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Network Aggregative Game in Unknown Dynamic Environment With
Myopic Agents and Delay

Mohammad Shokri

Abstract—In this article, the framework of network aggregative
game (NAG) is extended by considering the interaction of players
in a dynamic environment whose model is not known to them.
The cost function of each player depends on its own strategy, the
aggregate strategy of its neighbor players in the network, and also
the state of the environment. The state of the environment evolves
with a dynamics that is affected by the strategies of players as an
input to the model. The players of NAG are modeled as myopic
selfish agents who observe the decision value of their neighbors
and the state of the environment with some time delay and, then,
adjust their decisions using a projected subgradient rule. The main
contribution of this article is to provide conditions in which the
strategies of myopic agents converge to the unique fixed-point
Nash equilibrium point of the proposed dynamic NAG. Further-
more, as a case study, the framework is applied to a wireless net-
work by modeling the service providers as the agents and evolution
of service selection by users as the dynamics of the environment.

Index Terms—Dynamic environment, myopic agents, network
aggregative game (NAG), time delay.

|. INTRODUCTION

Network games have been gaining importance among researchers in
recent years [1]. In the network game framework, the cost function of
each individual agent is influenced by other neighboring agents via a
communication network. Each agent aims to find its optimal decision
selfishly while communicating with its neighbors [2]. In particular,
when the cost function of an agent is affected by an aggregation (e.g.,
weighted sum) of its neighbors’ decisions, the problem is called network
aggregative game (NAG). The NAG framework can be applied to a
variety of applications, such as social networks [3], wireless cellular
networks [4], public good provision [5], and microgrids [6].

In the literature, NAGs are investigated from different aspects. In [7]
and [8], the best response dynamics is proposed for the decision making
of the agents with convex cost function in a NAG framework. While
each agent has access to decision information of its neighbors, the con-
vergence of decisions to the Nash equilibrium point of NAG is proven.
Moreover, some research works utilized an additive regularization term
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to the cost function of the agents in order to maintain the decision of each
agent close to aggregate term of its neighbors while the best response
of the agents is calculated using proximal methods [9], [10]. Besides,
considering a limited computational ability of the agents, in [11], a
subgradient method is utilized as a Nash seeking algorithm in a NAG
with stochastic agents’ communication and activeness.

In the aforementioned research works on NAG, the cost function of
the agents is only affected by the neighbors’ strategies. Nevertheless,
in many situations, the agents interact in a dynamic environment whose
state affects the cost function of the agents. Dynamic noncooperative
game theory (DNG) is a well-known branch of game theory, which
has been extensively studied in [12], and further developed in the
seminal papers [13], [14]. In the setting of DNG, there exist a dynamic
system/environment whose state affects the players’ decisions and, in
turn, the dynamics is also affected by decisions of the players [12].
In DNG, agents find their optimal trajectory over a time horizon
as their strategy. To obtain the Nash equilibrium strategies of the
players in standard DNGs, some coupled Hamilton—Jacobi—Bellman
(HJB) or Bellman equations need to be solved in continuous-time
or discrete-time systems, receptively. For DNGs with quadratic cost
functions and linear-known dynamic, the closed-form solution of Nash
strategies can be obtained as a linear state feedback thanks to solving
a set of coupled Riccati equations [15].

However, HIB/Bellman equations cannot be solved analytically for
non-LQ problems and also when the dynamics of environment/system
in unknown [16]. Due to such difficulties, adaptive dynamic
programming (ADP) is proposed to approximate both the value
function and control inputs via actor—critic neural networks [17]. A
few research works in this area have been dedicated to obtaining
the Nash equilibrium point of discrete-time nonzero-sum DNGs
with unknown dynamics [17], [18]. However, in this approach, the
parameters of neural networks converge uniformly ultimate bounded
around their optimal values and, therefore, ADP methods converge
to a bound around the Nash equilibrium point. In addition, the ADP
methods suffer from huge computational cost, which is not convenient
with the bounded rationality and myopic behavior of the players in
many decision-making problems [19], [20].

To the best of our knowledge, NAG has not been studied in dynamic
environment up to now. The aim of our study is to set up a connection
between DNG and NAG for the first time. In this article, we develop a
dynamic NAG model in which the cost function of each agent is affected
by the aggregated decision variables of its neighbors on a directed graph
and also the state of the environment while the state evolves with a dy-
namic model. Neither the cost function of rival agents nor the dynamics
of environment is known to an agent. Due to such lack of information,
the agents are modeled as some myopic decision-makers who receive
the latest decision value of their neighbors and also the last state value of
the environment and, then, adjust their decision for one step ahead using
the subgradient method. The motivation behind such naive expectation
and myopic adjustment is taken from the fact that myopic fashion
and bounded rationality can be fitted to human behavior in decision
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making without anticipation of the future [19], [20]. Furthermore,
in the proposed model, the communication delays of data exchange
among the agents and also from the environment to the agents are
taken into account. We prove that under specific assumptions, which are
mainly the input-to-state stability (ISS) of environment dynamics and
strong monotonicity of augmented subgradient functions, the agents’
strategies converge to the unique Nash equilibrium point of the NAG
while the dynamics of environment reaches to its equilibrium point.

The contributions of this article can be summarized as follows.

1) We propose anew NAG framework in which the agents with private
cost functions compete in an unknown dynamic environment.

2) We consider the time delay in data communication among the
neighboring agents and also from the environment to the agents.

3) The conditions in which the proposed dynamic NAG admits a
unique Nash equilibrium point are provided.

4) A Nash seeking algorithm based on the subgradient method is
proposed, and its convergence to the unique Nash equilibrium point
of the dynamic NAG is studied.

Notation: X = H%N X,, shows Cartesian product of sets A,.
[|z|| and 2 are the norm-2 and the transpose of w, respectively.
col(zy,...,xn) = [z],...,2}]" denotes the column augmentation
of vectors z,,. * ®y is elementwise product of x and y. Ty de-
notes vector of ones. g(xg) is the subgradient of f(z): X — R at
zoif Vo € X : f(z0) + (x — x0) "g(z0) < f(). g(x) : R® — R™is
strongly monotone with C' if Va1, xo : (g(x2) — g(z1)) (20 — 1) >
Cllz2 — x1||%. Iy (z) = argminyecy ||y — z||* shows the projection
onto X. f;o (9(v))Tdv denotes the integral of g(v) : R™ — R™.

II. DYNAMIC NAG

Consider a set A of N agents who interact with each other in a
dynamic environment and aim to minimize their cost functions selfishly.
The agents are connected to each other through a directed graph
G (N, €) where £ is the set of edges. Defining N,, = {m|(n,m) € £}
as the set of neighbors to agent n € N, the cost function of agent n
is affected by an aggregate of its neighbors’ strategies and the state of
environment as follows:

)

where x!, € X,, € RM is the strategy of agent n at time ¢, and ! | =
col(zf, ..., 2}, 1,2 11, 2N) € Xy = [y X on(al,,) is
the aggregate strategy of the neighbors to agent n, which is defined as

on(zt,) = Z W TLy)

n/eM\{n}

where  w,, >0 if (n,n') €&, otherwise, w,, =0, and
D e M} Wnn = 1 (agent n 1is considered nonneighbor with
itself and w,,,, = 0). Also, y* € R? stands for the environment’s state
at time ¢, which evolves with the following dynamics:

Jn(mfw O'n(mt—n)’ yt)

2

v = fl ") 3)
where ' = col(z},...,z) € X =[], Xn- ¥° € RP is consid-
ered to be the initial value for the dynamics. The communication
scheme among the agents and environment is shown in Fig. 1. Based
on the interaction term o, (z* ), the problem can be formulated as the
following game:

Players : N

Strategies: n € N : af, € X,

Cost Functions : J,, (z}, 0, (z",,), y")
Environment Dynamics : y**! = f(yt, z*).

4

Environment

Fig. 1. Information scheme of game G. The communication between
the nodes can be unidirectional or bidirectional.

The equilibrium point of G is defined as follows.
Definition 1: (x*,y*)is aFixed-point Nash Equilibrium (FNE) point
of game G if Vn € N : Vz,, € X,

Jn(@5,00(22,),Y") < Jn(Tn, 00 (22,),¥7) 5
and also, y* = f(y*,2z*), where z* = col(zj,...,z%) and z*, =
col(z],..., 5 1,5 s TN)- O

[Il. INFORMATION STRUCTURE AND DECISION MAKING

In the proposed framework, agents do not have information on
the dynamic model of the environment and also the cost func-
tions of other agents. We consider that agent n can observe
the decision value of its neighbor agent m € N, with time de-
lay 7,m, denoted by Z! . =zl 7»m, and also observes the state
of the environment with delay 7,0, denoted by ! = y*~™0. Let
denote &', = col(Z} 1,..., &0, 1,80 py1seeos T y) and 2 =
col(if, y,..., &t ) where Vm ¢ N,, = &1, , = . This means that
we virtually let agent n receive the decision value of nonneighbor agents
with zero delay. Nevertheless, this is made just for the simplicity of
notation and according to (1), (2), and (6), such information is not used
by agent n for decision making, since Vm ¢ N, we have: w,,,, = 0.

The agents utilize the projected subgradient method to update their
strategies as follows:

ettt =TIy, (2, — a'd") (6)
where d, = h,, (!, 7, (%" ,,), §!) is a sub-gradient of the cost function
Jn(zt, on(Zh,,), §t) withrespect to 2%, and o* is the step-size at time
t. The procedure of agents’ decision making is presented in Algorithm 1.
Ateach time-step ¢, the agents observe decision value of their neighbors
and also the state of environment with some time delay. Having this in-
formation, they calculate the subgradient of their cost function (i.e., dﬁb).
Afterward, they update their decisions based on (6). Also, the state of
environment evolves through (3), which is affected by the last decisions
of the agents. Finally, the observation of agents from the updated state
of environment is utilized for the next round of decision making.

IV. CONVERGENCE ANALYSIS

In this section, the uniqueness of FNE of G and also, the convergence
of Algorithm 1 to FNE of G are investigated under the following
assumptions.

Assumption 1: Forn € N, X,, is convex and compact. O
Assumption 2: o' is nonincreasing, and it satisfies Y ;- , o’ = oo
and >_;7  (a")? < oco. O
Assumption 3: There exists finite 7 such that 7, <7 and 7,0<7T
vn,m e N. O
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Algorithm 1: Distributed Sub-Gradient Algorithm for NAGs Thus, we have
with Dynamic Environment and Delayed Information Exchange. (ho(y.2) — ol 2)) " ( N (L) 1P o)
,x) — , T -y)>(1- - .
Initialize =), 75, and 3 ,, for n,m € N, t - 0 o o vy vy
Given y" Thus, Jo(y, ) is strongly convex with respect to y. Clearly, the
Iteration minimizer of Jy(y,x) satisfies ho(y,z) =y — f(y,z) =0, and
Agents: n GN er ol : oy, Y Y,z ;
i« gb=Tam for m € N, and §it <yt 7m0 hence, it is also a fixed point of f(-,z). Now, consider ¢(v) =
: (_ on(@ e ) " col(g(z,y), ho(y,z)) and v = col(z,y). Based on Assumptions 5
sz” R, 7"~ ) and 6, and also, (10), we have
n> n) _
t+1 gt
Emmn;l{gx (&, ~atds) (a(v) = a(@)) (v =) = (9(w,p) — g(',¥) (@ — @)
t+1:f(y 7It) + (hO(y7 $) - h’O(y,7 'Tl))T(y - y,)
t = t + 1 / / / / T /
= (9(z,y) —9(', ) + 9(2',y) — g(",y)) (z —2)
+ (ho(y, x) — ho(y', ) + ho(y', ) — ho(y',2")) " (y — ¥
Assumption 4: Jp,(x,,0,(x_y),y) is convex w.rt z,. Further, ) 5 )
there exists a bound ~,, such thatVz,, € X,,,Vx_, € X ,,Vy € RP: > 09, — LZ(;J"(;U +(1- LZ)éy = L3020,
Whn(@n; on (@), )| < - O = C0% + (1 - LE)62 — (LS + L2)4,9,
Assumption ~ 5: The  augmented  subgradient g(z,y) =
col(hy(z1,0n(21),¥),.. ., hn(zN,on(T_n),y)) is strongly Wwhere 0, = ||z —2'[|, and 0, = ||y —#'[|. Therefore, from the
monotone w.r.t z, and Lipschitz w.r.t z and y, i.e. last equality, if ® = (L% + L)* —4C(1 — L) < 0, then (q(v) —
- , " q(v"))T (v — ') > 0, which proves the strong monotonicity of h(v).
(g(z,y) — g2 y)) (z —a') > Cllx — 2| (72) Hence, uniqueness of FNE of G can be concluded from [19, Th. 2]
llg(z,y) = g(a’, )| < Lille — /|| + Lylly /||~ (7b)  With condition (9).
Lemma 2: Under Assumption 2 and 4, for (6), ||V7z!|| < yrat
forevery z,z' € X and y,y' € RP. U where V7a? = 27 — 2t and vy = 3,y Y- o

Assumption 6: f(y,x) is integrable over y, and contractive w.r.t. y

and Lipschitz w.r.t. ,i.e., there exist constants Lg, > 0and0 < Lj < 1
such that

1y, z) = f( 2| < Lgllz — 2| + Lilly — ¥/l ®)
forevery x € X and y € RP. O

Remark 1: The ISS condition in Assumption 6 does not ensure the
convergence of Algorithm 1 to FNE point of G, since the fixed point
of (3) is affected by the strategies of players (i.e., ) and x is also
affected by state y. Hence, there exists a coupling between the Nash
strategies of players and a fixed point of dynamics (3). Therefore, the
Nash equilibrium point cannot be achieved at any arbitrary fixed point
of (3). d

Lemma 1: Given any y° € RP, there exists a J(y°) such that V¢ >
0:yt e Y(y°). O

Proof: Let zP be an arbitrary point in X. Based on the
contractivity of the operator f(y,x”), there exists a unique
fixed-point y? such that y? = f(yP,z?). Also, based on bound-
edness of X, there exists 7 such that ||z|| <n. Using (8)
for (z',y") and (2,y?), we have ||y —yP|| < L[la* —
zP|| + Lylly* —yPl| < 2Lgn + Lglly* — yP||. By applying this re-
cursive 1nequa11ty, [yt fypH <2ren St (Le)t/ + (L) o <
2LEn > 0 _o(L y) +70 < 1—L5 + ro where 79 = ||y° — yP||. Thus,
there exists a convex and compact set Y (y°) = {||yt — y?|| < % +

o} such that y* € Y (y°). O
Theorem 1: Under Assumptions 4-6, if

. Le+Le\?
cu-rp)> (B45)

(C)]

O

G admits a unique FNE.

Proof Consider Jy(y,x) = 7y y— F(y,z) where F(y,x)=
f Y (f(v,x))" dv. Hence, the subgradient of Jo(y, ) with respect to y
is obtalned as ho(y,xz) =y — f(y,x). From (8) and using Cauchy—

Schwarz inequality, (f(y,z) — f(y,2))"(y —v') < L[|y — o/l

Proof: Clearly, VTl || = || 327zttt —alt|| <
ST ||ttt — 2tH|. From Assumption 4, Hdt H < 4, Using (6),
Assumption 2, and nonexpansivity of projection operator, we have

VT H<Z||Hxn (@it — ot d ) — 2|

an

T—1 _ T—1
<D AT < v Y ottt < qpral,
=0 =0

Thus, ||V72||< 3, IV72L ] < 3,0y 1mTal < g7,

Lemma 3: Under the conditions of Lemma 2, for (6), ||z}, — || <
~Tal~T for t > T is satisfied. |

Proof: For t>7, based on (11) and Assumption 2,
125, m — Tl = |20 ™™ — 20, < YmTamal ™ m < gy Tal .
Thus, ||th - xtHS EmE/\’,L |i§7,,m - x$n|| < TalT EmG/Vn Ym <
NTal™T

Lemma4: Under the conditions of Lemmas 1 and 2, fort > 7,Vn €
N, the following inequality

t
Hgfl _ ytH S 2£(L§)t77" 4 Li’)ﬁ' Z(Lz)tft’atl,?

(12)
=7
is satisfied for dynamics (3) where § = max ¢y, 0 (|[yl])- O
Proof: From Lemma 2, Hwt ot -zt <
Pomen 125 0Tt — @l < Toa TR0 3T Y < T
Based on the fact 5, € ¥(5°), [17 — y'l| < 117411 + lly']] < 2¢ for

t > 0. In particular, for ¢t > 7, by considering (8) with (y*~!, z*~1)
and (yt 7ro~1 xt-7mo~1) we have

—y' |l < Lgllys ™ot =yt

15 — Il = [y, ™

_‘_L;th—rng—l t l|| <LeHyt Tno—1 _ t 1||+L ’)/Ta -F.

Therefore, (12) can be proven straightforwardly by expanding the
aforementioned recursive inequality from ¢ to 7—1 and using the fact
that ||yl=m0 — yt|| < 2 fort = 7—1.
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the conditions of Lemmas 3 and 4, there
exists sequence S! such that Vt >0 of||(d!, —d.) Azt ]| <
St, and > o, SE <oo where Azf =gzl —x; and d, =
ho(xt, o0 (2,), y"). O

Proof: Consider n = max,cy(||x]|). Clearly, ||Azt || < ||z%]| +
[|z%]] < 27n. Based on definition of g(.,.), ||hn(@n,on(z_0n),y) —

Lemma 5: Under

ho (@, on (@), )| < llg(@,y) —g(«, 4[|l Thus,  from
(7b) and by knowing ! =af, we have ||d} —d!]| =
hn (@ns 00 (T2), T5) = hn (@, o (22,), w3 1| < g (2, 77) =

g(xt, y0)|| < Lgl|z), — b || + Lgl|gn — yL||. Therefore, according

to Lemmas 3 and 4, for ¢t > 7, we have
- T -
o'l (d, ~ dt,) Azt < 2na'||dl, — di]| < 2nL8a'||2, - o]

+ 2nLgat||gn — yhll < 2nLiyTata™ T +4ngLg(Ly)" "ot
+2’)’]LaLe’}/TOé Z Le t—t t/ T A St
t'=7
For 0 < ¢ < 7, from boundedness of Jﬁl and d!, it can be consid-
ered that of||(d!, — d)" Azl || < 4ny,at & St. Hence, ot||(d, —
dt)TAzt || < St foreacht > 0.
Now, by summation of S’ on ¢ > 0, we have

00 T-1 3]
D Sn=dmn ) o' +2LyT ) o'l
t=0 t=0 t=T7

00

+4n§LZZ(Le)t T t+27’]La ’YTZ Z Le t—

t=7

t z’ 7
t'=7

> atattTm < 1> (") + (af"™m)?) < oo. Similarly,

YieA(Ly)Tal < thf((Le)Zt T+ (af)?) < oo By
exchanging the order of summation and knowing that of
is nonincreasing, we have Y ;L_af Z:,,T(Le)t’t/ ¢ —
S (T @ (L) )T < S (e (L)) (@fT)? =
Yo (?17;)2 < 0. Therefore, > ;- , SL < co. O

Theorem yZ: Under Assumptions 2—6, and (9), Algorithm 1 con-
verges to FNE of the game G from any initial condition z°, € X,,,Vn €
N and y° € Y(y°). ]

Proof: According to [21, Proposition 1.5.8], x; =1y, (x5,
atd:) where di, = h,(z},05,y"), and o}, = o,(z*,). By using
Lemma 5, and knowing that the projection operator is nonexpansive,
we have

A2 < (|Ack — ot (d - ;) |IP = [|Ack |

~ ~ T
+ (@I — 1P - 20t (& — d,) Aat, < || A2k

T 492(a%)? 20" (@, —dt) Aat, — 20" (d, — dy)"

< [|AzL |2 + 492 (af)? + 288 — 20t (&, — d;,) " Agt,

Therefore, by summation of over n € A/, we get

+2) S,

A2 < A2t +4 3 7h(ah)?

neN neN (13)
of (d' - d*)T Axt
where d' = col(d,...,dY), d" =col(d;,...,dy), and Az’ =
col(Axi, ... Azl;). From Assumption 5, we have
— (a" - d")T Azt = — (g(=',y") — g(az",y*))T Az’

- _ (g(xt7yt) —g(x*,yt))T Azt — (g(m*,yt)

—g(z",y")" Az’ < ~C||Az'|]? + LyllA'|[[|Ay']| (14)
where Ay® =gy® —y*. Let us consider the sequence R! =
[|Azt||||Ayt]|. Then, taking summation over telescopic inequality (13)

from time O to oo and using (14) result

. t)2 02 2N 12
tim [[Aa?[[? < A2 +4 342 (o)
neN t=0
‘ (15)
+2) 03 SL =Y " 2Cat||Axt|]? + 2L Y o' R
t=0 neN t=0 t=0
Clearly, Az'=xlt —a +af, — it = Azt + Vizt!, and
[|Ayt|| < 2£. Thus, based on Lemma 2, we have
R' = [|Az't + Ve H[[|Ay']] < [[Az ]| Ay 16
+ IV Ay < [[AzH|[|Ay']] + 26va" !
Based on (8), by putting (y*~!,z*"!) and (y*,2*) into (y,x) and
(y/, ), respectively, it can be deduced that
Ay = [If(y" " ) = fly", 2
17
< LellAatH| + Lyl Ay
Therefore
R" < ||Aat ] (LellAz ] + Lyl Ay )
(18)

+ 2yt = LE|| Azt T2 + L;Rt’1 + 2vEatt.
By applying (18) recursively from ¢’ = 0 to t’ = ¢, we have

t t
R' < (LS)'R+29€ > (LS)" "o + L8 (LE) || Ax"||?
=0 t'=0

and hence

00 00 00 t
D 'R < RYY (LY)at +296) ot Y (L) a”
t=0 t=0 t=0 t'=0

=T

(19)
+LeZZa Le t— t’HA t’HQ
t=0 t'=
T
Yco(LE) el < 5302 ((LE)? 4 (af)?) < oo. Furthermore,
by replacing the order of summations, and knowing that
al is decreasing, we have > 7 af> (L5 Val =

2= (Zt o0 LG et < 3TI_ (0, (L)) (") <

f
v L)e < o0. Therefore, the term 77 is bounded. In a same way,

by replacmg the order of summations of term 7%, and knowing that a*
is decreasing, it can be concluded that

Zza Le t— t||A t’H2 Z(Z t+t( ) )HAth2
t=0 t/= t=0 “t¢/=0 (20)
iatl\ﬁthQ

1—Le

t=0 v

( <L§>“>at\|AxtH2 -
0 t'=0

<
t
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Thus, by putting (19) and (20) into (15), we have

. t)12 012 2 t\2
lim [|Aa![2 < [|A2®)? +T1 +4 Y72 Y (a")
neN t=0
T3
(21
[o.¢] llLE
x
#2358 -3 a0 - st
t=0 neN
Ty Ts

Based on average inequality, (@) > /LgLs. Thus, from (9),
Ts > 0.Based on Lemma 5, T’ is bounded. Because of the boundedness
of Ty, T3, and T}, the term 75 must be bounded. Hence, based on
Assumption 2 and boundedness of T5, ||Az¢||> must converge to 0 as
t — oo. This results ' converges to z* as t — oo.

As for dynamic (3), z* can be considered as an input that goes to
x* as t — oo. Hence, to prove the convergence of 3* to y*, we con-
sider the Lyapunov function V' (y*) = ||Ay!||. Then, from (17), it can
be concluded that V' (y*) < L¢||Ay* | 4+ Lg||Az | = V(y* ™) —
(1= Lo)[|Ay* | + Lg||Az*~ | Thus, since (1 — L) || Ay*~*||and
Le||Azt~t|| are K-class functions, based on [22, Lemma 3.13], it
can be deduced that lim; . [|Ay'|| < = Le lim; o [|Azt]| = 0. As

aresult, y* converges to y* as t — oo. O

V. SIMULATION RESULTS

As an application, the rate allocation and service selection in a
wireless cellular network is studied [4]. Consider a network with NV
service providers (SPs) with set A/ who provide radio signal coverage
M users, which subscribe each SP to connect with. In this network,
the coverage region of SPs can overlap with each other, which causes
the signal interference between SPs. Based on the Shannon formula,
the rate of data transfer would be diminished due to the signaling of
neighbors of each SP. The aggregative influence of neighboring SPs.
The objective function of SP n can be modeled as follows [23]:

NO + ZmG/\fn bnmxﬁn

) (22)
— C(nMy}, — Brpn (1 —x},))?

where yf € [0,1], and zf, € [0,1] are the subscribed user propor-
tion and the bandwidth ratio of SP n at time ¢, respectively. z* =
col(zy,...,xl 4,2t 4,...,x}), and N, indicates the set of neigh-
bors of SP n. Also, Ny, 1, @y, bum, Ay, and C,, are some positive
constants. The first and second terms in (22) indicate the signal-to-
interference-noise ratio, and performance discrepancy of SP n. The
evolution of proportion of users who subscribe SP n is modeled at time

t by the following replicator dynamic [24]:
y =y oyt o (n(y',2")

ra(yh aty) = Dot 20)
PriiYy

t
AnT,,

Jn(xt, 2t y') = A, Ln (1 +

- 7Tl'(yt7 mt))
(23)

where 7, (y!, zt) is offered payoff function of SP m to users.
Also, z' =col(zt,...,2l), y' =col(yt,...,vk), 7m(y' at) =
col(mi(y},@h), ..., mn(yh, ah)), 7 (y", a') = (y 7 (y',2")) Ty, and
0 is the time step. Based on SPs’ offer, each user selects an SP that
wants to communicate with. Furthermore, B,,, u,, and p,, are the
maximum bandwidth, the achieved throughput, and service price of SP
n, respectively. Considering SPs as the agents in our framework, they
are involved in a NAG based on (22). Moreover, since the cost function
of the SPs are influenced by the users’ replicator dynamics (23), the
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Fig. 2. Service selection of users.
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Fig. 3. Distance of SPs’ strategies to FNE for different values of 7.

whole problem can be modeled as a dynamic NAG. Consequently, the
proposed game formulation (4) can be applied to the rate allocation
problem for SPs.

For the numerical simulation, we consider a network of 10 SPs
and 40 000 users. SPs are located randomly in a squared region
with 8-km width and a pair of them is considered as neighbors, if
the distance between them are lesser than 2 km. Each SP has the
following parameters: n = 10, A,, = 80, C,, = 1075, p, = 0.1, and
tn = 107%. B,, of SPs are 6"MHz, 12"MHz,..., and 60 "MHz. Also,
No=4x10"2'and ot = t+110 Wy 18 sEL reversely proportional to
the distance between SP n and Sp m. All delay parameters 7,,.,,, and 7,,0
are considered to be selected from a Poisson random distribution with
parameter 1. As shownin Fig. 2, at the firstiteration, users are uniformly
distributed to subscribe different SPs (10% for each SP), and finally,
the proportion of subscribed users to different SPs converges to y* =
[0.078,0.085,0.090, 0.096,0.100, 0.104, 0.107,0.110,0.112,0.114].
To clarify Remark 1, the distance of SPs’ strategies to the FNE point is
depicted Fig. 3 by changing 7. Based on (23), the constants in (9) are

OB tin (5Bnun) OB fin
ey Ly S
neN pnM pnM neN pnM
L% = 2nM max(C,,),C = min ( 2C,, B2 Ana
= X n/)s = nHn = Tar | o \2 |
y 77 ,LL (N0+an)2

As it is shown, by increasing the value of 7), although (23) satisfies the
ISS condition, however, since in the red plot, the condition in (9) is not
satisfied, the strategies of SPs do not converge to the FNE point.

VI. CONCLUSION

In this article, NAGs were studied in a dynamic environment. The
cost functions of the agents were influenced by not only their neigh-
boring agents but also the state of an environment. Furthermore, the
environment’s state dynamics was affected by strategies of the agents.
Letting the model of dynamics be unknown to the agents, a distributed
algorithm was proposed that converges the unique FNE point in the
presence of delayed information. To evaluate the proposed algorithm,
the rate allocation and service selection in a wireless cellular network
were investigated as a case study.
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