.

o Case Il: When( < r, < nj forsomea € A,.From (47)and the assertionthat (1+r,)/n7, <1,
we conclude that Vb € A,, |k, — k'| < 1. Simply put, either k, = k/ or kj, = k + 1 holds,
where the latter transpires if and only if 7, = nf , — 1 and r;, = 0. Notably, the case kj, = k;, — 1
never occurs since it mandates r, = Oand r, = ngs — 1, which contradicts our assumption (i.e.,
rq > 0). Subsequently, 772}, Vb, can be expressed either as k,nj 4 r, or (k) + 1)n{ . This is
equivalent to writing k/,n{ , + r;, where 0 < rj < n? . Summing over 1, Vx € Ay, we attain
| = kyns + > ,c4, Th Where ¥ = a and ), = r,. Since for a, 7, = 7, < n{, we also have

> wed, "o < Mg, which eventually leads to &, = [I/ng].

APPENDIX D

PROOF OF PROPOSITION 1

Letz!,,y!,,and g/, denote, respectively, the packet age of node ¢, the age at the AP with respect to
node ¢, and the age-gain of node ¢ at the end of frame ¢, without considering the effect of new arrivals
within the frame. Contrarily, x}, ,,y;. ,, and g, , which are the corresponding values at the inception

of frame ¢ + 1, take in the effect of new update arrivals. Accordingly, ft‘ﬁrl can be written as:
Tt = Pr(ygﬂ - xiﬂ =a)

= Z Pr(y;y — @+ = b) Pr(aj —apy =a—b|a,b)

b=0
=Y [ Pr(al— o, =a—b|ab), (48)
b=0 ~

where the last equality is inferred noting that y/,, = i, and f’ = Pr(¢}, = yi, — 2!, = b).

Additionally, because the age-gain is always boosted by new arrivals, we have g/, < g, which
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means that the values b < a are taken into consideration in (48). The probability term x in (48) can

further be expressed as:

(1 —A)ve, ifb=a
S Pr(z), =) Pr(zjs =c+a—blabc), ifb<a. “49)

J/ /

-~

y zZ

The first case in (49) indicates that the age of node 7 does not alter between ¢ and the onset of frame
t + 1, as long as no update is generated in frame ¢, with probability (1 — A)™*. In the second case
of (49), the term y represents the probability that the latest update of node 7 is generated at time slot
k.41 — cas per (1), and is given by p. = A(1 — \)°~L. Likewise, the term z in (49) is equivalent to
Pr(z! = c+a—b—w | a,b,c). By defining h = ¢ + a — b — wy, the term z can be written as
Pr(z! = h | a,b,c) and refers to the probability that the latest update at node 7 prior to slot k; is
generated in slot k; — h.
Leaning on the following facts, we now obtain the bounds for / and c:
(i) ¢ > 1, where ! = 1 occurs only if u’(k; — 1) = 1. Hence, in (29), we have h > 1.
(i) zi < k; + x, Vi, where the equality holds when no updates are generated by node 7 since
ko = 0. Hence, h < k; + max; x},.
(iii) g; > g!,, where we have g; = y; — x} > b given that g/, = b. This implies that =} < y; — b
and consequently, i < max; y — b.
From fact (i), we easily conclude that h,,;, = 1. Then, from h > 1, we getc > b — a + w; + 1.
Along with ¢ > 1, we have ¢,,;, = (b — a + w;)™ + 1. Facts (ii) and (iii) reveal that h < hq, =
min{max; r{ + k;, max; y; — b}. From this, ¢ < hyn.. — a + b+ w, can be directly inferred, which
accompanied by 1 < ¢ < wy, results in ¢, = max{(hmar — a + b))~ + wy, 1}.

To this end, Pr(z} = h | a, b, ¢) in (49) can be stated as follows:

ph2Pr(zl=h|abc)=Pr(zi =h|1<h< hne)
B PI’(QZ’; = h;1 S h S hmar)
B Pr(1 <h < hpaa)
A1 = )"

= . (50)

Plugging (50) into (49) completes the proof.
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