This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

IEEE TRANSACTIONS ON INTELLIGENT TRANSPORTATION SYSTEMS

Decentralized Equilibrium Seeking of Joint Routing
and Destination Planning of Electric Vehicles:
A Constrained Aggregative Game Approach

Babak Ghaffarzadeh Bakhshayesh

and Hamed Kebriaei

Abstract— Increasing the penetration of electric vehicles (EVs)
in public transportation, which is also sped up by governments’
carbon net-zero policies, will significantly increase the demand
for electricity. Therefore, when we face with a large population of
selfish EV users, we need a coordination mechanism to manage
both the traffic congestion and electricity resource limitations.
This paper introduces a novel aggregative game model where
heterogeneous EVs simultaneously plan their parking lot as their
destination (usually accompanied by battery charging) and the
route to the destination. The cost function of users consists
of factors such as traveling time, variable costs of congestion
and electricity demand, and tolling which is imposed to satisfy
coupling constraints such as roads’ capacity and stations’ power
capacity. Since the users are selfish and do not reveal their objec-
tives and personal constraints, we propose a privacy preserving
decentralized algorithm with a traffic coordinator and multiple
stations’ coordinators for generalized Nash equilibrium (GNE)
seeking of the game model. Only aggregate information such as
traffic on the road and stations’ energy demand are available
to the traffic coordinator and charging stations’ coordinators,
respectively. We show that the proposed aggregative game admits
a unique variational generalized Nash equilibrium (v-GNE).
Then, using the theory of variational inequality (VI), we show
that the proposed decentralized algorithm converges to the
unique v-GNE of the game. Finally, we carry out comprehensive
simulation studies on a simulated Savannah city model to
compare and evaluate the proposed method.

Index Terms— Aggregative games, electric vehicles (EVs),
charging stations, routing and destination planning, generalized
Nash equilibrium (GNE), decentralized algorithm.

NOMENCLATURE
EV Electric Vehicle.
VI Variational Inequality.
v-GNE  Variational Generalized Nash Equilibrium.
N set of users i e N ={1,..., N}).
V set of transportation nodes (v € V = {1,..., V}).
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& set of road segments ((u,v) € £ ={1,..., E}).

D set of destinations (d € D = {1, ..., D}).

rf probability of choosing road e € £ by user i.

tid probability of choosing destination d € D by
user i.

ri/ti routing/station strategy of user i.

Xi/x x; =col(ri, ;) Ix = [x,-]f.vzl.

w; monetary value of time for user i.

Oe expected flow of vehicles on road e € £.

de road e € £ congestion-free travel time.

be road e € £ capacity.

0,¢& regulating parameter of travel time function.

Se non-EV vehicles flow on road e € £.

ol B monetary value of wuser i routing/station
preference.

0d expected energy demand at station d € D.

qi inelastic energy demand of user i.

pd/pa fixed/variable price of station d € D.

K4 capacity of energy production of station d € D.

X; strategy set of user i.

S modified incidence matrix of transportation
network.

0; origin of user i (o; € V).

C coupling constraints set (C = C" x C").

c upper bound of station d € D capacity constraint.

cl upper bound of road e € £ capacity constraint.

l, travel time function of road e € £.

2 surcharge at station d € D.

Ar/A:  toll vector of roads/stations.

I. INTRODUCTION
A. Motivation

ITH the emergence of new technologies such as
Google Maps, Waze, Plugshare, and Crowdless apps,
users have access to real-time information in order to choose
their route and destination [1]. Studies have shown that users
participate as an active role in the infrastructure so that, if the
state of transportation network changes, users quickly respond
to that change and alter their decisions [2].
One of the decision-making problems is raised when the
users choose their route and destination based on their pref-
erences and data provided by online platforms, such as
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congestion on roads and crowdedness of destination. The com-
petitive nature of such a decision-making problem becomes
apparent when the users are willing to reach the lowest
crowded destination (e.g., charging station) in the shortest
time. This situation arises in problems like population migra-
tion [3], pandemic mitigation [4], supermarket selection [5],
Autonomous mobility-on-demand [6], public parking [7], and
Electric Vehicle (EV) charging station selection that crowded-
ness could affect electricity prices and waiting times [8].

Clearly, routing and destination planning are not two disjoint
decision variables since the selection of a destination (e.g.,
charging station) can limit the routing choices and vice versa.
On the other hand, increasing the number of EVs and limited
number of public charging facilities with limited electric power
resources emerges some challenges for both the transportation
network and charging stations’ operation. In such a situation,
when the users are willing to drive to the nearest station,
the electricity demand can significantly increase in some
stations [9]. Therefore, it is essential to study and control such
an effect due to the limited resources and facilities.

B. Literature

The research lines on transportation network and EV charg-
ing problem include charging services network planning and
operations [10], designing the network price mechanisms [11],
[12], and user equilibrium analysis on how individual EVs
choose their routes and charging station.

In [13], an equilibrium model is proposed to study the
dependency of battery energy consumption and recharging
time on traffic times; however, regardless of the demand in the
charging stations, the price of electricity at charging stations
is considered to be fixed. [14] investigates the equilibrium
of the transportation network, assuming that electric vehicles
can be charged through wireless chargers while driving and
thus, EVs do not need to choose a charging station. More
recently, [15] studied the charging station network equilibrium
using a threshold-based structure to incorporate the time value
in EVs’ preferences. Also, in [16], authors used a behav-
ioral framework based on prospect theory to study charging
strategies of EV users and derived an upper bound for the
price of anarchy. In [12], authors consider a non-separable
congestion game to incorporate the charging cost of EVs. The
game determines a specific charging cost for each type of user
depending on the users’ routing strategies. It is also assumed
that users delegate control over their charging operations to
the central operator. In [17], authors investigated a graphical
game-theoretical model to schedule the electric vehicles whose
primary concern is the latency. Assuming the latency time
depends on the neighbor vehicles of each EV, the correlated
equilibrium point of the game is computed. In the proposed
scheme, EV users send their preferences to a trustworthy plat-
form and execute the recommended actions by the platform.
The authors of [18] analyzed the fixed point of the transporta-
tion and power network by solving the traffic management
and optimal power flow problems, sequentially. In this way,
by solving the transportation problem, energy demand at
each station is computed, and then, solving power system
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optimization, the electricity price at each station is determined.
This process continues until a fixed point is attained. In [19],
a comprehensive review is provided on transportation net-
work models for charging station selection strategies. The
approaches given in [12]-[19] need users to enumerate all
feasible paths, which leads to solving a mixed-integer linear
program. Therefore, due to the NP-hardness of the problem,
their algorithm may not be computationally efficient for imple-
mentation in large-scale networks. Authors in [20] adopted a
cake-cutting game model to demonstrate competition among
Public vehicle groups to supply public transportation demand.
Each public vehicle group plans to schedule a portion of public
vehicles and their charging strategies in the transportation
network. However, they did not study the routing strategy of
vehicles in the transportation network. In [21], the authors
considered a network flow model to obtain a socially optimal
solution of joint routing and charging station planning of EVs
in a transportation network. For this purpose, a multi-nominal
logit-based model was proposed to determine demand in
stations. However, the model parameters need to be calibrated
empirically, and heterogeneity of users, which is closer to
reality, was not investigated.

In the aforementioned studies, a central operator determines
the equilibrium point of the system by having full informa-
tion of users, and hence, by increasing the number of EVs,
conventional game-theoretical models are not computationally
tractable. Nevertheless, no decentralized computational algo-
rithm is proposed in order to enable heterogeneous selfish
users to reach equilibrium point of the system using common
real-time information (like traffic on the roads and prices at
stations) without using the direct recommendation of a central
coordinator.

This paper aims to analyze the equilibrium point of joint
routing and destination selection problem of EVs users,
considering the traveling time, users’ preferences, stations’
crowdedness, and electricity price. To address this problem,
we focus on a certain type of non-cooperative games, which
is known as aggregative games [22]. In aggregative games,
the coupling effect of players’ decisions is modeled as an
aggregate term. Aggregative games are well suited for devel-
oping efficient decentralized algorithms for computation of
the Nash equilibrium point of the game [23]. Also, they
preserve users’ privacy because selfish users do not need
to reveal their cost functions and personal constraints info
to the aggregators and their strategies to the other players.
Aggregative games have received much attention in recent
years, and they have been applied to various domains like
smart grid [24], network congestion [25], routing games
[23], residential charging planning for EVs [26], [27], etc.
Recently, several studies analyzed the aggregative games in
the presence of coupling constraints among users’ decision
space [23], [28], [29]. We consider the effect of coupling
constraints among the users raised by the limited capacity
of infrastructures [30], [31] (e.g., the capacity of roads and
stations’ power) which is omitted in most of related studies.
We formulate the network equilibrium problem with heteroge-
neous players as generalized Nash equilibrium Problem [32].

Authorized licensed use limited to: Politecnico di Milano. Downloaded on February 14,2022 at 17:24:26 UTC from IEEE Xplore. Restrictions apply.



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

GHAFFARZADEH BAKHSHAYESH AND KEBRIAEIL: DECENTRALIZED EQUILIBRIUM SEEKING OF JOINT ROUTING AND DESTINATION PLANNING 3

generalized Nash equilibrium (GNE) can be characterized as
a variational inequality problem which is called variational
generalized Nash equilibrium (v-GNE) [33].

C. Contributions

We extend the theory of constrained aggregative game
to examine two interdependent aggregate terms: congestion
on the roads and total demand at the charging stations.
The coupling of these two aggregate terms comes from the
simultaneous routing and destination planning of EVs in our
approach. Then, the existence and uniqueness of the v-GNE
of the constrained aggregative game are proven.

After that, motivated by the prevalence of smartphones
among people and awareness of users from crowdedness in
the charging stations and roads, we propose a decentralized
algorithm to compute the v-GNE. In this algorithm, in addition
to the variable energy price, each station sets a price associated
with a Lagrange multiplier to incentivize users’ behaviors;
furthermore, the users do not reveal their objectives and
preferences. Convergence of the algorithm to the v-GNE is
also proven.

The contributions of the paper can be summarized as
follows:

o We propose a novel game-theoretic model for joint plan-
ning of route and charging station of EVs based on
the (modified) edge formulation of routing game that
reduces the problem complexity.

o We extend the theory of constrained aggregative game by
considering two interdependent aggregate terms to simul-
taneously include the congestion on roads and energy
demand in stations.

o We incorporate the coupling constraints among users to
encompass power energy and road capacity limitation,
and then a decentralized algorithm is proposed to seek
the game’s v-GNE.

« We prove the existence and uniqueness of the proposed
constrained game’s v-GNE and convergence of the decen-
tralized algorithm to the v-GNE.

D. Organization of Paper

The remainder of the paper is organized as follows:
Section II provides the decision-making model and high-
lights the relation between routing and destination selection.
In Section III, we derive v-GNE point of the game and
establish a unique v-GNE. In section IV, we propose a
decentralized Nash seeking algorithm to solve the problem as
an aggregative game with coupling constraints. We also show
the convergence of the algorithm to the v-GNE. Section V
presents an illustrative application of the proposed scheme.
Section VI concludes the paper.

Notation: R and Rs¢ denotes the set of real and
non-negative real numbers. Given N vectors xi,..., Xy,
the column augmented vectors of x; is defined as:
col(xi, -+ oxn) = Y, = [xf.....xf1 . Ilx]l is the
euclidean norm of vector x. For closed set X € R”, mapping
projy(x) : R* — X denotes projection onto set X (i.e.
projy(x) = argminyey ||y — x|[). The symbol L is used to

denote perpendicular vectors. 1y = [1,..., 117 and Oy =

[0,...,0]", where 1y,0y € RV, Iy is an identity matrix of
size N. 0,,x, presents a m x n matrix with all elements equal
to zero. A ® B represents the Kronecker product. Vi f (x) €
R4*" denotes gradient of function f (x) : R* — R?. For
matrix A, [A]; j is an element on row i and column j.
diag (Ay, ..., Ay) = diag{Ai}fV:1 denote a block-diagonal
matrix with matrix A; on the ith block. We indicate matrix
A € R™" as a positive definite (semi-definite) matrix with
A >0 (A= 0). Mapping F : X ¢ R" — R" is: 1. monotone
(strongly monotone with constant ¢ > 0) on X if, for every
X,y € X,x £y, (F@®)—F)' (x-y) = 0(=clxyl?),
and 2. Lipschitz continues on X with constant L if, for any
X,yeX,x#y, L=0, |F(x)—F Il <LIxyl

II. SYSTEM MODEL

Consider a transportation network with N EV driving users
and D charging stations whose sets are denoted by A and
D, respectively. Charging stations correspond to parking lots
of vehicles equipped with charging stations that provide the
same service for the EV users. Each user aims to reach one
of these destinations to receive the charging service.

We consider a closed area of a transportation network
modeled as a strongly connected directed graph (V, £). The
node set V = {1, ..., V} represents the physical intersections
in the transportation network, destinations D C V), and EVs’
origins. The edge set £ = {1,..., E} C V x V indicates the
road segments.

A. Individual User Cost Function

Each user i € N decides his/her destination and routing,
simultaneously. Here we adopt the probabilistic strategy for
each user i denoted by x; = col(r;,t;) € [RE(J{ b , where
i = [tid ]5:1 represents the destination selection probability
distribution of user i over D, and r; = [rf]le stands for the
routing probability of user i, which is a probability distribution
over £. Also, r = [r,-]f.V:1 and ¢t = [t,-]f.V:1 are destination
and route selection vectors of users, respectively. The users
selfishly seek a destination with the lowest crowding and
price with the best quality of service while minimizing their
traveling time.

Naturally, each user does not have access to decision infor-
mation of other individual users. Therefore, we assume that
the real-time congestion information services provide only the
aggregate information of route flows and the energy demand
of charging stations to all users.

The expected cost function of each user i € N can be
defined as follows:

Ji(risti, 0 (1), p(0)) = Ui (ri, ti)4+o; CIravelpcservice (1)
where U; indicates the cost of deviation from user’s preferred
choices, Cl.”““el is the expected travel time experienced by

EV, Ciser“ice is the expected service cost (e.g., electricity,
parking) paid by user, and w; € [Q, d)] is a weight factor
that represents the monetary value of time for EV. In what
follows, we discuss these terms in detail.
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1) Travel Time: Expected travel time user i experienced by
going from its origin to the chosen charging station is given
by:

E
Clravel (v, 5 (1)) = Zle (ce (r€))rf )

e=1

le() : R=90 = R-o is a strictly-increasing function of the
total flow of vehicles on road ¢ € £. We assume a general
latency function offered by The Bureau of Public Roads to
capture traffic congestion as a function of total vehicles in the
corresponding road, and it is as follows:

ey ¢
Lo (6. (r€)) =ae(1 +9(”€;r )) ) A3)

where a, can be thought of as congestion-free travel time
in road e, which is proportional to the length of roads and
free-flow speed. Capacity of road is modeled by b,, which is
proportional to the width of the road. Also, ¢ > 1 and § > 0
are parameters of the proposed BPR latency function [4], [34].
We assume that only EVs are smart and equipped to send
and receive the required signals to compute the best solution.
On the other side, we assume that the aggregate behavior of
non-electric vehicles (Non-EVs) is predictable using available
data of road congestion [35]. The total vehicle flow on road

N
e is caused by EVs and non-EVs, denoted by > rl.e and s,

i=1
respectively. In other words, o,(r¢) is the total expected flow
of vehicles on road e € £ that is defined as:

N
0e(r®) = se + 2 1. @
i=1
e1E e eV
We also define o (r) = [O'e (r )]621 and r¢ = [ri]izl

as the flow vector of roads and users’ strategy of choosing
road e € £.

2) User Preference: The cost associated with deviating
from user preferences is formalized as:

Ui = % —fi||2+%uri L )

D
where 7; = [#];_, € [0, 11°, 3 7 = 1 and 7 = [¢]"_, €
d=1
[0, 1]1F, denote the preferred destination and path for user
i based on his/her previous travel experiences, respectively.
Also, a; € [a, @] and f; € [B, B] are the constant
weight parameters which showing the monetary value of their
preferences.
3) Service Price: The expected service cost afforded to user
i is modeled as follows:

D
I 11, 0a0) = D [aipalpat™) + pa] tfs )

d=1
where g; € [g, gl is user i’s energy inelastic demand, pg
is the once paid fixed cost of parking at the station d, and
pa (1) : R=o — R.o is the per-unit cost of charging at the
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station d which depends on total energy demand at that station,

defined as:
d
palpalt®)) = o, (WK—S)) %)

where d; > 0 is predefined pricing constant, x4 is the capacity
of electricity production [26], and ¢4 (¢9) is the expected total
demand at station d € D, defined as follows:

N
pat) =" !, ®)
i=1

where c}id = q,-tl.d is the expected energy consumption of user

. . N . L

i at station d € D, and 14 = [tid]izl' Note that, if destination
d is not equipped with EV charger or an agent is not willing
to charge, the parameters d; and ¢; will be equal to zero,

respectively. In both cases, the agent will only pay for the fixed

cost pg. We also define ¢ (1) = [god (td)]dD:l. The station’s
energy cost for EVs is affected by the demand at the station
that depends on the users’ route choice strategies. The explicit
relation of these two is given in what follows.

B. Constraints

The transportation network is modeled as a multi-
commodity network flow problem characterized by its
node-edge incidence matrix A € {0, 1, —1}V*£, where:

1 if edge e enters node v

[A]l,. =1 —1 if edge e leaves node v )

0  otherwise.

We assume that the last D rows in matrix A correspond to
destination nodes, which are decision variables. To ensure the
feasibility of problem as the user i € N who starts from origin
0; € V' \ D, arrives at a feasible service location d € D with
probability tl.d , each user must satisfy the following constraint:

—1 if v =o0;
Z r{— Z r{ = tl.d if v=d
e:(u,v)e€ e:(v,w)e€ 0 otherwise,

YoeV, VYdeD, (10)

where e : (u,v) € £ indicates the edge e that starts from node
u and ends at node v. It can be interpreted as the probability
of exiting the origin node is equal to 1, and the probability of
entering the dth destination is equal to tl.d .

Also, due to the technical issues like EV’s charger connector
type compatibility and range anxiety, we consider that each
user i can only go to a specific set of charging stations denoted
by D; C D. Therefore, the strategy of user i € N, have to
satisfy the following individual constraint:

X = {x,- € [0, 1E+P|Sx; =m; 19 =0 Vd € D\ D,-} (11)

where m; = [m} 1\;/=1 e {0, —1}V is such that m{ = —1 if

node v is the origin of user i and mf = 0, otherwise. Modified
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incidence matrix § € {0, 1, —1}V*E+D) hag the following

structure:
(12)

Constraint (11) shows an explicit relation between choosing
routes and charging stations for each user. Under this con-
straint, destinations are considered as decision variables of
users, in contrast to the predetermined destinations in the edge
formulation of routing games.

C. Infrastructure Constraints

We also consider the physical constraints on shared roads
and charging stations, which impose coupling constraints on
the users’ strategies. Hence, we define the coupling constraints
C" and C!, as follows:

C' = {te [RMD’god (td) gcg,‘v’deD}
" = {rE[RME| ae(re) ch,‘v’eeé'}

where ¢’ = [cd] 4y and ¢” [c ] _, stand for the maximum
capacity of the stations and roads, respectively [30] and s =
[se]le. The constraint C! implies that each station d € D
can’t respond to load more than cﬁ,, and the constraint C"
implies that each road e € £ has a maximum capacity of ¢/ in
which, the number of vehicles in road e cannot exceed from
c,. Each charging station would be responsible for satisfying
its constraint. One can represent these two coupling constraints
together as C = C" x C'.

(13a)

(13b)

III. GAME THEORETICAL FORMULATION

The cost function of each user in (1) is affected by the
aggregative terms (8) and (4) through the price of energy and
road flows, respectively. Additionally, according to (13), there
is a coupling among the strategy set of users. Such inter-
action and coupling among users impose a non-cooperative
aggregative game among EVs. The aggregative game among
the users can be formalized by introducing the set of players,
cost functions, individual constraints, and coupling constraints,
respectively as follows:

G = (N, {itiens {Xidien €) . (14)
The feasible collective set X defined as:
N
x:=[]x e (15)
i=1

Therefore, the collective strategy profile of the users is x :
[)c,-]lN:1 € [RI>V(E+D We also let ® (x) = col(a (r), ¢(t)) be the
vector of collective aggregative terms.

Definition 1 (Generalized Nash Equilibrium): A set of
strategies x = [)Ei]f.v: | is a generalized Nash equilibrium
(GNE) of game ¢ if:

Ji (xXi, © (X)) < Ji (xi, © (xi, X—)),
Vx s.it. (xj,x_;)eX, Vie N

in),VieN. O

(16)

where, )E_,‘ = ()21, . ,)E,‘_l,)EH_l, ey

This means that no agent has an incentive for unilateral
deviation from x; to another feasible strategy at an equilibrium
state given the aggregated strategies of the other users.

Definition 2 (Variational Inequality): Given a set X and
mapping F : X — R", a vector x € X solves the variational
inequality problem, denoted by VI (X, F) if F(X) (y — %) >
0,Vy e X. U

For the game G in (14), the pseudogradient mapping F :
X — R”" is defined as:

F (x) = [V Ji (xi, © ()], (17)

which is constructed by accumulating the subgradients of the
agents’ cost functions with respect to their strategies. As we
interest that users incur an equal penalty to satisfy coupling
constraints (i.e. coupling constraints have the same Lagrange
multiplier for all the users), we focus on a subset of GNEs,
which is known as a variational generalized Nash equilibrium
(v-GNE). Such a problem can be reformulated as a solutions
of variational inequality VI (X, F)) [33].

Lemma 1: The mapping F : X — R"” of the game G in
(14) is strongly monotone if the following condition holds:

€-DN w)

8w > 0. (18)

min (s, —
eeé'(e

O
Proof: Based on equation (17), the mapping F of game
G in (14) can be written as the following three summands:

(et =) 1Y w o) 1"
F= [ﬂi(ti — 1) l=1 * |:5]i p(qo(t))+p}

Term 1

Term 2
w; Vol(o(r)) ri
* [(z;,-)z V(o (1)) le-:] (19)

Term 3

that 1 (o' (r)) = [l (ae<re>)]f_1, p (@) = [pa (patH)],_,

and p = [pg]? 41~ Since the set H A} is compact and coupling

constraints functions in (13) are afﬁne it follows from [36,
Proposition 2.3.2] that a continuously differentiable mapping
G is monotone if and only if V,G (x) > O for all x € &.
Term 1 in F is linear with positive coefficient and so it is
strongly monotone. For each d and e, functions p4(-) and /. (-)
are increasing and hence, Term 2 is monotone. To analyze the
Term 3, and for ease of notation, we define ¢ = [qi]f\': Q=
dlag{a),}l 1» Q2 = diag{(g;) }N We note that for all ¢ and
d, we have: V. l,(z) |z =0 (r¢) —l e(@e), Vypa(y) |y =pq(td) =

Py(@a) V21e(2) |i=oorey = 1J(00) and V3 pa(y) |y—p, ety =

P(@a).
To prove monotonicity of the Term 3, it suffices to show
that:

. [ @i Vol(o(r) rilL,
m [@)? Vpp(p@®) 1],
= diag (diag {a),-diag {1, (tfe)}le}},v_1 ,

diag { (¢:)diag {p} (¢d)}5:1}jv=l)
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N AT
+diag(ly ® ([diag {@ily (a¢) rf}f_l]izl) ’

N T
q® ([diag{(qi)zpﬁf(qod) t,-d}f?:l]izl) )>=0  (20)

Since the permutation on a matrix doesn’t change its posi-
tive (or negative) semi definiteness, we apply a permutation
matrix to (20), so that the resulting matrix is decomposed to
some block-diagonal matrices. The permutation matrix P is
defined as:

- E
[Esmmna L

P= e=1 QD
1T N
[[1d+NxE+(i—1)D]i=l]d=l
where in matrix P, i,- is the ith canonical vector basis.
We define Ve € &, 1.(r¢) = [a),-rie]fvzl and Vd € D,

ug(th) = [(qi)ztid ]{V: |- After employing the permutation
matrix P, the matrix (20) will be permuted to:
[ o Vol (r) rilll,

PV;r Pt
[7] [[ [(@)* Vop(p (1)) ti]fv:1 _]
= diag(diag[1] (00) Q]%_, + diag |1/ (ae)zeﬂIv]E_1 :

1

. D ol P
diag [P} (pa) Q2] ,_, + diag | pj (pa) uqu:Id:l)

(22)

According to the block-diagonal structure of the matrix in
(22), to prove its positive semi definiteness, it suffices to show
following conditions:

L (00) Q41! (0.) 1.(r)1}, = 0 Ve e £ (23a)
Py (pa) Q2 + pj (pa) ua(t)q" = 0 Vd € D (23b)

As the electricity price function is linear, the second
derivative of price function disappears, so for the condition
(23b), it is sufficient that function to be a increasing function
(i.e., for all d, pé, (pq) > 0). For the latency functions (3);
since the strategy variables r are bounded, one can com-
pute Amin (ze ) ]1;\'—, + ]].Nl;r (re)) /2, which is the minimum
eigenvalue of matrix 1, (r°) ]1—{,. As a result, for each e we
have min  Amin (e (7€) 13 + 1nt] (7)) /2 = % So for

reef0,11V
(23a), we have the following conditions:
ol (x)N
i ! - — 2" >0
min - (, (V) @ —_— (24)
2€[0,N]

Replacing travel time function [, (r) from (3) and
simplifying (24), we have:

E—1)N &

min (s, — A
w

> 0.
ect )

(25)

By noting that the summation of some strongly monotone
and monotone mappings is strongly monotone, as long as the
condition (18) holds, lemma 1 is proved. [ |

Remark 1: 1f the latency function is considered to be linear
as in [37], we have ¢ = 1, and hence, (25) is always
satisfied. (]
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Proposition 1: Any solution to VI (X, F) is a Nash equi-
librium of the game G in (4). ]
Proof: For each i € N the set X; in (11) is compact and
convex, and coupling constraints functions in (13) are affine;
the set X' in (15) is nonempty and satisfies slater’s constraint
qualification. Also, for each i, the cost function J; (x;, O (x))
in (1) is convex in x; and twice continuously differentiable in
x for any feasible strategy set X'. Convexity is directly derived
by showing V,F (x) > 0 in Lemma 1. Under this situation,
we employ [38, Proposition 12.4] to establish that any solution
of VI (X, F) is a Nash equilibrium of game §G. |
The next theorem demonstrates the existence and unique-
ness of variational equilibrium.
Theorem 1: If condition (18) holds, the game G in (14)
admits a unique variational Nash equilibrium. 0
Proof: According to [38, Proposition 12.11], variational
inequality VI (X, F) has a unique solution if Mapping F is
strongly monotone on set X. As long as the condition (18) in
Lemma 1 holds, the theorem is proved. |

IV. DECENTRALIZED GAME-THEORETICAL FRAMEWORK

To solve the generalized equilibrium of game G in a decen-
tralized fashion, we introduce new variables 4 = col(4,, 4;),
where A, and 1; = [lfl]gzl are dual variables of infrastruc-
ture constraints (13b) and (13a), respectively, and also we
append their non-negativity condition 1, € [Rfo and 4, €
[RQO. We define extended variational inequality VI(Y, T) as
follows:

F () + [V (a1 20) + 1 2]

T (xy s 2a) = A
e = paD]]_,
(26a)
N
Y= HX,- x [Rgo x [Rgo (26b)

i=1

As can be seen in the new variational inequality
problem (26), the coupling constraints are eliminated. 4, and
Ar can also be interpreted as tolls (surcharge) paid by users
for charging their vehicles and traveling on roads, respectively.
In the following proposition, we show the equivalence of

VI(Y, T) and VI(X, F).
Proposition 2: col(x, 1., A;) is a solution of VI(Y, T) if
and only if x is a solution of VI(X, F). 0
Proof: Since sets X and ) satisfy Slater’s constraint
qualification, by using [39, Theorem 3.1], we can establish
there exists 2 = col(4,, ;) such that col(x, 1., 1;) solves
VI(&X, F) if and only if X is the solution of VI(X, F). H
As we showed the equivalency of problems VI (X, F) and
VI(Y, T), we use VI(), T) to compute the equilibrium
point of G in (14). Algorithm 1 solves VI()), T) based on
asymmetric projected gradient method [36]. In this algorithm,
each user locally updates its decision variables based on
aggregate information on road flow (o), destination congestion
(¢), and the dual variables (surcharges) associated with the
coupling constraints (4, and 1, = [i?]gzl) to minimize its
cost function. At each iteration, the transportation system oper-
ator gathers and broadcasts the aggregative traffic condition
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Fig. 1. The schematic of information flows of the system.

of roads (o) to users. It also updates and informs the dual
variable vector (road’s toll) 1, based on violation of defined
road capacity constraints ¢ in (13b). Also, each charging
station d independently collects and announces the expected
energy demand of users (pg(z9)) at that station. Then, each
station d updates and broadcasts the dual variable (surcharge)
/lfl based on violation of defined energy capacity constraint c/,
in (13a). Users and aggregators keep updating these variables
until the convergence of the algorithm occurs. Fig. 1 illustrates
the schematic of information flows among the transportation
coordinator and charging stations with EVs.

7 is the fixed step size of gradient learning. The convergence
of Algorithm 1 to v-GNE of G is studied in the following
Proposition.

Proposition 3: If condition (18) holds and the step size
is chosen sufficiently small, then Algorithm 1 converges to a
unique v-GNE of game G in (14). O

Proof: Based on Theorem 1, G admits a unique variational
Nash equilibrium. Also, based on Lemma 1, F is strongly
monotone on set X, and it is Lipschitz in the same bounded set
since the cost functions in (1) are continuously differentiable.
Besides, the set of coupling constraints in (13) are affine.
Therefore, according to [23, Theorem 3], there exists a 7 > 0
such that for any 0 < t < 7, Algorithm 1 converges to the
v-GNE of the game G in (14). [ |

Remark 2: Since algorithm 1 globally converges to the
game’s unique Nash equilibrium, if users miss some informa-
tion during communication with aggregators, users’ strategies
will converge to the unique Nash equilibrium as soon as they
retrieve the latest data from aggregators of the game (14). [

V. SIMULATION RESULTS
In this part, we apply techniques developed in Section IV
to model the competition among users who want to charge
their EVs. We consider the transportation network and

Algorithm 1 Aggregative Game

) e R, !V e RE

e e 51
Initialization: £ < 1, ¢ > 0, t; ; >0

/1,(1) eR2,, 2D ¢ [Rgo.

teration k:
ggregation:

c® g4+ Z rl_(k)
ieN
¢c(lk) <« qitl-d(k),‘v’d eD
Planning: for each i € \:
xl-(kH) <—proni[xi(k) —(Vy Ji (xl-(k), G)(x(k)))
+ V@i A0 + ) 20y
Dual variables (Surcharge) update: for each d € D:

k+1 k
RaHD 204" = 9y )

if(kﬂ) <« proj[R>0[/1f(k) —t(ch - Ra*+D)]

WHD < projge A0 — 2 (c" =20 (-*M) + 0 (-]

k < k+1

Tesla Supercharger charging stations of Historic District of
Savannah, US, Georgia State, to illustrate user equilibrium.
We model the main roads as edges and the intersection of the
roads as nodes. The road network includes 58 bi-directional
edges and 31 nodes, and six nodes of charging stations
distributed in the network, as depicted in Fig. 5. We consider
one-hour time intervals to solve the problem, and We use
the linear form of latency function in (3) with £ = 1 and

6 = 4 [37]. Free-flow travel time on roads (ﬁee_ﬁ%)
derived based on vehicles speed in the uncongested condition,
which is 30 km/h on a typical day in Savannah city. We also
assume the capacity of roads heuristically computed based on
b, = 20%:516 x (free-flow speed) by assuming 20 vehicles per
kilometer traveling on the uncongested condition. Exogenous
congestion caused by non-EV users at different hours on roads
has been approximately selected from typical traffic conditions

data on Sundays in Savannah city, available in Google Maps

(i.e., variables s, has been set between 100 %ﬁleg and

300 %). The maximum capacity of each road is ¢, = 3b,.
We consider users’ origins are distributed uniformly across the
city. Users’ various preferences parameters and energy demand
are taken from a uniform distribution w; ~ U (18, 70) (in
$/hr), g; ~ U (20, 70) (in kWh), and we set parameters o;
and f; values to 0.8$ for all users. The parameters concerned
with charging stations are listed in Table I. The station’s energy
price is chosen to roughly match the average energy price in
the state of Georgia, which is 9.8 ¢/kWh in June 2020 [40].
EVs availability on each hour is taken from the danish
driving patterns on different hours [11]. The availability of
the EVs in various hours (time slots) is depicted in Fig. 2.
We solve the problem for each time slot, and for instance,
the expected demand of station 6 for the twenty-four-hour
period is depicted in Fig. 3. Fig. 3 also compares different
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TABLE I
CHARGING STATIONS’ COEFFICIENTS

Station 1 2 3 4 5 6
54 (5/kWh) | 007 | 009 | 0055 | 009 | 01 | 007
7q (MWh) | 0.725 | 0.725 | 0.725 | 0.725 | 0.725 | 0.725
¢’ (MWh) 14 15 0.8 1 13 0.9
pa (3) 0 0 0 1 0 0

s
[~
S 35

100

Number of EV:

Time(Hour)

Fig. 2. EVs arrival.
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Fig. 3. The expected energy demand of station 6 in a day.
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Fig. 4. Expected energy demand and energy price of each station considering
variable pricing with and without coupling constraint, and fixed pricing with
coupling constraint.

methodologies, including variable pricing with and without
coupling constraints, and fixed pricing with coupling con-
straints. We observe in times that the energy demand in the
city is high, by ignoring the effect of coupling constraints, the
expected demand of station 6 violates its power capacity limit.

We specifically analyze the problem at 8§ pm, where 125 EVs
with different preferences parameters want to charge their
vehicles. Fig. 4 shows stations’ expected demand with their
variable prices (%) comparing different methodologies.

As seen in Fig. 4, by neglecting the coupling constraints in
the decision-making procedure, the expected energy demands
of stations 3 and 6 violate the energy capacity of related
stations, which shows the inefficiency of neglecting the cou-
pling constraints. We have also examined the effectiveness of
variable pricing over fixed pricing policy. We observe that,
by employing variable pricing, expected energy demands of
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Fig. 5. Transportation network and Charging stations equilibrium.
EVs are better distributed among different stations than fixed
pricing.

Fig. 5 depicts the network equilibrium with and without con-
sidering coupling constraints. We see in Fig. 5 that considering
coupling constraints also affects the mobility pattern of users
while we notice congestion nearby stations 3 and 6 is reduced.
Fig. 6 shows the convergence of each station’s variable price
and each stations’ toll (i.e., surcharge). To see the effect of
tolling, if we look again at Fig. 4 since stations 3 and 6
reach their load capacity, they penalize users, motivating users
to alter their decisions for satisfying their power capacity
constraints. Generally, EVs are willing to go to the nearest
station with the lowest energy price paid. In the uncoupled
equilibrium condition shown in Fig. 5a, due to network
structure, stations 3, 4, and 6 are closer to more users. Hence,
we expect higher demand in these charging units. Further,
as the price of energy in stations 3 and 6 are lower than
station 4, so there is more interest in stations 3 and 6, and there
is more congestion on their nearby roads. However, in the more
realistic case shown in Fig. 5b, the stations’ power capacity
is considered and hence, as the popular stations’ capacity is
completed, users choose other stations whose power capacities
are not full. It is also can be observed from Fig. 5 that in
areas where charging stations are densely located, more traffic
occurs.

Also, due to the heterogeneity of users, it is obvious that
they show various behavior. For example, we compare two
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Fig. 7. User 29 and user 107 charging station planning convergence with
and without uncertainty in aggregation.

EVs, user 29 and user 107, from the same origin nearby
station 3. User 29 has parameters wog9 = 63.7 (in $/hr)
and g9 = 20.97 (in kWh), and user 107 has parameters
w107 = 26.66 and q107 = 30.76. So user 29 cares more than
user 107 for travel time. Fig. 7 shows the destination selection
decision convergence of these two users. As seen in Fig. 7,
user 29, who cares about travel time, chooses the nearest
station with a probability of 1. In contrast, user 107, who
cares less about spent time, chooses the nearest station with
a probability of 0.78. In order to examine the scenario where
stations are unable to gather precise values of expected demand
at each step, we assume bounded randomness in stations’

aggregative terms. Therefore, for each station we have: C‘A’c(tk) =

0a® + € (k), where ¢ ®) is a random variable with uniform

distribution. We assume that the uncertainty at each station
and each step is a random variable with e,d ® U (0, 80).
As it can be seen from Fig. 7, the users’ strategies converge
close to the scenario with perfect information.

Finally, we examine the effect of probabilistic strategies
of users on violating the coupling constraint when the users
realize their random strategies to select only one station.
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Fig. 8. Error bar of stations’ constraint violation.

We see that by increasing the number of vehicles of each type,
the stations’ expected demand will converge to actual demand,
and coupling constraints will be satisfied. We consider 50 types
of electrical vehicles. Each type has different number of EVs.
Fig. 8 shows the error bar of the percentage of constraint
violation to the average demand ratio. We see by increasing
the number of EVs, this index converges to zero.

VI. CONCLUSION

We presented a non-cooperative game theoretical framework
to study joint routing and destination selection problem of
heterogeneous users by considering the variable pricing that
depends on the demand on the station and the coupling
constraints, which are concerned with the infrastructure and
resource limitations. The application was demonstrated in EV
public charging station. The proposed network flow model
reduced the problem’s complexity, as the users do not need
to enumerate all feasible paths. The theory of variational
inequality was exploited to prove the existence and uniqueness
of the games’ equilibrium and also to analyze the effect of
coupling constraints. The proposed aggregative game frame-
work resulted in scalability of the method, information privacy
of the users, as well as decentralized solution for the Nash
equilibrium seeking of the game through a projected gradient
algorithm.
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