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Abstract

Information aging has gained prominence in characterizing communication protocols for timely remote

estimation and control applications. This work proposes an age of information (AoI)-aware threshold-

based dynamic frame slotted ALOHA (T-DFSA) for contention resolution in random access machine-type

communication networks. Unlike conventional DFSA that maximizes the throughput in each frame, the

frame length and age-gain threshold in T-DFSA are determined to minimize the normalized average AoI

reduction of the network in each frame. At the start of each frame in the proposed protocol, the common

access point (AP) stores an estimate of the age-gain distribution of a typical node. Depending on the observed

status of the slots, age-gains of successful nodes, and maximum available AoI, the AP adjusts its estimation in

each frame. The maximum available AoI is exploited to derive the maximum possible age-gain at each frame

and thus, to avoid overestimating the age-gain threshold, which may render T-DFSA unstable. Numerical

results validate our theoretical analysis and demonstrate the effectiveness of the proposed T-DFSA compared

to the existing optimal frame slotted ALOHA, threshold-ALOHA, and age-based thinning protocols in a

considerable range of update generation rates.
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I. INTRODUCTION

By virtue of the ubiquitous connection offered by emerging wireless technologies and the vast pro-

liferation of smart devices, the Internet of Things (IoT) and Machine-type Communications (MTC)

have revolutionized the way information is shared and processed [1]. Making precise control and

monitoring decisions in such real-time networked systems depends critically on the timely reception

of information at the destination node. The application domains of the IoT devices essentially de-

termine how long the information aggregated at a common access point (AP) may still be regarded

as fresh [2], [3]. To quantify the timeliness of status updates in such large-scale systems, the Age of

Information (AoI) has been widely adopted as a key destination-centric performance metric [4].

Formally, the AoI at any given time t is defined as the random process∆(t) ≜ t−u(t), where u(t) is

the generation time of the most recent status update received at the monitoring node. Previous studies

have shown that maximizing throughput or reducing delay does not necessarily ensure a low AoI [5].

Besides the stringent temporal constraint, the AoI in IoT networks is also influenced by the under-

lying channel access scheduling policy for contending nodes that intermittently transmit short status

packets [6]. Though Time Division Multiple Access (TDMA)-based access protocols are power-

efficient for individual nodes, they are not suitable for decentralized applications due to their low

spectrum efficiency and lack of scalability. For this reason, random access protocols such as Slotted

ALOHA (SA) and Framed Slotted ALOHA (FSA) are deemed more effective in capturing the

nuances of information aging in timely communications with bursty traffic [7]. Existing age-aware

slot-based protocols leverage threshold-based structures to limit contention to nodes with higher age-

gains,where theage-gainofanode ineachslot isdefinedas thedifferencebetween theagesof themost

recent updates available at the AP and the node. Higher age-gains indicate that the most recent update

at the node was generated a long time after its last successful transmission. While threshold-based SA

protocols significantly reduce the average AoI (AAoI) compared to conventional protocols, they may

not be energy-efficient due to their reliance on contention alone. In contrast, hybrid protocols such as

FSA strike a balance between contention-based and contention-free approaches, thus making them

well-suited for settings with low-power nodes. By centrally controlling node access to the medium,

hybrid protocols mitigate excessive collisions and offer improved energy efficiency. In particular,

FSA has long been the de facto protocol in Machine-to-Machine (M2M) and RFID communications

since it restricts node access to a limited number of slots within frames, thus effectively reducing

collision probability [8]. To address the inherent instability of FSA with a fixed frame length, the
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Dynamic FSA (DFSA) protocol was developed. DFSA adjusts the frame length based on estimates of

active or backlogged nodes in each frame to achieve optimal throughput [9], [10]. However, it entails

estimating the number of backlogged nodes at the inception of each frame. While recent FSA variants,

such as Irregular FSA (IRSA), have explored age improvement [11]–[14], a systematic age-aware

analysis of a threshold-based DFSA protocol under stochastic update generations remains untapped.

A. Related Work

AoI performance of scheduling policies in shared channels has garnered much research attention

in recent years. Concerning decentralized access protocols, SA has been analyzed for periodic status

updates [15], stochastic arrivals [16], and unreliable channels [17], [18]. The collision-resolution SA

protocol in [19] reduces the AAoI by resolving all collisions in each access period. Integrating age-

aware transmissions into SA protocols can further improve their age efficiency. By exploiting the op-

timal age threshold and transmission probability, [20] shows that the optimal AAoI under Threshold-

ALOHA (TA) grows linearly with the network size, yielding a multiplicative gain of 1.4169. The TA

protocol is modified in [21] to include a mini-slot at the start of each slot, within which active

users contend with certain probabilities and back off in case of collisions. The Stationary Age-based

Thinning (SAT) and the Adaptive Age-based Thinning (AAT) protocols for stochastic arrivals are

proposed in [22], where each node transmits its latest packet according to SA only if its age-gain

exceeds a certain threshold. This threshold is estimated dynamically by monitoring ACK messages

or determined statically, leading to similar scaling results as in [20]. In particular, in AAT, each

node estimates the age-gain distribution at the beginning of each slot using the collision status of the

previous slot. Compared to AAT and SAT, the proposed T-DFSA protocol updates the estimated age-

gain distribution by leveraging the successfully received age-gains in the previous frame. Moreover,

in T-DFSA, the AP is responsible for updating estimations in each slot and determining the threshold,

thus making it more suitable for networks comprising low-power nodes.

Among the FSA-based protocols, [23] investigates the AoI performance of FSA, where each frame

consists of a fixed number of data slots and one reservation slot. The AAoI in the FSA structure, where

users compete using a pool of pilots in each frame, has been explored and optimized in [24]. The

design and stability analysis of an FSA-based protocol in the presence of new arrivals and an unknown

node population are provided in [25]. The IRSA protocol is a recent adaptation of FSA that allows

repeated update transmissions in a frame and uses successive interference cancellation (SIC) to offset

the latency cost of framed channel access. The work in [12] examines the AAoI and age-violation
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likelihood to optimize the IRSA repetition distribution and frame size, while analytical results for

the optimal normalized channel traffic and repetition distribution are derived in [11]. To optimize

the number of transmissions in IRSA, [14] presents a Q-learning solution for energy-harvesting IoT

networks. In [13], the AAoI and packet loss rate expressions for a graph-based spatially coupled

IRSA protocol combined with the pseudo-random access method and coupled frames are obtained.

The throughput of the standard DFSA protocol is optimized by setting the frame length equal to

the number of backlogged nodes. Estimating the number of backlogged nodes is crucial, especially in

scenarios with stochastic packet arrivals. Existing efforts primarily focus on exploiting the observed

status of slots within a single frame to minimize estimation errors within that frame. Algorithms such

as the Vogt algorithm [26], the maximum a posteriori probability rule [27], and the Schoute algorithm

[9] have been proposed for this purpose. Although DFSA has been scrutinized for maximizing

throughput, its performance in relation to the new AoI requirement has not been investigated. This

AoI-incorporated setup is ideally pertinent for remote estimation and control of observed processes

in power-limited IoT networks. To the best of our knowledge, this work presents the first proposal

for improving the DFSA protocol that benefits from a threshold-based approach to minimize age,

specifically considering updates generated in a non-deterministic manner.

B. Contributions

In this work, we focus on laying the theoretical foundations for the age-aware design of a novel

threshold-based DFSA (T-DFSA) policy for networks in which the status updates stochastically

generated by nodes are aggregated at the AP. The main contributions of this paper are as follows:

• We propose the ideal T-DFSA, in which the common AP broadcasts the frame length and the

age-gain threshold at the start of each frame to identify the nodes eligible to transmit in that

frame. The Average AoI Reduction (AAR) per slot is minimized by determining the threshold

and frame size of each frame. We establish that the AAR is minimized if only the nodes with

the highest age-gains transmit in each frame and the frame size is equal to the number of such

nodes, presuming that the age-gains are known at the start of each frame.

• We then propose the practical T-DFSA, where the AP, being unaware of the exact age-gains of

the nodes, maintains an estimate of the age-gain probability mass function associated with a

typical node at the start of each frame and updates it across frames. As such, the AP implements

T-DFSA in four steps within each frame. The frame length and the threshold are specified and

broadcast using the current estimation in the first step. Observations of the AP within the frame,
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Fig. 1: System model with N source nodes generating updates with probability λ and transmitting

them to a common AP over a shared medium.

such as the slot states and the age-gains of the successful nodes, are used to update estimates

in the second step. In the third and fourth steps, the estimates are further enhanced using the

known node generation rates and the maximum achieved AoI, respectively.

• Though the frame lengths in T-DFSA are generally small, we demonstrate that it outperforms

the optimal FSA (i.e., FSA with the optimal fixed frame length) in Average Age-Gain (AAG),

even if adjustments to the minimum frame length are based on the AP broadcast frequency re-

quirements. Moreover, operating at its optimal point, T-DFSA outperforms existing SA-based

protocols includingTA,AAT,andSATinaconsiderable rangeofgenerationrates.Ournumerical

results also show that T-DFSA remains stable almost surely if the initial conditions of the nodes

are set to be sufficiently diverse.

C. Organization

The rest of the paper is organized as follows. Section II describes the system model. The ideal and

practical models of T-DFSA, where the AP is, respectively, aware of and unaware of the age-gains

of the source nodes, are introduced in Section III. The mechanisms of the practical T-DFSA are

further detailed in Section IV, which involve updating the estimations for the following frame and

using the estimates from each frame to calculate the threshold and frame length. Section V analyzes

the complexity of stable T-DFSA. Numerical results are presented in Section VI and conclusions

are drawn in Section VII.

II. SYSTEM MODEL AND NOTATIONS

We consider a network where N time-synchronous source nodes attempt to send their status up-

dates to a common AP via a shared wireless channel using the T-DFSA access protocol, as depicted in

Fig. 1. The network operates in slotted time, where each frame consists of multiple slots. At the

onset of each frame t, the AP broadcasts the frame lengthwt, which represents the number of slots in

the frame, and a threshold Γt. Subsequently, backlogged nodes with an age-gain equal to or greater
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than Γt become active. These nodes choose a slot uniformly at random within the current frame and

transmit their update with probability one. A collision occurs when multiple nodes transmit their

updates in the same slot, while an empty slot indicates no transmission and a singleton slot represents

a single node transmission. At the start of frame t, the AP broadcasts the slot statuses from the

previous frame t− 1, along with wt and Γt, enabling successful nodes to discard their sent updates.

All updates are considered equally important and are assumed to be generated at the start of a slot

with probability λ. Furthermore, the nodes retain only the most recent update packet and re-transmit

it after activation until it is either successfully sent or replaced by a fresher update.

To index the slots within a generic frame t, we define slot k as the time interval [k, k + 1), and

kt as the first slot in that frame. Therefore, the time slots within frame t are represented by the set

Kt = {kt, kt + 1, . . . , kt + wt − 1}. Accordingly, the AoI of node i at the start of frame t, denoted

by xi
t, evolves over time as follows:

xi
t+1 =

xi
t + wt, if ui(k) = 0,∀k ∈ Kt,

kt+1 − k, if ∃k ∈ Kt : u
i(k) = 1, ui(j) = 0 for j ∈ Kt, j > k,

(1)

where ui(k) = 1 if node i generates an update in time slot k and zero otherwise. Assuming that the

AP decodes the packets at the end of the frames, the AoI of the update packet received at the AP

from node i can be expressed as:

yit+1 =

xi
t + wt, if dit = 1,

yit + wt, if dit = 0,
(2)

where dit takes the value of 1 if node i transmits successfully in frame t and 0 otherwise. Realizations

of xi
t and yit along with the collision and singleton slots for node i are exemplified in Fig. 2. Based on

the definitions in (1) and (2), the age-gain git and age reduction rit of node i in frame t can be written as:git = yit − xi
t,

rit = yit − yit+1.
(3)

Since the backlogged nodes in T-DFSA are determined by non-zero age-gains, it is noteworthy that

xi
t in (1) is defined regardless of whether node i is backlogged or not, and has no bearing on our

approach. Importantly, the nodes that satisfy the condition git ≥ Γt are the active nodes in frame t.

The objective of conventional DFSA is to determine the optimal frame length that maximizes net-

work throughput. This is achieved by setting wt equal to the number of active nodes at the start of

frame t. It is important to note that in T-DFSA, the active nodes are determined based on the threshold
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Fig. 2: An example of xi
t and yit evolving over time under the T-DFSA protocol. The red arrows (with

asterisk tails) represent instances when update packets are generated at node i, while the blue arrows

(with bullet tails) represent instances when they are received at the AP.

signaled by the AP, whereas in standard DFSA, the active nodes are those that have pending updates.

Furthermore, in T-DFSA, the values of wt and Γt are obtained such that the following AAR within

frame t is minimized:

R̄t =

∑N
i=1 E[r

i
t]

Nwt

, (4)

where E[·] denotes the expectation operator. The rationale behind the division of the total expected

age reduction of the network, expressed as
∑N

i=1 E[r
i
t], by the frame duration wt in (4) is to achieve

greater age reductions in smaller frames. In fact, R̄t represents the AAR per slot. Moreover, based

on (3), where rit = yit − yit+1, R̄t can be expressed as:

R̄t =

∑N
i=1 E[y

i
t]

Nwt

−
∑N

i=1 E[y
i
t+1]

Nwt

. (5)

Since the first term of (5) is known at the AP at the beginning of frame t, maximizing R̄t is equivalent

to minimizing
∑N

i=1 E[y
i
t+1]/(Nwt), which represents the normalized AAoI of the nodes at the end of

frame t. Furthermore, the throughput in each frame, denoted byUt, is defined as the average number

of transmitted updates per slot and is given as:

Ut =

∑
i:git≥Γt

E[dit]

wt

=

∑
i:git≥Γt

Pr{dit = 1}
wt

, (6)

where E[dit] (= Pr{dit=1}) is the average number of successfully transmitted updates by node i in

frame t.
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TABLE I: Main Notations and Definitions

Notation Description

N Number of independent source nodes

wt Length of frame t

Γt Age-gain threshold in frame t

xi
t AoI of node i at the onset of frame t

yi
t AoI of node i at the AP at the onset of frame t

git Age-gain of node i at the onset of frame t

rit(R
i
t) (Expected) AoI reduction of node i in frame t

R̄t Average AoI reduction in frame t

P s
t Successful transmission probability of an active node in frame t

na
t Number of nodes with age-gain of a at the onset of frame t

na
t,s Number of successful nodes with age-gain of a in frame t

f̂a
t (f̂

a
t+) Estimated probability of a node with age-gain of a at the onset (end) of frame t

n̂a
t (=Nf̂a

t ) Estimated average number of nodes with age-gain of a at the onset of frame t

m̂a
t Posterior estimated mean number of nodes with age-gain of a ≥ Γt at the onset of frame t

Gt(Ĝt) Set (estimated set) of distinct age-gains of all nodes at the onset of frame t

At(Ât) Set (posterior estimated set) of distinct age-gains of active nodes at the onset of frame t

St Set of distinct age-gains of successful nodes in frame t

In the section that follows, we first introduce the ideal T-DFSA in which age-gains are assumed to

be known at the start of the frames. The practical T-DFSA is then proposed, where the distribution

of git is estimated by the AP. The main notations are listed in Table I.

III. PROPOSED T-DFSA PROTOCOL

In this section, we first gauge the behavior of the hypothetical model in which the age-gain of each

node is known to the AP at the onset of the frames, before delving into the AoI analysis of its practical

counterpart.

A. Ideal T-DFSA

To facilitate our analysis, we introduceRi
t = E[rit|git] to denote the expected age reduction of node

i in frame t under ideal T-DFSA. Our derivation of Ri
t begins by considering the scenario where

node i is active in frame t (i.e., git ≥ Γt). Assuming successful transmission by node i in frame t,

the age reduction of node i, denoted by rit, can be written based on (2) and (3) as follows:

rit = yit − xi
t − wt = git − wt. (7)
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On the other hand, if node i is active but fails to transmit successfully in frame t, the value of yit
increases by wt, resulting in yit+1 = yit + wt. Using (3), we then have:

rit = yit − yit+1 = yit − yit − wt = −wt. (8)

Let us denote P s
t as the successful transmission probability of an active node in frame t, given

by P s
t = Pr{dit = 1}. Note that this probability is identical for all active nodes, as they exhibit

symmetry when transmitting their packets within the frame. From (7) and (8), we can express the

expected age reduction of an active node i in frame t as follows:

Ri
t = P s

t (g
i
t − wt) + (1− P s

t )(−wt) = P s
t g

i
t − wt. (9)

Furthermore, if node i remains inactive throughout the frame, its age increases bywt with probabil-

ity one, leading to yit+1 = yit+wt. Consequently, based on (3), the age reduction rit can be expressed

as rit = −wt. As a result of this, we have Ri
t = rit = −wt. By consolidating all these considerations,

the expression for Ri
t is given by:

Ri
t =

P s
t g

i
t − wt, if git ≥ Γt,

−wt, if otherwise.
(10)

We now definena
t as the number of nodes with an age-gain ofa at the start of frame t. Then, the total

number of active nodes at the beginning of frame t, denoted asnt, can be expressed asnt ≜
∑M

a=Γt
na
t ,

where M = maxi g
i
t is the maximum available age-gain. Using the definition of nt, the expression

for P s
t can be derived as:

P s
t =

(
1− 1

wt

)nt−1

, (11)

whereeachactivenodeselectsanyslot in frame twithaprobabilityof1/wt.Thus,P s
t is theprobability

that none of the other nt − 1 active nodes choose the same slot as node i and can be expressed as

(1− 1/wt)
nt−1.

Given that the age-gains are known in ideal T-DFSA, we can establish that E[rit] = E[rit|git] and

thus, the definition of AAR in (4) can be expressed as
∑N

i=1 E[r
i
t|git]/(Nwt). Taking into account that

E[rit|git] = Ri
t and using (10), the AAR in frame t under ideal T-DFSA can be obtained as:

R̄t =
1

Nwt

N∑
i=1

Ri
t =

1

Nwt

 ∑
i:git≥Γt

(P s
t g

i
t − wt) +

∑
i:git<Γt

(−wt)


=

1

Nwt

P s
t

∑
i:git≥Γt

git −
∑

i:git≥Γt

wt −
∑

i:git<Γt

wt

 =
1

Nwt

P s
t

∑
i:git≥Γt

git −
N∑
i=1

wt


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=
P s
t

Nwt

∑
i:git≥Γt

git − 1 =
1

Nwt

(
1− 1

wt

)∑M
a=Γt

na
t−1 M∑

a=Γt

ana
t − 1. (12)

The final expression in (12) is derived using (11) along with the equalities nt =
∑M

a=Γt
na
t and∑

i:git≥Γt
git =

∑M
a=Γt

ana
t . Given the values of git for all i, the following lemma indicates the optimal

Γt and wt values that maximize AAR in frame t.

Lemma 1. In ideal T-DFSA, setting Γt = M and wt = nM
t maximizes R̄t.

Proof. See Appendix A.

From the above lemma, it becomes evident that in ideal T-DFSA, the AP allows nodes with the

highest age-gain to transmit within a frame, while setting the frame length equal to the number of

nodes with the highest age-gain. Considering the definition of P s
t and using (11), the throughput Ut

in (6) can thus be written as follows:

Ut =
ntP

s
t

wt

=
nt

wt

(
1− 1

wt

)nt−1

. (13)

The following corollary shows that the AAR-optimal ideal T-DFSA is throughput-optimal as well.

Corollary 1. Similar to conventional DFSA, the throughput Ut in T-DFSA is maximized when wt =

nt
1 [9]. Furthermore, according to Lemma 1, in AAR-optimal T-DFSA, the frame length wt is set

equal to the number of active nodes, i.e., nt = nM
t . Consequently, the AAR-optimal values of Γt

and wt are also throughput-optimal.

In the case whenλ = 1, the age-gains are known at the AP and can be expressed asgit = yit−1, since

xi
t = 1 for all i. This implies that the nodes always have a fresh update at the beginning of each frame.

By applying Lemma 1 in this scenario, we can conclude that only the nodes satisfying yit = maxi y
i
t

are allowed to transmit, and the frame length is determined by the number of these nodes. It is not

viable for the AP to acquire the age-gains of all source nodes when λ < 1, especially in large-

scale IoT and M2M communications. Therefore, in the following sub-section, we present a practical

T-DFSA protocol where the AP estimates the average values of na
t using observations from the

preceding frame before deciding on wt and Γt values.

1The derivative of Ut with respect to wt is given by
nt

w2
t

(
1− 1

wt

)nt−2(
nt

wt
− 1

)
, which is maximized at wt = nt. Therefore,

among all discrete values of wt, wt = nt is considered optimal.
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B. Practical T-DFSA

The AP in practical T-DFSA stores an estimate of the age-gain distribution of a typical source node

at the start of frame t. Accordingly, the estimated probability that a node has an age-gain of a at the

onset of frame t is denoted by f̂a
t . The AP also keeps an estimate of the set of distinct age-gains, given

by Ĝt, at the start of frame t where for all a ∈ Ĝt, we have f̂a
t > 0 and

∑
a∈Ĝt

f̂a
t = 1. The estimated

average number of nodes with age-gaina at the start of frame t, i.e. Ê[na
t ], is represented by n̂a

t = Nf̂a
t

as the nodes are symmetric. Since it is impossible to determine the precise value of the largest age-

gain in practical T-DFSA, the AP leverages a threshold Γt based on estimation f̂a
t , and then allows

all nodes with age-gains equal to or higher than Γt to transmit in frame t. The AP then updates

f̂a
t for the subsequent frame based on the observations made during the current frame and its local

information. A succinct explanation of the key steps of the proposed practical T-DFSA (detailed in

Section IV) is given below:

• Step 1: The AP decides onΓt and the frame lengthwt based on the estimates f̂a
t , and broadcasts

them to the nodes.

• Step 2: At the end of frame t, the AP improves f̂a
t using observations made within the frame,

which encompass the slot states and age gains of successful nodes. Subsequently, the AP

computes the estimated probability of a node possessing an age-gain of a at the end of frame t,

denoted as f̂a
t+ .

• Step 3: The AP exploits the update generation rate λ and f̂a
t+ to obtain f̂a

t+1.

• Step 4: Finally, the AP truncates f̂a
t+1 using its knowledge of the maximum age-gain that can

be deduced from the AoI of all nodes, i.e. yit,∀i.

IV. CHARACTERIZATION OF PRACTICAL T-DFSA

This section is dedicated to a comprehensive explanation of the four main steps in practical T-

DFSA as given in Algorithm 1.

A. Step 1: Derivation of Threshold and Frame Length

Unlike in ideal T-DFSA, the AP only has access to the estimates n̂a
t ,∀a, in practical T-DFSA. Hence,

instead of determining the exact highest age-gain, a threshold Γt ∈ Ĝt is determined, indicating that

any node with an age-gain equal to or higher than this threshold can transmit in frame t. In light of

Lemma 1, the threshold is chosen to be as high as possible to ensure that only nodes with the

highest age-gains contend in frame t. Specifically, the threshold is selected to be the highest value
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Algorithm 1 Practical T-DFSA (implemented in frame t)
Step 1: Input:

{
Ĝt, {f̂at }a∈Ĝt

}
; Output: {Γt, wt} // Implemented at the onset of frame t

1: Set n̂a
t = Nf̂at , ∀a ∈ Ĝt.

2: Derive Γt and wt from (15) and (17), respectively.

Step 2: Input:
{
Ĝt, {n̂a

t }a∈Ĝt
,St, {na

t,s}a∈St
, (nS , nE , nC)

}
; Output: {f̂at+} // Implemented at the end of frame t

3: for l from (nS + 2nC) to N do
4: z0 = 0

5: if nS > 0 then
6: Derive m̂a

t , ∀a ∈ St, from Proposition 1.

7: z1 =

(
wt
nS

)(
wt−nS

nE

)(
l

nS

) ∏
a∈St

( m̂a
t

na
t,s

)
qnS

S qnE

E qnC

C

8: else
9: z1 =

(
wt
nE

)
qnE

E qnC

C

10: if z1 > z0 then
11: z0 = z1
12: else
13: l̂ = l

14: if nS = 0 then
15: Set m̂Γt

t = l̂ and m̂a
t = 0, ∀a ∈ St.

16: else if nS > 0 then
17: Use l̂ in Proposition 1 to derive m̂a

t , ∀a ∈ St.
18: Derive m̂a

t+ and f̂at+ from (37) and (38), respectively.
19: break

Step 3: Input: {f̂at+ ,maxi x
i
0,maxi y

i
t}; Output: {f̂at+1} // Implemented at the end of frame t

20: Derive f̂at+1 from (41).

Step 4: Input: {f̂at+1}; Output: {f̂at+1} // Implemented at the end of frame t

21: Truncate f̂at+1 using (42).

that guarantees the estimated average number of active nodes, denoted by n̂t, is at least equal to one.

Owing to this fact, the threshold Γt ∈ Ĝt is chosen such that:

n̂t =
∑

a∈Ĝt:a≥Γt

n̂a
t ≥ 1. (14)

Selecting n̂t to be less than one would result in empty slots, which is not desirable since the minimum

frame length is equal to one. As such, the threshold Γt can be expressed as:

Γt = max

Γ′ ∈ Ĝt |
∑

a∈Ĝt:a≥Γ′

n̂a
t ≥ 1

 . (15)

Letting n̂t ≥ 1, however, may not be optimal given that decisions are made based on estimates n̂a
t ,

rather than the exact values. As a result, we determine Γt such that n̂t is lower bounded by a minimal
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threshold wmin as follows:

Γt = max

Γ′ ∈ Ĝt |
∑

a∈Ĝt:a≥Γ′

n̂a
t ≥ wmin

 . (16)

Consequently, the frame length is chosen to be:

wt =

⌈∑
a∈At

n̂a
t

⌉
, (17)

where At is the set of distinct age-gains of active nodes at the start of frame t. The optimal value of

wmin is found through exhaustive search, but as will be demonstrated in Section VI, at higher gen-

eration rates and lower values of N , wmin = 1 results in the best T-DFSA performance because the

variance of the age-gains is reduced and the estimates of n̂a
t become more accurate. Additionally, the

power consumption of the AP (or equivalently, the frequency of its broadcasts) may be restricted. To

guarantee that wt is always greater than the minimum broadcast interval in this situation, wmin can

be set to be equal to the inverse of the maximum broadcast frequency.

B. Step 2: Derivation of f̂a
t+ using Observations

At the end of frame t, the AP updates the list of successfully received age-gains and the status of the

slots within the frame. It then uses this information to update the available age-gain distribution f̂a
t and

compute the age-gain distribution at the end of frame t, denoted as f̂a
t+ , where t+ represents the end of

frame t. The number of singleton, empty, and collision slots, denoted bynS ,nE , andnC , respectively,

as well as the age-gains of the successful nodes, are exploited in particular by the AP. As such, the

number of successful nodes in frame t with age-gain of a is denoted by na
t,s.

For thesakeofbetter representation,weadopt thenotionofmultisets,whichdiffers fromaset in that

it allows for multiple occurrences of an element. A multiset can be denoted as {(e,m(e)) : e ∈ A},

whereA is the set of distinct elements in the multiset, andm(e) denotes the number of occurrences of

element e. Following this definition, Lt and L′
t, which represent the multisets of age-gains of active

and successful nodes in frame t, respectively, are given as:Lt = {(a, na
t ) : a ∈ At},

L′
t = {(a, na

t,s) : a ∈ St},
(18)

where St denotes the set of distinct age-gains of successful nodes in frame t. Note that all nodes that

contend in frame t have age-gains greater than or equal to Γt and thus, every element in sets At and

St is guaranteed to be greater than or equal to Γt.
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Let us first suppose that L′
t is not empty, i.e. there exists at least one successful slot in frame t

(or nS > 0). The AP then calculates the estimate of Lt, denoted by L̂t, based on the observations

I = (nS, nE, nC) and L′
t as follows:

L̂t =
{
(a, m̂a

t ) : a ∈ Ât

}
, (19)

where Ât and m̂a
t are estimations of At and average na

t after observing frame t, respectively. Specif-

ically, we can conveniently write:

m̂a
t = Ê [na

t |I,L′
t] . (20)

We now employ the maximum likelihood (ML) estimation to derive L̂t as follows:

L̂t = argmax
Lt

Pr(I,L′
t|Lt), (21)

where the maximization in (21) can be further expressed as:

max
l

max
Lt:|Lt|=l

Pr(I|Lt) Pr(L′
t|Lt, I). (22)

Next, we focus on deriving the first conditional probability in (22), i.e.Pr(I|Lt). The probabilities

that a single time slot in frame t is a singleton, an empty, and a collision slot are denoted by qS , qE ,

and qC , respectively, and can be readily computed as:
qS = |Lt|

wt

(
1− 1

wt

)|Lt|−1

,

qE =
(
1− 1

wt

)|Lt|
,

qC = 1− qS − qE,

(23)

where |Lt| =
∑

a≥Γt
na
t . It should be noted that qS in (23) is the likelihood that one of the |Lt|

nodes transmits in a chosen slot, with probability 1/wt, and the others do not, with probability

(1−1/wt)
|Lt|−1, whereas qE is the probability that no node transmits. Using (23), Pr(I|Lt) can thus

be stated as follows:

Pr(I|Lt) = Pr(I| |Lt|) =
(
wt

nS

)(
wt − nS

nE

)
qnS
S qnE

E qnC
C . (24)

Interestingly, Pr(I|Lt) is solely dependent on the number of active nodes and not their age-gains.

Thereby, the maximization in (22) can be re-written as:

max
l

Pr(I| |Lt| = l) max
Lt:|Lt|=l

Pr(L′
t|Lt, I). (25)

Let L̂t(l) be the optimal estimation of the multiset Lt, given Lt, I , and that the number of active

nodes, |Lt|, is equal to l. That is to say,

L̂t(l) = argmax
Lt:|Lt|=l

Pr(L′
t|Lt, I). (26)
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Resulting from (25) and (26), the optimal estimation of the number of active nodes, denoted by l̂,

can be obtained as:

l̂ = argmax
l

Pr(I| |Lt| = l) Pr(L′
t|L̂t(l), I). (27)

Also, L̂t = L̂t(l̂). With a slight abuse of notation, we use L̂t(l) = {(a, m̂a
t ) : a ∈ Ât|

∑
a m̂

a
t = l}

to derive L̂t(l) in Proposition 1.

Proposition 1. L̂t(l) is calculated by setting Ât = St and m̂a
t = ⌊l/nS⌋na

t,s+ra, where 0 ≤ ra ≤
na
t,s is derived from Algorithm 2. Moreover, the probability Pr(L′

t|L̂t(l), I) in (27) is computed as:

Pr(L′
t|L̂t(l), I) =

∏
a∈St

(
m̂a

t
na
t,s

)(
l
nS

) . (28)

Proof. Knowing I in (26) implies that |L′
t| = nS . Furthermore, given that |Lt| = l and |L′

t| = nS ,

the probability of observing L′
t depends on which specific sets of nS nodes out of l active nodes

transmit successfully in frame t. In light of the fact that all active nodes behave symmetrically for

contention within a frame, the probability that a particular set of nS nodes would succeed is equal

to 1/
(

l
nS

)
and is therefore, independent of nE and nC . Consequently, the maximization in (26) can

be expressed as:

L̂t(l) = argmax
Lt

Pr(L′
t | Lt, |Lt| = l, |L′

t| = nS), (29)

where the probability in (29) can be obtained as follows:

Pr(L′
t | Lt, |Lt| = l, |L′

t| = nS) =

∏
a∈St

(
na
t

na
t,s

)(
l
nS

) . (30)

The denominator in (30) is the total number of (not necessarily distinct) multisets of size nS

observable in frame t. The numerator in (30) represents the number of ways the multiset L′
t can

be observed, i.e., ∀a ∈ St, the combination of na
t,s nodes with age-gain a out of na

t active nodes with

the same age-gain. Replacing Lt in (30) with L̂t(l) results in (28). We derive m̂a
t in the rest of the

proof. As such, we first derive a necessary condition for m̂a
t in Lemma 2 using (28). Lemma 3 then

proceeds with the derivation of the exact values of m̂a
t .

Lemma 2. For L̂t(l), we have Ât = St. Moreover, ∀a, b ∈ Ât, the following condition holds:

m̂b
t

nb
t,s

− m̂a
t

na
t,s

≤ 1

na
t,s

. (31)

Proof. See Appendix B.
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Algorithm 2 Derivation of ra (introduced in Proposition 1)
Input: {l, nS , {na

t,s}a∈St
}; Output: {ra, ∀a ∈ St}

1: Set (m̂a
t , ra) =

(
⌊ l
nS

⌋na
t,s, 0

)
, ∀a ∈ St.

2: Set r = l − ⌊ l
nS

⌋nS .

3: while r > 0 do
4: m̂J

t = m̂J
t + 1 ▷ where J = argmina∈St

m̂a
t + 1

na
t,s

5: rJ = rJ + 1

6: r = r − 1

Lemma 3. For any a ∈ Ât, we have the following, where 0 ≤ ra ≤ na
t,s, k

′ = ⌊l/nS⌋, and

k′, ra ∈ Z+:
m̂a

t

na
t,s

= k′ +
ra
na
t,s

. (32)

Proof. See Appendix C.

In essence, Lemma 3 postulates that m̂a
t /n

a
t,s is either k′ or k′ +1 for all values of a. The ultimate

step is to determine the ra values in Lemma 3. To this end, we present Algorithm 2 which sequentially

increases thevaluesofm̂a
t whileensuring that (31)holds ineach iteration, thuspreserving theviability

of the final m̂a
t values. In this algorithm, we apply Lemma 3 to initialize m̂a

t with ⌊l/nS⌋na
t,s, which

satisfies (31). Using induction, we then assume that (31) holds in the i-th iteration, ∀a, b ∈ Ât. Then,

in iteration i+ 1, we set:

m̂a
t (i+ 1) =

m̂a
t (i) + 1, if a = J = argmina∈Ât

m̂a
t (i)+1

na
t,s

m̂a
t (i), if a ∈ Ât and a ̸= J.

(33)

Since, ∀a, b ̸= J , m̂a
t (i + 1) and m̂b

t(i + 1) retain the same values as in the previous iteration, the

corresponding inequality (31) still holds in iteration i + 1. We now need to show that it also holds

for J and ∀a ̸= J . More precisely, we should prove that m̂a
t (i+1)/na

t,s ≤ (1+ m̂J
t (i+1))/nJ

t,s and

m̂J
t (i+1)/nJ

t,s ≤ (1+m̂a
t (i+1))/na

t,s. Using the formulation in (33) allows us to further simplify the

above two inequalities as m̂a
t (i)/n

a
t,s ≤ (2+ m̂J

t (i))/n
J
t,s and (m̂J

t (i)+ 1)/nJ
t,s ≤ (1+ m̂a

t (i))/n
a
t,s,

respectively. The first inequality holds directly from the induction assumption, whereas the second

inequality is plainly asserted by the definition of J . This completes the proof of the proposition.

By plugging (24) and (28) in (27), we obtain the following, where qS , qE , and qC are derived from

(23) by setting |Lt| = l:

l̂ = argmax
l

(
wt

nS

)(
wt−nS

nE

)(
l
nS

) ∏
a∈St

(
m̂a

t

na
t,s

)
qnS
S qnE

E qnC
C . (34)
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Besides, m̂a
t is a function of l and can be readily obtained from Proposition 1. Once l̂ is computed

using (34), substituting it in Proposition 1 eventually yields (19).

In our derivation of L̂t so far, L′
t was assumed to be non-empty. For the case when L′

t = ∅, the

optimization in (25) reduces to:

L̂t = argmax
Lt

Pr(I | Lt), (35)

where Pr(I|Lt) is derived from (24) and is only dependent on |Lt|. Thus, we get:

l̂ = argmax
l

(
wt

nE

)
qnE
E qnC

C , (36)

where qE and qC are deduced from (23) by setting nS = 0 and |Lt| = l. As can be observed, we are

only able to estimate the number of active nodes when nS = 0 and not their age-gains. We therefore,

suppose that all l̂ active users have an age-gain of Γt in this circumstance.

Thus far, we have updated the estimation n̂a
t for a ≥ Γt using the observations in frame t. Our

ultimate goal is to calculate f̂a
t+ , or the probability that a generic node has an age-gain of a at the end

of the frame t. To achieve this, we first deduce m̂a
t+ , ∀a, using the earlier estimations n̂a

t for a < Γt,

the derived estimations m̂a
t for a ≥ Γt, and the data on na

t,s as follows:

m̂a
t+ =



n̂0
t + nS, if a = 0

n̂a
t , if a ∈ Ĝt, 0 < a < Γt

m̂a
t − na

t,s, if a ∈ St

0, if a ∈ Ĝt, a ≥ Γt, a ̸∈ St .

(37)

In the first case of (37), nS number of successful nodes with zero age-gain at the end of frame t are

added to the initial estimation of n̂0
t . In the second case, n̂a

t for a < Γt remains unaffected since the

corresponding nodes are inactive in frame t. For a ∈ St in the third case of (37),na
t,s is deducted from

the updated estimation of na
t , i.e. m̂a

t . In the final case, if a ≥ Γt but is not among the observed age-

gains, we set m̂a
t+ = 0. This case is considered because, according to Proposition 1, the predicted

active age-gains in frame t match the observed ones, i.e. At = St. Therefore, if a ∈ Ĝt and a ≥ Γt,

but it is not amongst the observed age-gains, then the estimation m̂a
t , which is the updated value of n̂a

t

after observations, is set to zero. As a result, the corresponding estimated value at the end of frame t,

m̂a
t+ , is also set to zero, as stated in the last case of (37). It is worth noting that in the third and fourth

cases of (37), which correspond to a ≥ Γt (either a ∈ St or not), the values of m̂a
t+ are solely derived

based on observations and not on the previous estimations n̂a
t . Conversely, in the case where a < Γt,

the values m̂a
t+ are set to be equal to the previous estimations n̂a

t . Accordingly, although the n̂a
t values
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satisfy the equality
∑

a n̂
a
t =
∑

a Nf̂a
t =N , the constraint

∑
a m̂

a
t+ =N does not necessarily hold. In

this respect, we normalize the m̂a
t+ values by dividing each value by their sum. This normalization

allows us to derive the probability distribution f̂a
t+ as follows:

f̂a
t+ =

m̂a
t+∑

a∈Ĝt+
m̂a

t+
, (38)

where Ĝt+ denotes the set of existing age-gains at the end of frame t, formulated as:

Ĝt+ = {a|a ∈ Ĝt, a < Γt} ∪ {a|a ∈ St, m̂
a
t+ > 0}. (39)

In Algorithm 1, lines 3 to 19 implement Step 2 of practical T-DFSA. This includes solving the

optimization in (34) using exhaustive search. The minimum number of active nodes in frame t is set

to be nS +2nC since there must be at least two contesting active users in each collision slot (line 3).

Note that the incurred time complexity is minimal due to the generally short frame lengths.

C. Step 3: Derivation of f̂a
t+1 using Generation Rates

Estimates of f̂a
t+ quantify the impact of observations in frame t but not the generation rates of status

updates in this frame. In the proposition below, we exploit f̂a
t+ and the update rates λ to obtain the

estimations for f̂a
t+1.

Proposition 2. Using f̂a
t+ derived in (38), the values of f̂a

t+1 can be estimated as follows:

f̂a
t+1 = (1− λ)wt f̂a

t+ +
a−1∑
b=0

f̂ b
t+

cmax∑
c=cmin

pc p̃h, (40)

where pc = λ(1− λ)c−1 and h = c+ a− b− wt. Here, p̃h is the probability that the age of the

node at the start of frame t is h and is given by:

p̃h =


λ(1− λ)h−1

1− (1− λ)hmax
, if 1 ≤ h ≤ hmax ,

0, if otherwise,
(41)

where hmax = maxi x
i
t = min{maxi x

i
0 + kt,maxi y

i
t − b}, cmin = (b − a + wt)

+ + 1, cmax =

max{(hmax − a+ b)− + wt, 1}, (z)+ = max{0, z}, and (z)− = min{0, z}.

Proof. See Appendix D.

In Proposition 2, pc essentially captures the probability of a fresh update being generated at

a typical node in time slot kt+1 − c within frame t. Moreover, the age of a typical node at the onset

of frame t, i.e. h, establishes a relation between the age-gain at the onset of that frame (a), the

age-gain just before the end of the frame (b), wt, and c (more details in Appendix D). In the derived
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upper bound for h, maxi x
i
0 + kt refers to the maximum possible value of h when no updates are

generated by any of the N sources up to time slot kt2. On the other hand, we have git ≥ git+ , which

means that the age-gain may fall at the end of the frame as a result of a successful transmission. Then,

given git+ = b and git = yit − xi
t, we establish that xi

t ≤ yit − b. Hence, the expression maxi y
i
t − b

indicates the highest feasible value of h in relation to the yit values. Interestingly enough, the former

limit dominates in the initial stages of practical T-DFSA, while the latter gains prominence when

the protocol is implemented for a sufficiently large time interval.

Remark 1. In the upper bound expressionmaxi y
i
t−b, we assume that b ≤ maxi y

i
t−1 to ensure that

hmax ≥ 1. This assumption implies f̂ b
t+ = 0 for b ≤ maxi y

i
t−1. We can satisfy this condition in Step

4 of Algorithm 1, where f̂a
t is truncated at the end of frame t−1 to guarantee f̂a

t = 0 for a > maxi y
i
t.

Additionally, considering that git ≥ git+ , we can conclude that f̂ b
t+ = 0 for b > maxi y

i
t − 1.

Remark 2. In Proposition 2, hmax = maxi y
i
t − b in steady state. Thus, the inequality h = c+ a−

b−wt ≤ hmax implies that a ≤ maxi y
i
t+wt−c ≤ maxi y

i
t+wt−1. Consequently, f̂a

t+1 = 0 holds

for a > maxi y
i
t + wt.

The above remarks highlight the importance of considering an upper bound for h by utilizing

information onmaxi y
i
t. This approach allows us to avoid computing f̂a

t+1 for large values of a, which

could lead to an overestimation of the threshold Γt. Overestimating the threshold would result in the

inability to transmit backlogged updates, thus leading to their replacement with newer updates. In

turn, more backlogged nodes with higher age-gains would be spawned which may render the network

unstable.Note that thenetwork is said tobestable if andonly if limt→∞
∑N

i=1 y
i
t/N = 0.Furthermore,

the upper bound on the age-gains in this step draws out from maxi y
i
t and maxi x

i
0 (line 20 of

Algorithm 1). The subsequent step further refines the range of age-gains in f̂a
t+1 using maxi y

i
t+1.

D. Step 4: Truncation of f̂a
t+1

The last step (line 21 of Algorithm 1) truncates f̂a
t+1 by reducing the range of potential a values

using the data in yit+1 that is available at the AP. Beyond any doubt, we know that the maximum age-

gain at the AP at the start of frame t+1 cannot exceed amax ≜ maxi y
i
t+1 − 1, where the maximum

value is achieved when ui(kt+1 − 1) = 1 for i = argmaxi y
i
t+1. Thus, we update f̂a

t+1 as follows:

2In T-DFSA, we assume that nodes only retain fresh updates at time 0, i.e. xi
0 = 1. As a result, the maximum value maxi x

i
0 is

known at the AP, and there is no need for the AP to acquire {xi
0}i. This assumption is specifically related to the transient phase of

the network and does not impact the steady-state AAoI of the network.
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Step 1

Derive  and 

using (16) and (17)
Contention

, and Derive  for

 using
Proposition 1

Compute 

(line 7 in Algorithm 1)
Is ?

Yes

, , 

No

Use  and

 in (37) and

(38) to derive 

Step 3

Derive 

using (40)

Step 2

Step 4

Truncate 

using (42)

, 

Fig. 3: Flowchart of T-DFSA illustrating the four main steps.

f̂a
t+1 =


f̂a
t+1∑amax

a=0 f̂a
t+1

, if 0 ≤ a ≤ amax,

0, if otherwise.
(42)

The truncation in (42) profoundly impacts the stability of T-DFSA since it prevents overestimating

the threshold. The four steps of T-DFSA can be visualized in the flowchart shown in Figure 3.

V. DISCUSSIONS ON COMPLEXITY AND HETEROGENEITY

A. Complexity Analysis of Stable T-DFSA

As was briefly pointed out earlier, stability is a crucial requirement in random access protocols. Our

numerical findings show that the T-DFSA protocol is highly likely to be stable if the initial age-gain

values are chosen to be sufficiently diverse. Even if the initial age-gain values are not diverse enough,

instability only occurs in the early phases, when congestion may arise. In this case, the AP can detect

instability when there are multiple consecutive frames with no successful transmission. The AP can

reset the source nodes by instructing them to discard their previous updates and retain only the most

recent ones, if any, before resuming the protocol.

Remark 3. The complexity of the T-DFSA algorithm in frame t can be expressed as O(nSN) +

O(wt maxi y
i
t).

The first term of the complexity introduced in Remark 3 pertains to finding the optimal value of l

(i.e., the number of active nodes) in the loop of Step 2 in Algorithm 1 (lines 3 to 19). Within each

iteration of the loop, the main computational burden lies in computing zl in line 7, while executing

Algorithm 2 incurs low complexity. This is because in an ideally stable T-DFSA, the frame lengths are

oftenwmin+1 orwmin+2, thus resulting in nS ≤ wmin+1. Hence, thewhile loop in Algorithm 2,
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repeated for r < nS iterations, has a low time complexity. It should be noted that O(nSN) is a

theoretical bound, and the search for the optimal l does not extend up to N since frame lengths are

typically small, thus restricting the number of active nodes when nS > 0. Only when all slots of a

frame are marked as collision slots (nS = 0), will the search proceed up to N . However, as shown in

Section VI, this occurrence is exceedingly rare and has an infinitesimal probability in stable T-DFSA

scenarios. The second term of the complexity,O(wtmaxi y
i
t), relates to Step 3 of Algorithm 1, which

involves computing f̂a
t+1 for all a ≤ maxi y

i
t +wt−1. This complexity increases as λ decreases and

N grows. As λ decreases, the inter-arrival times between updates at the nodes increase, leading to

larger values of xi
t and consequently larger yit. On the flip side, as N grows, more contentions occur

among nodes, causing them to transmit updates with larger delays which inevitably results in larger

AoIs at the AP (i.e., larger maxi y
i
t).

B. Effect of Heterogeneity of Nodes

In this work, we have focused on the assumption that all nodes have the same arrival rates. This

assumptionallowedus todevelopananalytical frameworkfordesigningT-DFSA,which isapplicable

in scenarios where nodes monitor the same physical quantity, such as temperature. However, T-DFSA

can also be extended to handle heterogeneous scenarios, where nodes belong to different classes with

specific arrival rates λc, while still aiming to minimize the AAR of the network. In such scenarios,

although the arrival rates of nodes may differ, the fundamental principle of indicating a single age-

gain threshold for the activation of all nodes remains unchanged, as the goal is still to minimize

the AAR. Therefore, all steps of T-DFSA can be extended to accommodate such heterogeneous

scenarios. Specifically, nodes are categorized based on their classes and age-gains, and the age-gain

distributions of different classes are estimated, denoted as f̂a,c
t instead of f̂a

t . Contrarily, in scenarios

where not only the arrival rates but also the age requirements of the nodes differ, minimizing the

AAR may not be sufficient. The design principles of T-DFSA should recognize the varying age

requirements of the nodes, potentially allocating higher transmission probabilities to nodes with

more stringent AoI requirements. Exploring T-DFSA’s applicability in scenarios with heterogeneous

age requirements presents an interesting avenue for future research.

VI. NUMERICAL RESULTS AND DISCUSSIONS

We now evaluate the performance of T-DFSA and benchmark it against the optimal FSA, TA

[20], SAT, and AAT [22] protocols in terms of the network AAG, which is defined by the expression
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Fig. 4: Verification of (a) Lemma 1 where N = 20, M = 4, n0
t = 4, n1

t = 1, n2
t = n3

t = 6, and

n4
t = 3, and (b) Proposition 1 where St = {2, 5}, n2

t,s = 2, n5
t,s = 1, l = 10, and wt = 10.

limT→∞
∑T

k=0

∑N
i=1(y

i
k − xi

k)/(NT ). Here, the first term limT→∞
∑T

k=0

∑N
i=1 y

i
k/(NT ) signifies

the AoI of the network, whereas limT→∞
∑T

k=0

∑N
i=1 x

i
k/(NT ) = 1/λ. The Monte Carlo simula-

tions were run in the MATLAB environment for sufficiently long time intervals.

Fig. 4a and Fig. 4b serve as verification for the validity of Lemma 1 and Proposition 1, respectively.

In Fig. 4a, we set N = 20, M = 4 (i.e., the maximum age-gain), n0
t = 4, n1

t = 1, n2
t = n3

t = 6, and

n4
t = 33. By varying the parameters wt and Γt and simulating the contention process described in

Section II, the figure plots the AAoI againstwt andΓt. As observed in Fig. 4a, the maximum AAoI is

attained at wt = 4 and Γt = 3, which is consistent with the findings of Lemma 1. In Fig. 4b, another

scenario is considered whereSt = {2, 5},n2
t,s = 2,n5

t,s = 1, l = 10 (i.e., the number of active nodes),

andwt = 10. In this figure, the probabilityPr(L′
t|Lt, I) from (26) is tracked for various combinations

of n5
t and n2

t such that n5
t + n2

t ≤ 10. As depicted in Fig. 4a, the probability is maximized when

n2
t = 3 and n5

t = 7, thus aligning with the values proposed by Proposition 1. Hence, Proposition 1

suggests setting n2
t = ⌊10/3⌋n2

t,s + r2 = 3× 2 + 1 and n2
t = ⌊10/3⌋n5

t,s + r5 = 3× 1 + 0.

In Fig. 5, the AAG is plotted against the varying packet arrival rate (λ) for T-DFSA withwmin = 1

(as in (16)), T-DFSA with optimal wmin, optimal FSA, and TSA protocols. Note that the results for

optimal FSA were determined via simulation. As evident in this figure, T-DFSA performs up to 65%

better than optimal FSA which is apparent when operating at higher arrival rates. We see that the

AAG drops in T-DFSA while remaining constant in optimal FSA, especially forλ values greater than

0.1. This is due to the fact that the increased number of contentions in T-DFSA under high load are

classified according to the age-gains and are managed to occur in different frames. Contrarily,

3These values have been deliberately chosen to be small for better visualization, and the curves are plotted as continuous values.
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Fig. 5: AAG comparison of T-DFSA with optimal FSA and TA protocols under varying packet

arrival rates for N = {50, 100}.

increasing λ (which is akin to adding more newly arriving updates) in optimal FSA does not yield

any advantage because of the increase in collisions. Furthermore, the T-DFSA with wmin = 1 is the

optimal choice whenλ exceeds a threshold (which is0.3 forN = 50 and0.5 forN = 100), where this

threshold is lower at lesser values of N . Recalling the discussion in Section V, this happens because

the variance of the age-gains diminishes with λ and increases with N , leading to more accurate

estimations of n̂a
t . Also note that the T-DFSA with optimal wmin outperforms TA, especially at

higher generation rates. This is because, unlike TA, which has a fixed threshold, T-DFSA adjusts its

threshold in every frame based on the status of the network, such as the number of backlogged nodes

and their age-gains. As such, collisions are managed more effectively, notably at higher arrival rates.

For T-DFSA with optimumwmin, and the age-based thinning SAT and AAT protocols, the normal-

ized AAG (i.e., AAG divided byN ) is plotted against the packet generation rate in Fig. 6. As detailed

in [22], the nodes in each slot under the SAT policy discard freshly generated updates with age-gains

below an optimized threshold. Based on the estimated backlogged nodes, each node then transmits

its update with probability pb. On the other hand, AAT uses feedback data on the slots’ collision

state to adaptively adjust the indicated threshold in each slot. Fig. 6 shows how T-DFSA outperforms

SAT and AAT as λ rises, though its performance with respect to AAT decreases when the arrival

rate becomes very close to 1. The observed superiority of T-DFSA implies that it resolves collisions

more effectively for the benefit of age improvement. This happens because the age-gain threshold in

AAT (and SAT) is chosen so that the effective generation rate equals 1/e, which yields the maximum

achievable throughput in SA. In this manner, while the throughput is maintained at its optimum point,
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Fig. 6: Normalized AAG comparison of T-DFSA with age-based thinning protocols under varying

packet arrival rates for N = {50, 100}.

it is the competing nodes that possess larger age-gains. However, T-DFSA has two degrees of freedom

due to the dynamic structure of its frames. First, to maximize the throughput, the frame length can

be set to be equal to the number of active nodes. Second, by adjusting Γt so that only nodes with the

highest age-gain can compete, the total number of active nodes can be determined. In fact, T-DFSA

achieves superior AAG since the nodes are more finely categorized for contention in frames based

on their age-gains, while maintaining the optimal throughput. Moreover, as λ approaches unity,

the variability in arrival patterns decreases. Thus, T-DFSA and AAT, which both employ adaptive

thresholds, exhibit similar behavior under such conditions. It is also worth noting that, in contrast to

AAT, the AP is responsible for determining the dynamic thresholds in T-DFSA rather than the nodes

that may be power limited. Moreover, the estimates are updated at the start of each frame rather than

each slot (as in AAT), leading to lesser power utilization.

Fig. 7 compares the AAG efficacy of the network under T-DFSA and TA with respect to wmin for

different λ values. Under N =50 and 100, the trends in Fig. 7a and Fig. 7b clearly show that wmin

reaches the optimal points of 1, 2, and 3 asλ drops from 0.6 to 0.1, respectively. Note that the AoI of a

generic node can be modeled by a geometric distribution with parameter λ and variance (1−λ)/λ2.

In light of this, when the packet generation rate is low, the variation in node ages is large, resulting in

high variances of age-gain as well as estimates of f̂a
t+1, derived in (40). As a natural consequence of

this, wmin = 1 may result in either entirely empty or collision slots. The opportune choice is to have

wmin=1 since the estimations n̂a
t have smaller variations at higherλ rates and are thus, more accurate.

We also note that the AAG drops with λ for wmin ≤ 3 under T-DFSA, implying that fresh update
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Fig. 7: AAG comparison of T-DFSA with TA protocol under varyingwmin values forN = {50, 100}
and λ = {0.1, 0.3, 0.6}.

generations are effectively being transmitted to reduce the AAoI. Higher values of wmin, however,

compel T-DFSA to maintain a minimal frame length and prevent it from successfully classifying the

available age-gains by altering Γt. Thereby, increasing λ from 0.3 to 0.6 does not impact the AAG

significantly. Interestingly, even at greater values of wmin, T-DFSA performs reasonably better than

optimal FSA. Indeed, optimal FSA is shown to deliver AAGs of 160 and 320 for N = 50 and 100,

respectively, which are much larger than the comparable AAGs of T-DFSA when wmin ≤ 15.

In Fig. 8, the frame length distribution is plotted for various values ofN andλwhile accounting for

the optimalwmin. Note that the minimum frame length iswmin+1. As an example, forN = 100 and

λ = 0.3, we have wmin = 3 and thus, a minimum frame length of 4. We observe that wmin reduces

withλ and grows withN . For instance, by fixingλ = 0.8,wmin values forN = 300 andN = 100 are

1 and 2, respectively. The figure also discriminates between the variance in frame lengths at different

update generation rates. In particular, the variance in frame length is greater at lower generation

rates, such as λ = 0.05, whereas it decreases at higher λ values.

Fig. 9 evaluates the effect of the number of source nodes that generate updates at different rates on

the AAG under T-DFSA with optimalwmin. Not only does the AAG increase linearly withN , but the

simulation results also suggest the slopes of the plotted lines decrease with λ. This implies that as λ

rises, the estimations of n̂a
t get more accurate. At λ = 1, the AP can accurately detect na

t since the

ages of the nodes are known to be 1. In theory, one might expect the performance to resemble that of

an ideal T-DFSA, where the age-gains are assumed to be known at the AP. Under such load, however,

the practical T-DFSA, which relies on maxi y
i
t instead of individual yit values for all nodes, does not
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Fig. 8: Probability mass function of the frame length in T-DFSA for N = {100, 300} and λ =

{0.05, 0.3, 0.6, 0.8}.

50 100 150 200 250 300 350 400

0

100

200

300

400

500

600

Fig. 9: AAG comparison of T-DFSA with TA protocol under varying number of source nodes for

λ = {0.3, 0.6, 0.8, 0.93, 1}.

achieve the same performance as the ideal T-DFSA. On that premise, T-DFSA yet outperforms TA

the most, under the high rate ofλ = 0.93, by significantly lowering the AAG (∼ 20% improvement).

Fig. 10 depicts the throughput of T-DFSA at optimal wmin in terms of N achieved under different

λ values. Notice that the overall throughput decreases with both,N andλ. This is underpinned by the

fact that the number of backlogged nodes and thus, the diversity of age-gains increase in both cases.

As a result, a typical backlogged node waits longer to transmit because T-DFSA takes more time to

assign frames to nodes with higher age-gains, which eventually limits the throughput. The throughput

under T-DFSA is also shown in Fig. 10 to be higher than the e−1 optimal throughput attainable with
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the FSA protocol. This is plainly because e−1 is derived assuming that a relatively large number of

source nodes (N > 10) are competing in each frame. However with T-DFSA, the frame lengths are

short, resulting in improved throughput. Albeit, if we impose the minimum frame length constraint

as indicated in Section V, the throughput achievable under T-DFSA is reduced.

Fig. 11 shows the normalized complexity per slot as a function of the packet generation rate for

different values ofN . The normalized complexity is derived by summing the complexities across all

frames and then dividing by the total number of slots. According to Remark 2, f̂a
t is computed for all

a ≤ max yit−1 + wt−1 in Step 3, and after further truncation in Step 4, n̂a
t = Nf̂a

t is used in (16) to

determine Γt. In (16), Γt is set to the largest Γ′ that satisfies the inequality
∑

a∈Ĝt:a≥Γ′ n̂a
t ≥ wmin,

which can be rewritten as
∑

a∈Ĝt:Γ′≤a<a′ n̂
a
t +

∑
a∈Ĝt:a≥a′ n̂

a
t ≥ wmin, where a′ is the smallest age-

gain that satisfies
∑

a∈Ĝt:a≥a′ n̂
a
t ≤ 1. Since wmin ≥ 1, Γt is guaranteed to be greater than a′, thus
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omitting the calculations in Step 3 for all values of a ≥ a′, i.e., only the summation
∑

a∈Ĝt:a′≤a n̂
a
t

is sufficient. Now, the first data point on the three curves in Fig. 11 corresponds to λ = 0.001.

Therefore, the total arrival rate Nλ equals 0.1 for N = 100, which is less than the maximum

achievable throughput of DFSA, i.e., e−1. In this case, almost all updates are transmitted with high

probability, resulting in a very small average number of backlogged nodes. Hence, we setwmin = 1.

Additionally, inmanyframes, theestimatednumberofbackloggednodes is less thanone, thus leading

to a frame length of one. As a result, the calculations in Step 3 are significantly reduced using the

aforementioned technique. However, as λ increases and Nλ surpasses the maximum throughput of

e−1, the complexity initially increases. But as explained in Section V, the value ofmaxi y
i
t decreases

with λ, resulting in a subsequent reduction in complexity. Also, the complexity increases with N .

VII. CONCLUSION

We developed an age-aware threshold-based DFSA protocol for large-scale IoT networks with

stochasticupdatearrivals.TheAPbroadcasts the framelengthanda thresholdat thestartofeachframe

in the proposed T-DFSA, designating nodes with age-gains larger than the threshold as suitable nodes

to transmit. The average number of nodes with various age-gains at the beginning of the frames is

estimated using a four step approach by the AP in order to determine the threshold and frame length.

The information observed throughout the frame, the age-gains of successful nodes, and AoIs at the

AP are all used in this procedure, together with any available information on the node arrival rate.

The presented analysis revealed that T-DFSA becomes stable provided the initial condition of the

system is sufficiently diverse. Numerical results showed that T-DFSA significantly improves the age

performance, with gains of up to 65% compared to its optimal FSA counterpart. Furthermore, T-

DFSA demonstrated to be a practical solution for power-limited networks by surpassing the TA, SAT,

and AAT baseline protocols in terms of AAG. Extending the analysis of AoI in T-DFSA to settings

that involve nodes with different sampling behaviors and age requirements using machine learning

driven techniques is worthy of further investigation.

APPENDIX A

PROOF OF LEMMA 1

We first show that wt = nt maximizes R̄t for a given Γt value. For now, we assume that wt is a

continuous variable. Differentiating (12) with respect to wt yields:

∂R̄t

∂wt

=

∑M
a=Γt

ana
t

Nw2
t

(
1− 1

wt

)nt−2(
nt

wt

− 1

)
. (43)
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By equating ∂R̄t/∂wt = 0, we can conclude that, for a givenΓt, settingwt = nt maximizes R̄t. Note

that wt = 1 also satisfies ∂R̄t/∂wt = 0, but it minimizes R̄t, thus resulting in R̄t = −1. Thus, since

wt = nt maximizes R̄t over all continuous values of wt, it is also the optimal discrete value. Next,

we optimize the value of Γt by setting wt = nt =
∑M

a=Γt
na
t in (12) to obtain:

R̄∗
t (Γt) =

(
1− 1∑M

a=Γt
na
t

)∑M
a=Γt

na
t−1

︸ ︷︷ ︸
x

∑M
a=Γt

ana
t

N
∑M

a=Γt
na
t︸ ︷︷ ︸

y

−1, (44)

where R̄∗
t (Γt) is the maximum of R̄t for a given value ofΓt. We now show that R̄∗

t (Γt) is a decreasing

functionofΓt.Note thatnt =
∑M

a=Γt
na
t isadecreasingfunctionofΓt since thenumberofactivenodes

reduces asΓt grows. Alternatively, fornt ≥ 1, the function (1−1/nt)
nt−1 increases withnt. Thus, the

term x in (44) is a decreasing function of Γt, given that
∑M

a=Γt
na
t ≥ 1. Moreover, the term y in (44)

can be written as follows, which is a convex combination of the values {Γt,Γt + 1, . . . ,M}:
M∑

a=Γt

a
na
t∑M

a=Γt
na
t

. (45)

As a result, it attains its maximum value whenever the coefficient of the highest value of a in (45) is

equal to one. This leads tonM
t /
∑M

a=Γt
na
t = 1, which transpires only whenΓt = M . This completes

the proof.

APPENDIX B

PROOF OF LEMMA 2

For (30) to be positive, we should have na
t ≥ na

t,s. Thus, the optimal values of m̂a
t should satisfy

m̂a
t ≥ na

t,s for any a ∈ St, implying that St ⊂ Ât. In regard to
∑

a∈Ât
m̂a

t = l, we should set m̂a
t = 0

for a /∈ St in order to maximize the probability in (30). As a result of this, we will have Ât = St.

Let us now consider a, b ∈ Ât. Accounting for the fact that L̂t(l) is the optimal solution of (29),

flipping b to a in L̂t(l) (i.e., changing m̂a
t to m̂a

t +1 and m̂b
t to m̂b

t − 1) should reduce the probability

in (30). Expressly, the difference between the probability before and after flipping can be stated as:∏
c∈Ât,c ̸=a,b

(
m̂c

t
nc
t,s

)(
l
nS

) ((
m̂a

t +1

na
t,s

)(
m̂b

t − 1

nb
t,s

)
−
(
m̂a

t

na
t,s

)(
m̂b

t

nb
t,s

))
. (46)

By letting (46) to be less than or equal to zero, (31) can be obtained straightforwardly. This completes

the proof.
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APPENDIX C

PROOF OF LEMMA 3

Suppose m̂x
t /n

x
t,s = k′

x + rx/n
x
t,s, ∀x ∈ Ât, we have k′

x, rx ∈ Z+ and 0 ≤ rx < nx
t,s. Using (30),

for any a, b ∈ Ât, we have:

ra
na
t,s

− rb + 1

nb
t,s

≤ k′
b − k′

a ≤
ra + 1

na
t,s

− rb
nb
t,s

. (47)

Depending on the values taken by rx, the following two cases may occur:

• Case I: When rx = 0, ∀x ∈ Ât. By assigning ra = rb = 0 in (47) along with the fact that

na
t,s, n

b
t,s ≥ 1, we can conclude that k′

b = k′
a (i.e., ∀x, m̂x

t /n
x
t,s = k) and thus, k′ = l/nS .

• Case II:When0 < ra < na
t,s for somea ∈ Ât.From(47)and theassertion that (1+rx)/n

x
t,s ≤ 1,

we conclude that ∀b ∈ Ât, |k′
b − k′

a| ≤ 1. Simply put, either k′
b = k′

a or k′
b = k′

a + 1 holds,

where the latter transpires if and only if ra = na
t,s−1 and rb = 0. Notably, the case k′

b = k′
a−1

never occurs since it mandates ra = 0 and rb = nb
t,s−1, which contradicts our assumption (i.e.,

ra > 0). Subsequently, m̂b
t ,∀b, can be expressed either as k′

an
b
t,s + rb or (k′

a + 1)nb
t,s. This is

equivalent to writing k′
an

b
t,s + r′b, where 0 ≤ r′b ≤ nb

t,s. Summing over m̂x
t ,∀x ∈ Ât, we attain

l = k′
anS +

∑
x∈Ât

r′x, where x = a and r′x = ra. Since for a, r′x = ra < na
t,s, we also have∑

x∈Ât
r′x < nS , which eventually leads to k′

a = ⌊l/nS⌋.

APPENDIX D

PROOF OF PROPOSITION 1

Letxi
t+ , yit+ , and git+ denote, respectively, the packet age of node i, the age at the AP with respect to

node i, and the age-gain of node i at the end of frame t, without considering the effect of new arrivals

within the frame. Contrarily,xi
t+1, yit+1, and git+1, which are the corresponding values at the inception

of frame t+ 1, take in the effect of new update arrivals. Accordingly, f̂a
t+1 can be written as:

f̂a
t+1 = Pr(yit+1 − xi

t+1 = a)

=
a∑

b=0

Pr(yit+1 − xi
t+ = b) Pr(xi

t+ − xi
t+1 = a− b | a, b)

=
a∑

b=0

f b
t+ Pr(xi

t+ − xi
t+1 = a− b | a, b)︸ ︷︷ ︸

x

, (48)

where the last equality is inferred noting that yit+1 = yit+ and f̂ b
t+ = Pr(git+ = yit+ − xi

t+ = b).

Additionally, because the age-gain is always boosted by new arrivals, we have git+ ≤ git+1, which
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means that the values b ≤ a are taken into consideration in (48). The probability term x in (48) can

further be expressed as:
(1− λ)wt , if b = a∑

c Pr(x
i
t+1 = c)︸ ︷︷ ︸

y

Pr(xi
t+ = c+ a− b | a, b, c)︸ ︷︷ ︸

z

, if b < a.
(49)

The first case in (49) indicates that the age of node i does not alter between t+ and the onset of frame

t + 1, as long as no update is generated in frame t, with probability (1 − λ)wt . In the second case

of (49), the term y represents the probability that the latest update of node i is generated at time slot

kt+1 − c as per (1), and is given by pc ≜ λ(1− λ)c−1. Likewise, the term z in (49) is equivalent to

Pr(xi
t = c + a − b − wt | a, b, c). By defining h ≜ c + a − b − wt, the term z can be written as

Pr(xi
t = h | a, b, c) and refers to the probability that the latest update at node i prior to slot kt is

generated in slot kt − h.

Leaning on the following facts, we now obtain the bounds for h and c:

(i) xi
t ≥ 1, where xi

t = 1 occurs only if ui(kt − 1) = 1. Hence, in (29), we have h ≥ 1.

(ii) xi
t ≤ kt + xi

0,∀i, where the equality holds when no updates are generated by node i since

k0 = 0. Hence, h ≤ kt +maxi x
i
0.

(iii) git ≥ git+ , where we have git = yit − xi
t ≥ b given that git+ = b. This implies that xi

t ≤ yit − b

and consequently, h ≤ maxi y
i
t − b.

From fact (i), we easily conclude that hmin = 1. Then, from h ≥ 1, we get c ≥ b − a + wt + 1.

Along with c ≥ 1, we have cmin = (b − a + wt)
+ + 1. Facts (ii) and (iii) reveal that h ≤ hmax =

min{maxi x
i
0 + kt,maxi y

i
t − b}. From this, c ≤ hmax − a+ b+wt can be directly inferred, which

accompanied by 1 ≤ c ≤ wt, results in cmax = max{(hmax − a+ b)− + wt, 1}.

To this end, Pr(xi
t = h | a, b, c) in (49) can be stated as follows:

p̃h ≜ Pr(xi
t = h | a, b, c) = Pr(xi

t = h | 1 ≤ h ≤ hmax)

=
Pr(xi

t = h, 1 ≤ h ≤ hmax)

Pr(1 ≤ h ≤ hmax)

=
λ(1− λ)h∑hmax

h=1 λ(1− λ)h
. (50)

Plugging (50) into (49) completes the proof.
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