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a b s t r a c t

In this paper, multi-agent dynamic optimization with a coupling constraint is studied. The aim is to
minimize a strongly convex social cost function, by considering a linear stochastic dynamics for each
agent and also coupling constraints among the agents. In order to handle the coupling constraint and
also, to avoid high computational cost imposed by a centralized method for large scale systems, the
dual decomposition method is used to decompose the problem into multiple individual sub-problems,
while the dual variable is adjusted by a coordinator. Nevertheless, since each sub-problem is not a
linear–quadratic (LQ) optimal control problem, and hence its closed-form solution does not exist,
approximate dynamic programming (ADP) is utilized to solve the sub-problems. The main contribution
of the paper is to propose an algorithm by considering the interrelated iterations of dual variable
adjustment and ADP, and to prove the convergence of the algorithm to the global optimal solution
of the social cost function. Additionally, the implementation of the proposed algorithm using a neural
network is presented. Also, the computational advantage of the proposed algorithm in comparison
with other bench-marking methods is discussed in simulation results.

© 2021 Elsevier B.V. All rights reserved.
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1. Introduction

Multi-agent optimization with coupling constraint has been
studied extensively in a variety of systems including robotics
[1,2], power systems [3], human operators [4], and wireless sys-
tems [5]. In some applications of multi-agent optimization, such
as resource allocation to the robotic system [6], human operators
system [4], and smart grid system [7], we face the dynamical
agents and therefore, finding the optimal solution is regarded as
a dynamic programming problem.

Centralized optimization method is one way to obtain a social
optimal solution [8,9]. However, for large scale systems, a high
computational cost is imposed on the central system. Also, the
central system needs to know all the agents’ cost functions and
so, their privacy is not preserved. To address the mentioned chal-
lenges, dual decomposition is a useful method, where the dual
problem can be separated in the subsystems despite the presence
of coupling constraint. For instance, dual decomposition method
is a common approach that can be utilized to solve multi-agent
optimization with coupling constraints [10–14]. In this approach,
the dual problem can be solved using an iterative algorithm,
e.g. the sub-gradient method. Moreover, there are some papers
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in the literature [15,16] which propose a primal–dual method to
solve the distributed optimization problem.

On the other side, the dynamic of agents makes the primal
problem as an optimal control problem. In this instance, although
we can handle the coupling constraints between agents using
a dual decomposition approach, but each agent has to solve a
dynamic optimization (optimal control) problem using Bellman’s
equation or dynamic programming method, which is a challeng-
ing problem for a general cost function (e.g. non-quadratic). In
this case, a closed-form solution of Bellman’s equation does not
exist and the dynamic programming (DP) method imposes a high
computational cost due to the ‘‘curse of dimensionality’’ [17].

An approximate dynamic programming (ADP) method was
developed to address the computational challenges of a general
optimal control problem. There are many research papers in
the literature those have studied ADP method (e.g.[18–21]). The
authors in [18,19], proposed an ADP method to solve an infinite
horizon optimal control problem for discrete-time systems. The
case for finite horizon has been also studied using ADP in [20,21].
Multi-agent systems are not considered in these works.

In the literature on ADP in multi-agent systems, most of the
works have considered communication among the agents with-
out considering any coupling constraints among them (which is
a necessary part in some applications such as resource allocation
problem). In [22,23], the authors consider multi-agent differential
ynamic system optimization using dual decomposition method with approximate
16/j.sysconle.2021.104894.

graphical games with continuous dynamics and suggest an ADP 47
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pproach to solve the problem. In these papers, agents interact
ith each other under a graphical topology, but there is no
oupling constraint among them. In [24], a multi-agent system
ith discrete-time dynamics is studied. The agents communicate
ith each other through a graphical topology. Each agent solves
coupled HJB equation in real-time using the ADP method. The

earning algorithm using ADP method for cooperative game the-
ry with constraint input is proposed in [25]. In this paper, agents
ave the discrete-time dynamic and the state of the system cou-
led to each other, however there is not any coupling constraints
mong the control inputs.
Distributed Model predictive Control (DMPC) is another alter-

native approach to find a decentralized solution for a constrained
optimal control problem. There are many researches which have
investigated the DMPC approach for distributed optimization
of multi-agent systems subject to coupling constraints, [26,27].
Among the advantages of DMPC in handling the state constraints
[28], generally, they cannot guarantee the feasibility solution
and the global optimality for all strongly convex problems [29]
and [30]. There are some researches like [28,31,32] that prove
the feasibility solution under some conditions, nevertheless, the
obtained solutions are sub-optimal. The authors of [31], propose
a DMPC using duality approach for the linear dynamic system
with the quadratic cost function. They prove that the proposed
solution is feasible but sub-optimal.

In this paper, we study the problem of multi-agent optimiza-
tion where each agent has a general strongly convex cost function
and a linear dynamic. We propose a decomposition algorithm
using the combination of dual method and approximate dynamic
programming (ADP). In our proposed algorithm, at each iteration,
the central system updates and broadcasts the Lagrange vari-
ables (dual variables), which are associated with the coupling
constraints, to the agents. Each agent performs a one-step ADP to
update its value function (cost function) based on the Lagrange
multipliers sent by the coordinator. Then, the updated control
signals of all the agents are sent back to the coordinator to update
the Lagrange multipliers for the next iteration. This producer
continues until the convergence of the algorithm occurs. The
convergence of the proposed algorithm to the global optimal so-
lution has been proved. Regarding the computational advantages
of the proposed method, since we employ ADP rather than DP,
we do not face the ‘‘curse of dimensionality’’. Moreover, when
the number of agents increases, the dual decomposition method
makes the algorithm computationally tractable.

To the best of our knowledge, this is the first paper that
proposes a decomposition algorithm based on the duality theory
and ADP method to obtain the optimal solution of the multi-
agent optimization with coupling constraint, linear dynamics,
and general strongly convex cost function. Comparing with the
literature of the concept, we study the optimization problem for
dynamic agents, thus it is different from the literature of decom-
position methods for static optimization problems [11,12,15,16].
Our proposed algorithm is also different from [22–24], since in
these papers the coupling constraints among the agents have not
been considered.

The main contributions of our paper are summarized in the
following:

• We address the large-scale optimization problem with cou-
pling constraint in a decentralized framework for dynamic
agents.
• We propose a novel decentralized algorithm based on the

combination of duality theory and ADP method where the
agents perform a one-step ADP method in each iteration of
the algorithm, hence it has a low computational cost.
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• We prove the convergence of the proposed algorithm to the
global optimal solution. We validate this theoretical proof in
numerical test.

This paper is organized as follows. We represent the formula-
tion of the optimization problem in Section 2. In Section 3, the
dual decomposition method is demonstrated. Section 4 repre-
sents the algorithm based on the combination of dual method and
ADP. The convergence and optimality of the proposed algorithm
are proven in Section 5. The implementation of the algorithm
using neural networks is provided in Section 6. The simulation
results are shown in Section 7. The conclusion remarks are made
in Section 8.

Notations: Given N vectors yi(n) ∈ Rni , yi(n)⊤ represents the
ranspose of yi(n). yi = col(yi(1), . . . , yi(N)) = [yi(1)⊤, . . . ,
i(N)⊤]⊤ ∈ RNni and for given vectors yi ∈ RNni , i = 1, . . . ,M ,
= col(y1, . . . , yM ) = [y1⊤, . . . , yM⊤]⊤ ∈ RNMni . Throughout the

ext, the index of agent is denoted by superscript as yi and the
ower is denoted by parenthesis as (y)i.

. System model and problem formulation

We denote the set of agents by I = {1, 2, . . . , I}. Let xi(n) ∈
i(n) ⊆ Rp be the random variable representing the state of agent
at time n, where X i(n) is the state space. We assume that the
tates of the system evolve through a linear dynamic as follows
i(n+ 1) = Aixi(n)+ Biui(n)+ wi(n), (1)

here, ui(n) ∈ U ⊆ Rq
+ be an action of agent i at time n, where U

s the action space. wi(n) ∈ Rp is a random disturbance of agent
at time n. Ai

∈ Rp×p, and Bi
∈ Rp×q are the system matrix, and

nput matrix, respectively.
Let U i

: Rp
× Rq

+ → R+ and U i
N : R

p
→ R+ be the cost

unction at time n and terminal cost of agent i, respectively. The
entral system seeks to find the control input u, which minimizes
he expected sum of cost functions over the horizon N as follows

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

minu Ew

{
I∑

i=1

(
U i
N

(
xi(N)

)
+

N−1∑
m=1

U i(xi(m), ui(m)
))}

,

s.t. C1 :

I∑
i=1

ui(n) ≤ b(n), n = 1, . . . ,N − 1,

C2 : ui(n) ∈ U, i ∈ I, n = 1, . . . ,N − 1,

(2)

here, u = col(u1, . . . , uI ), ui
= col(ui(1), . . . , ui(N)), C1 is the

oupling constraint among agents, and b(n) ∈ Rq
+ is a constant

ector. U ⊆ Rq
+ is the local constraint set.

We consider the following assumptions

ssumption 1. The disturbances wi(n) ∈ W are independent
andom vectors with a known probability distribution which do
ot depend on xi(n) and ui(n), ∀i ∈ I and n = 1, . . . ,N − 1.

ssumption 2. The set U ⊆ Rq
+, W ⊆ Rp, and X i(n) ⊆ Rp, i ∈ I,

= 1, . . . ,N , are compact and convex sets.

emark 1. Since a linear transformation maps a convex and
ompact set into a convex and compact set (Chapter (3) of [33]),
ence under a linear dynamic which is in fact a linear mapping,
nd by considering that the control input (ui(n)), disturbance
wi(n)), and initial state (xi(0)) are from the convex and compact
ets U , W and X i(0), respectively (according to Assumption 2),
he state of the system (1) at time-step n belongs to a convex
nd compact set X i(n), i ∈ I.
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ssumption 3. The function U i
: Rp
×Rq

+ → R+ and U i
N : R

p
→

+ are strongly convex and bounded, i ∈ I.

In the case of complete information, (utility functions and
dynamics are known), Problem (2) can be solved in a centralized
manner. However, it has a high computational cost when the
number of agents I is large. Dual decomposition decomposes
problem (2) into I sub-problems, where each agent minimizes
its own cost function subject to its local constraints, while only
the coupling constraint is managed by a central coordinator who
adjusts the corresponding dual variable. The global solution of (1)
will be found by iterating between coordinator and agents which
is explained in the next section.

3. Dual decomposition method

Let us define the Lagrangian function of problem (2) by con-
sidering the coupling constraints C1 as follows:

L(x, u, λ) = Ew

{
I∑

i=1

(
U i
N

(
xi(N)

)
+

N−1∑
m=1

Li
(
xi(m), ui(m), λ(m)

))}

= Ew

{
I∑

i=1

(
U i
N

(
xi(N)

)
+

N−1∑
m=1

(
U i(xi(m), ui(m)

)
+ λ(m)⊤ui(m)

))

−

N−1∑
m=1

λ(m)⊤b(m)

}
,

where λ(m) ∈ Rq
+,m = 1, . . . ,N−1, is the non-negative Lagrange

multiplier associated with the coupling constraint C1.
Under Assumption 2 the coupling and local constraints C1

and C2 in (2) are convex. Assumption 3 guarantees that the objec-
tive function in (2) is strongly convex, and also the
linear dynamic (1) is a convex equality constraint. Therefore,
Problem (2) is strongly convex and hence, the strong duality holds
(Section 5.2.3 of [34]). This means that problem (2) can be solved
in the dual domain. Hence, we can alternatively solve the dual
problem of (2) as follows

D : max
λ≥0

min
u

L(x, u, λ)

= max
λ≥0

{
−

N−1∑
m=1

λ(m)⊤b(m)+
I∑

i=1

min
ui∈U

× Ewi

{(
U i
N

(
xi(N)

)
+

N−1∑
m=1

Li
(
xi(m), ui(m), λ(m)

))}}
. (3)

Dual problem D can be decomposed into I sub-problems,
where each agent solves the following optimal control problem

min
ui

Ewi

{
U i
N

(
xi(N)

)
+

N−1∑
m=1

Li
(
xi(m), ui(m), λ(m)

)}
s.t. xi(n+ 1) = Aixi(n)+ Biui(n)+ wi(n),

ui(n) ∈ U, n = 1, . . . ,N − 1.

(4)

As we mentioned above, (3) can be solved in an iterative
fashion, where the central system updates the dual variables (λ)
using a sub-gradient method and broadcasts it to all agents. Agent
i, ∀i ∈ I, aims to solve (4) for each xi(0) by considering the
value of dual variables in the last iteration. In the next section
we explain the method which can solve (4).

25

26
3

6

Fig. 1. The schematic of the decomposition algorithm.

4. Combination of ADP and dual decomposition method

Since the cost function of (4) is in the general form, Bellman’s
equation does not admit a closed-form solution. Moreover, the
dynamic programming method results in ‘‘curse of dimension-
ality’’, when the number of horizon N increases. Hence, to face
these challenges an ADP algorithm is employed, where the dy-
namic of an agent is handled by a local Bellman’s equation and
the cost functions and control inputs are updated using an ADP
method.

In our proposed algorithm, the central system does not need
to wait at each iteration, until the convergence of the local ADP of
agents occurs. Instead, each agent only performs a one-step ADP
update and sends the value of its control input to the central sys-
tem. The central system updates the Lagrange multipliers based
on those values and then broadcasts these updated values to the
agents. This process continues until the algorithm converges. The
schematic of this algorithm is shown in Fig. 1.

Our proposed algorithm has two main advantages. First, the
central system does not need to know the agents’ cost functions
and dynamics, hence it preserves the privacy information of
agents. Second, it has a low computational time in comparison
with the case that the central system has to wait until the conver-
gence of ADP occurs in each iteration and with using a dynamic
programming method.

In what follows, we explain our proposed algorithm which is
the combination of dual decomposition and ADP method.

In our proposed iterative solution, at iteration k+1 and step n,
gent i aims to find ui which minimizes the following cost-to-go
unction

V i(xi(n)) = Ewi

{
U i
N

(
xi(N)

)
+

N−1∑
m=n

Li(xi(m), ui(m), λ(m))

}
, (5)

here λ(m), is the Lagrange multiplier which is given to the
gents by the central system.
In the rest of the paper, to simplify the notation we define

i(xi(n), ui(n), wi(n)) := Aixi(n)+ Biui(n)+ wi(n).
Eq. (5) can be written as

V i(xi(n)) = Li(xi(n), ui(n), λ(n))

+ Ewi

{
V i(f i(xi(n), ui(n), wi(n)))

}
, n = 1, . . . ,N − 1,

V i(xi(N)) = U i
N

(
xi(N)

)
.

(6)

The optimal cost-to-go function V ∗ i(xi(n)) must satisfy the
ollowing Bellman’s equation

V ∗i(xi(n)) = min
ui(n)∈U

[
Li(xi(n), ui(n), λ(n))

+ Ewi

{
V ∗ i(f i(xi(n), ui(n), wi(n)))

}]
,

∗i i i ( i )
(7)
V (x (N)) = UN x (N) .
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B 64
Since there is not any closed-form solution to (7), ADP is an
fficient method to obtain the solution of (7). Here, we propose
novel ADP method which works with the coupling constraint

C1). In an iterative procedure, the estimate of optimal control
nput and optimal cost-to-go function of agent i at iteration k + 1
enoted by ui

k+1(n) and V i
k+1(x

i(n)), respectively, are updated as
ollows

ui
k+1(n) = arg min

ui(n)∈U

[
Li
(
xi(n), ui(n), λk(n)

)
+ Ewi

{
V i
k(f

i(xi(n), ui(n), wi(n)))
}]

,

(8)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

V i
k+1(x

i(n)) =
(
1− ck(n)

)
V i
k(x

i(n))

+
(
ck(n)

)2[Li(xi(n), ui
k+1(n), λk(n)

)
+Ewi

{
V i
k(f

i(xi(n), ui
k+1(n), w

i(n)))
}]

,

V i
k+1(x

i(N)) =
(
1− ck(N)

)
V i
k(x

i(N))+
(
ck(N)

)2U i
N

(
xi(N)

)
,

(9)

where ck(n) is the learning rate at iteration k and time-step n.
In fact, (8) calculates the optimal control input at iteration k for
agent i based on the Bellman’s equation (7) by using the cost-to-
go function at iteration k which is updated in (9). In other words,
(8) and (9) represent a recursive structure for computing the
optimal control strategy and optimal cost-to-go function in (7),
respectively. Eqs. (8) and (9) cannot be solved explicitly, since we
do not have any explicit expression for the cost-to-go function
(V i

k) in (8) and (9). To obtain the solution of (8) and (9), in
Section 6, we propose an actor–critic method with two neural
networks as the general function approximators to approximate
both the control strategy and cost-to-go function, respectively.
The weights of these neural networks are adjusted adaptively to
obtain the optimal solution of control strategy and also optimal
cost-to-go function. In Theorem 4, we show that for large enough
number of basis functions in neural networks, the approximation
errors tend to zero. Therefore, in our analysis we assume that
Eqs. (8) and (9) can be solved. The details on computation of the
solution to Eqs. (8) and (9) are given in Section 6.

Then, using the updated control signal in (8), the central
system updates Lagrange multiplier at iteration k+ 1 using sub-
gradient method as follows

λk+1(n) =
[
λk(n)+ ck(n)

( I∑
i=1

ui
k+1(n)− b(n)

)]+
, (10)

where [·]+ = max(0, ·).
The updated Lagrange multiplier of the coupling constraint

(10) is used again in (8) and (9) for the next iteration and the
above procedure repeats until the convergence occurs. In our
analysis, since the weighted average of the sequence, {ui

r+1(n)}
k
r=0

shows better convergence properties than ui
k(n) [13,14,35,36], the

convergence of the following auxiliary variable to the optimal
solution of problem D is examined.

ũi
k+1(n) =

∑k
r=0 cr (n)u

i
r+1(n)∑k

r=0 cr (n)
. (11)

herefore, we can summarize the iterative solution in
lgorithm 1. 1
 4

4

4

3

Algorithm 1 Combination of ADP and dual decomposition
method

1. Initialize the parameters: xi(0), λ0(n), V i
0(·), n = 1, . . . ,N ,

i ∈ I.
2. For i ∈ I and n = 1, . . . ,N repeat

3. Compute the control input using (8).

4. Compute the cost-to-go function using (9).

5. Apply the control input to the system and obtain the next
state using (1).

6. Update Lagrange multiplier using (10).

7. Compute ũi
k(n) using (11)

8. k = k+ 1.

5. Convergence and optimality

In what follows, the convergence of the proposed algorithm
to the optimal solution has been proved. The first theorem shows
the convergence of the dual variables. The feasibility and optimal-
ity of the solution have been proved through Theorems 2 and 3,
respectively.

Assumption 4. 0 < ck(n) ≤ 1 and {ck(n)}k≥0 is a non increasing
sequence such that

∑
∞

k=0 ck(n) = ∞,
∑
∞

k=0(ck(n))
2 <∞, and

c∞(n) = 0, n = 1, . . . ,N − 1.

One example for {ck(n)}k≥0 satisfying Assumption 4 is ck(n) =
1
k .

Theorem 1. The dual variables converge to their optimal values.

lim
k→∞
∥λk(n)− λ∗(n)∥ = 0, n = 1, . . . ,N − 1. (12)

roof. According to (10) and Assumption 4, the iteration of sub-
radient method converges to its optimal value and the proof is
rovided in Proposition 6.3.1 in [37]. □

heorem 2. limk→∞ ũi
k(n), i ∈ I, n = 1, . . . ,N − 1, is a feasible

solution of problem (2).

Proof. To prove the feasibility solution we have to show that
limk→∞

∑I
i=1ũ

i
k(n) ≤ b(n), n = 1, . . . ,N − 1, for each xi(0), i ∈ I.

ased on (11), we have that

I∑
i=1

ũi
k+1(n) =

I∑
i=1

(∑k
r=0 cr (n)u

i
r+1(n)∑k

r=0 cr (n)

)
≤

∑k
r=0

∑I
i=1

(
λr+1(n)− λr (n)+ cr (n)b(n)

)∑k
r=0 cr (n)

=

∑I
i=1

(
λk+1(n)− λ0(n)

)
+
∑k

r=0 cr (n)b(n)∑k
r=0 cr (n)

, n = 1, . . . ,N − 1,

(13)
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here the first inequality is obtained by (10) which implies that

λk+1(n) ≥ λk(n)+ ck(n)
I∑

i=1

(
ui
k+1(n)− b(n)

)
,

n = 1, . . . ,N − 1.

(14)

Theorem 1 implies that the sequence {λk(n)}k≥0 converges to
λ∗(n). Hence, {λk(n)}k≥0 is a bounded sequence, and based on
Assumption 4, we can deduce that

lim
k→∞

sup
I∑

i=1

ũi
k+1(n) ≤ b(n)

∑k
r=0 cr (n)∑k
r=0 cr (n)

, n = 1, . . . ,N − 1, (15)

o we have

lim
→∞

sup
I∑

i=1

ũi
k+1(n) ≤ b(n), n = 1, . . . ,N − 1. □ (16)

We present the proof of following Lemmas in Appendix.

emma 1. Let u∗i(n) and λ∗(n), i ∈ I, n = 1, . . . ,N − 1 denote
he optimal primal and Lagrange multiplier of (2). Then, we have

Ṽ
(
xi(n), u∗i(n), λ(n)

)
≤ Ṽ

(
xi(n), u∗i(n), λ∗(n)

)
≤ Ṽ

(
xi(n), ui(n), λ∗(n)

)
,

i ∈ I, n = 1, . . . ,N − 1,

(17)

where

Ṽ
(
xi(n), ui(n), λ(n)

)
= Li

(
xi(n), ui(n), λ(n)

)
+ Ewi

{
V ∗i(f i(xi(n), ui(n), wi(n)))

}
. (18)

Lemma 2. The sequence {V i
k(x

i(n))}k≥0, i ∈ I, n = 1, . . . ,N, which
is defined in (9), is bounded.

Lemma 3. The sequence {Ewi
{
V i
k(f

i(xi(n), ui
k+1(n), w

i(n)))
}
}
∞

k=0, i ∈
I, n = 1, . . . ,N, is a bounded sequence.

Lemma 4. Let V ∗i(xi(n)) be the optimal cost-to-go function and
{V i

k(x
i(n))}∞k=0 be the iterative cost-to-go function which is updated

as (9), then we have
∞∑
k=0

ck(n)
(
V i
k(x

i(n))− V ∗i(xi(n))
)

<∞. (19)

Corollary 1. The sequence {V i
k(x

i(n))}k≥0, converges to its optimal
value, for all initial value of xi(0), i ∈ I.

lim
k→∞

V i
k(x

i(n)) = V ∗i(xi(n)), i ∈ I, n = 1, . . . ,N, (20)

Proof. Assumption 4 (
∑
∞

k=0 ck(n) = ∞) together with Lemma 4
and V i

k(x
i(n))− V ∗i(xi(n)) ≥ 0 imply that

lim
k→∞

V i
k(x

i(n)) = V ∗i(xi(n)), i ∈ I, n = 1, . . . ,N − 1. □ (21)

Theorem 3. The sequence {ũi
k(n)}k≥0 converges to its optimal value,

i ∈ I.

lim
k→∞
∥ũi

k(n)− u∗i(n)∥ = 0, i ∈ I, n = 1, . . . ,N − 1, (22)

where u∗i(n) is the optimal solution of problem (2).
 1

5

1

Proof. Notice that, by using (10), we have

∥λk+1(n)− λ(n)∥2 ≤ ∥λk(n)− λ(n)+ ck(n)Gn
k+1∥

2

= ∥λk+1(n)− λ(n)∥2 + 2ck(n)Gn
k+1

(
λk(n)− λ(n)

)
+ ∥ck(n)Gk+1(n)∥2,

n = 1, . . . ,N − 1,

(23)

here λ(n) has a non-negative value and Gk+1(n) =
∑I

i=1

(
ui
k+1(n)

− b(n)
)
.

Adding and subtracting

2ck(n)
I∑

i=1

(
U i(xi(n), ui

k+1(n)
)
+Ewi

{
V i
k(f

i(xi(n), ui
k+1(n), w

i(n)))

+V ∗i(f i(xi(n), ui(n), wi(n)))+ V ∗i
(
f i(xi(n), ui

k+1(n), w
i(n))

)})
,

(24)

on the right hand side of (23), we get that

∥λk+1(n)− λ(n)∥2 ≤ ∥λk(n)− λ(n)∥2 + ∥ck(n)Gk+1(n)∥2

− 2ck(n)(λk(n)− λ(n))b(n)

+ 2ck(n)
I∑

i=1

(
U i(xi(n), ui

k+1(n)
)
+ λk(n)ui

k+1(n)

+ Ewi

{
V i
k(f

i(xi(n), ui
k+1(n), w

i(n)))+ V ∗i(f i(xi(n), ui(n), wi(n)))

+ V ∗i
(
f i(xi(n), ui

k+1(n), w
i(n))

)})

− 2ck(n)
I∑

i=1

(
U i(xi(n), ui

k+1(n)
)
+ λ(n)ui

k+1(n)

+ Ewi

{
V i
k(f

i(xi(n), ui
k+1(n), w

i(n)))+ V ∗i(f i(xi(n), ui(n), wi(n)))

+ V ∗i
(
f i(xi(n), ui

k+1(n), w
i(n))

)})
= ∥λk(n)− λ(n)∥2 + ∥ck(n)Gk+1(n)∥2 − 2ck(n)(λk(n)− λ(n))b(n)

+ 2ck(n)
I∑

i=1

(
Li
(
xi(n), ui

k+1(n), λk(n)
)

+ Ewi

{
V i
k(f

i(xi(n), ui
k+1(n), w

i(n)))+ V ∗i(f i(xi(n), ui(n), wi(n)))

+ V ∗i
(
f i(xi(n), ui

k+1(n), w
i(n))

)})

− 2ck(n)
I∑

i=1

(
Li
(
xi(n+ 1), ui

k+1(n), λ(n)
)

+ Ewi

{
V i
k(f

i(xi(n), ui
k+1(n), w

i(n)))+ V ∗i(f i(xi(n), ui(n), wi(n)))

+ V ∗i
(
f i(xi(n), ui

k+1(n), w
i(n))

)})
.

(25)
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onsider now (8). From the optimality of ui
k+1(n), it follows that

Li
(
xi(n+ 1), ui

k+1(n), λk(n)
)
+ Ewi

{
V i
k

(
f i(xi(n), ui

k+1(n), w
i(n))

)}

≤ Li
(
xi(n), ui(n), λk(n)

)
+ Ewi

{
V i
k

(
f i(xi(n), ui(n), wi(n))

)}
.

(26)

In view of inequality (26), the inequality (25) becomes

∥λk+1(n)− λ(n)∥2 ≤ ∥λk(n)− λ(n)∥2 + ∥ck(n)Gk+1(n)∥2

− 2ck(n)(λk(n)− λ(n))b(n)

+ 2ck(n)
I∑

i=1

(
Li
(
xi(n), ui(n), λk(n)

)
+ Ewi

{
V i
k(f

i(xi(n), ui(n), wi(n)))

+ V ∗i(f i(xi(n), ui(n), wi(n)))+ V ∗i
(
f i(xi(n), ui

k+1(n), w
i(n))

)})
− 2ck(n)

I∑
i=1

(
Li
(
xi(n), ui

k+1(n), λ
n)

+ Ewi

{
V i
k

(
f i(xi(n), ui

k+1(n), w
i(n))

)
+ V ∗i(f i(xi(n), ui(n), wi(n)))

+ V ∗i
(
f i(xi(n), ui

k+1(n), w
i(n))

)})
,

(27)

which in turn can be reformulated into

I∑
i=1

2ck(n)
(
Li
(
xi(n), ui

k+1(n), λ(n)
)

+ Ewi

{
V ∗i
(
f i(xi(n), ui

k+1(n), w
i(n))

)})
≤ ∥λk(n)− λ(n)∥2 − ∥λk+1(n)− λ(n)∥2 + ∥ck(n)Gk+1(n)∥2

− 2ck(n)(λk(n)− λ(n))b(n)

+ 2ck(n)
I∑

i=1

(
Li
(
xi(n), ui(n), λk(n)

)
+ Ewi

{
V ∗i
(
f i(xi(n), ui(n), wi(n))

)}

+ Ewi

{
V i
k(f

i(xi(n), ui(n), wi(n)))+ V ∗i
(
f i(xi(n), ui

k+1(n), w
i(n))

)}

− Ewi

{
V i
k(f

i(xi(n), ui
k+1(n), w

i(n)))+ V ∗i(f i(xi(n), ui(n), wi(n)))

})
(28)

Consider the above equation with λ(n) = λ∗(n) and ui(n) =
∗i ˜

(
i i

)
1
(n), i ∈ I. Recalling the definition of V x (n), u (n), λ(n) ,

6

e have

I∑
i=1

2ck(n)
(
Ṽ
(
xi(n), ui

k+1(n), λ
∗(n)

))
≤ ∥λk(n)− λ∗(n)∥2

− ∥λk+1(n)− λ∗(n)∥2 + ∥ck(n)Gk+1(n)∥2

− 2ck(n)(λk(n)− λ(n))b(n)+ 2ck(n)
I∑

i=1

(
Ṽ
(
xi(n), u∗i(n), λk(n)

)
+ Ewi

{
V i
k(f

i(xi(n), u∗i(n), wi(n)))

+ V ∗i
(
f i(xi(n), ui

k+1(n), w
i(n))

)}
− Ewi

{
V i
k

× (f i(xi(n), ui
k+1(n), w

i(n)))+ V ∗i(f i(xi(n), u∗i(n), wi(n)))

})
.

(29)

Consider now (11), we obtain
I∑

i=1

Ṽ
(
xi(n), ũi

k+1(n), λ
∗(n)

)
≤

∑k
r=0

∑I
i=1 cr (n)Ṽ

(
xi(n), ui

r+1(n), λ
∗(n)

)∑k
r=0 cr (n)

.

(30)

Substituting (29) into (30), we have

I∑
i=1

2Ṽ
(
xi(n), ũi

k+1(n), λ
∗(n)

)
≤

1∑k
r=0 cr (n)

k∑
r=0

(
∥λr (n)− λ∗(n)∥2 − ∥λr+1(n)− λ∗(n)∥2

+ ∥cr (n)Gr+1(n)∥2 − 2cr (n)(λr (n)− λ∗(n))b(n)
)

+
2∑k

r=0 cr (n)

k∑
r=0

I∑
i=1

cr (n)
(
Ṽ
(
xi(n), u∗i(n), λr (n)

)
+ Ewi

{
V i
k(f

i(xi(n), u∗i(n), wi(n)))+ V ∗i
(
f i(xi(n), ui

k+1(n), w
i(n))

)}

− Ewi

{
V i
k(f

i(xi(n), ui
k+1(n), w

i(n)))

+ V ∗i(f i(xi(n), u∗i(n), wi(n)))

})
, n = 1, . . . ,N − 1,

(31)

here
k∑

r=0

(
∥λr (n)− λ∗(n)∥2 − ∥λr+1(n)− λ∗(n)∥2

)
= ∥λ0(n)− λ∗(n)∥2 − ∥λk+1(n)− λ∗(n)∥2.

(32)

Assumption 4 implies that
∑
∞

r=0 cr (n) = ∞. Since {λk(n)}k≥0,
= 1, . . . ,N − 1, is a bounded sequence, so ∥λ0(n)− λ∗(n)∥2 −
λk+1(n)− λ∗(n)∥2 is finite. Taking the limk→∞ in (32) leads to

lim
k→∞

1∑k
r=0 cr (n)

(
∥λ0(n)− λ∗(n)∥2 − ∥λk+1(n)− λ∗(n)∥2

)
= 0.

(33)
9
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Under Assumption 2, we can infer that ∥Gk+1(n)∥ ≤ G, n =
1, . . . ,N , thus using Assumption 4 we have

limk→∞
1∑k

r=0cr (n)

∑k
r=0∥cr (n)Gk+1(n)∥2 = 0. (34)

The convergence rate of (λk(n)−λ∗(n)) is in the order 1
√
k
, [37].

Thus, by choosing ck(n) = 1
k , we have

∞∑
k=0

ck(n)(λ∗(n)− λk(n)) <∞, (35)

ence, using Assumption 4 we have

lim
→∞

1∑k
r=0cr (n)

k∑
r=0

cr (n)(λ∗(n)− λr (n)) = 0. (36)

According to Lemmas 2 and 3, and under Assumption 4, we
an infer that

lim
k→∞

1∑k
r=0cr (n)

k∑
r=0

I∑
i=1

cr (n)

(
Ewi

{
V i
r (f

i(xi(n), u∗i(n), wi(n)))

− V ∗i(f i(xi(n), u∗i(n), wi(n)))

+ V ∗i
(
f i(xi(n), ui

r+1(n), w
i(n))

)
− V i

r (f
i(xi(n), ui

r+1(n), w
i(n)))

})
= 0.

(37)

Based on the above discussion, we can get

lim
k→∞

I∑
i=1

Ṽ
(
xi(n), ũi

k+1(n), λ
∗(n)

)
≤

1∑k
r=0cr (n)

k∑
r=0

I∑
i=1

cr (n)Ṽ
(
xi(n), u∗i(n), λr (n)

)
≤

1∑k
r=0 cr (n)

k∑
r=0

I∑
i=1

cr (n)Ṽ
(
xi(n), u∗i(n), λ∗(n)

)
≤

I∑
i=1

Ṽ
(
xi(n), u∗i(n), λ∗(n)

)
,

(38)

where the first inequality follows from (31), (33), (34), (36), and
(37). The second inequality is obtained by using Lemma 1 (saddle
point theory).

Moreover, by using Lemma (39), we have

lim
k→∞

I∑
i=1

Ṽ
(
xi(n), ũi

k+1(n), λ
∗(n)

)
≥

I∑
i=1

Ṽ
(
xi(n), u∗i(n), λ∗(n)

)
,

(39)

Hence, we can deduce from (38) and (39) that

lim
k→∞

I∑
i=1

Ṽ
(
xi(n), ũi

k+1(n), λ
∗(n)

)
=

I∑
i=1

Ṽ
(
xi(n), u∗i(n), λ∗(n)

)
.

(40)

The above equation holds for n = 1, . . . ,N − 1. Moreover, by
virtue of the fact that Ṽ (·, ·, λ∗(n)), i ∈ I and n = 1, . . . ,N − 1, is
continuous and strongly convex, we can infer that all limit points
of {ũi

k+1(n)}k≥0, converge to u∗i(n), i ∈ I and n = 1, . . . ,N − 1.
Hence the claim of Theorem 3 follows. □ 1
7

6

6. Implementation of the proposed algorithm using neural
network

In the above sections, we proved that the updated cost-to-go
function (9) and control input (8) converge to their optimal value.
We assumed that (9) and (8) can be solved exactly. However, it is
hard to find the exact solutions for these equations for the general
cost function. Hence, inspired by [38], we can approximate these
equations using neural networks. In what follows, we explain the
structure and learning process of the neural network.

6.1. Critic and action neural network

A critic and action neural network are used to approximate the
cost-to-go function (9) and the control input (8), respectively. The
control input is approximated as

ûi
k(n) = ν i

a,k
⊤
σ (xi(n)), (41)

here ν i
a,k is the weight matrix of the action network of agent i at

teration k. σ : Rp
→ R+ is the general function approximation.

The cost-to-go function is approximated at each iteration as

ˆ i
k(x

i(n)) = ν i
c,k
⊤
φ(xi(n)), (42)

here ν iT
c,k is the weight matrix of the critic network of agent i at

teration k. φ(·) is the radial basis function.
In order to satisfy the Bellman equation in (7), the loss function

f the critic network is

E i
c,k+1(n) =

1
2

(
(1− ck(n))V̂ i

k(x
i(n))+

(
ck(n)

)2
×

(
Li
(
xi(n), ûi

k+1(n), λk(n)
)

+ Ewi
{
V̂ i
k

(
f i(xi(n), ûi

k+1(n), w
i(n))

)})
− V̂ i

k+1(x
i(n))

)2

.

(43)

The weights of the critic are updated using the gradient-based
lgorithm, such that the minimum loss function (43) is attained.
ence, we have

ν i
c,k+1(j+ 1) = ν i

c,k+1(j)− βc
∂E i

c,k+1(n)

∂V̂ i
k+1(xi(n))

∂V̂ i
k+1(x

i(n))

∂ν i
c,k+1(j)

, (44)

here j is the iteration step for updating the neural network’s
eights. βc is the learning rate parameter.
Based on (8) the lost function of the action network is given

y

E i
a,k+1(n) =

1
2

(
arg min

ui(n)∈U

[
Li
(
xi(n), ui(n), λk(n)

)
+ Ewi

{
V̂ i
k

(
f i(xi(n), ui(n), wi(n))

)}]
− ûi

k+1(n)

)2

,

(45)

he weights of the action network are updated as

ν i
a,k+1(j+ 1) = ν i

a,k+1(j)− βa
∂E i

a,k+1(n)

∂ν i
a,k+1(j)

, (46)

here βa is the learning rate parameter.
Now, we present the implementation of the proposed iterative

method in Algorithm 2 in which, the solution of Eqs. (9) and (8) in
Steps 3 and 4 of Algorithm 1 are obtained using neural networks
from Steps 3–9 of Algorithm 2.
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1

heorem 4. Consider (41), and (42). Under update rules in (44),
nd (46), the weights of actor and critic neural networks converge to
heir optimal values at each iteration k of Algorithm 2, if the learning
ates in (44) and (46) are chosen as follows:

The estimation error of ideal actor and critic neural network
eight at iteration k of Algorithm 2, which is denoted by ν̂ i

a,k and
ˆ
i
c,k, i ∈ I, respectively, is zero, if we choose the learning rate of (44)
nd (46) as follows:

βc ≤
2

∥φ(xi(n))∥2
, βa ≤

2
∥σ (xi(n))∥2

. (47)

Proof. Let the target control input and the cost-to-go function be
obtained as follows:

ui
k(n) =

La∑
l=1

ν∗ia,k,lσ (xi(n)) = ν∗ia,k
⊤
σ (xi(n)),

V i
k(x

i(n)) =
Lc∑
l=1

ν∗ic,k,lφ(x
i(n)) = ν∗ic,k

⊤
φ(xi(n)),

(48)

where La and Lc are the neurons number of the neural networks
which are sufficiently large enough. ν∗ia,k and ν∗ic,k are the optimal
weights of actor and critic networks, respectively.

Let us define the error weights of critic and actor networks as
follows:

ν̂ i
c,k(j) = ν i

c,k(j)− ν∗ic,k,

ν̂ i
a,k(j) = ν i

a,k(j)− ν∗ia,k.
(49)

Consider the following Lyapunov function:

F (ν̂ i
c,k(j), ν̂

i
a,k(j)) = tr {ν̂ i

c,k(j)
T
ν̂ i
c,k(j)+ ν̂ i

a,k(j)
T
ν̂ i
a,k(j)}. (50)

Then, using (46) and (44), the difference of (50) is obtained as
follows:

∆F (ν̂ i
c,k(j), ν̂

i
a,k(j))

= tr {ν̂ i
c,k(j+ 1)

T
ν̂ i
c,k(j+ 1)+ ν̂ i

a,k(j+ 1)
T
ν̂ i
a,k(j+ 1)}

− tr {ν̂ i
c,k(j)

T
ν̂ i
c,k(j)+ ν̂ i

a,k(j)
T
ν̂ i
a,k(j)}

= βc∥E i
c,k(n)∥

2(−2+ βc∥φ(xi(n))∥2)+ βa∥E i
a,k(n)∥

2

i 2

(51)

1
× (−2+ βa∥σ (x (n))∥ ),

8

4

where the second equality is obtained by the following formula-
tions:

ν̂ i
a,k(j+ 1) = ν̂ i

a,k(j)− βaE i
a,k(n)σ (xi(n)),

ν̂ i
c,k(j+ 1) = ν̂ i

c,k(j)− βcE i
c,k(n)φ(x

i(n)).
(52)

Hence, by choosing βc ≤
2

∥φ(xi(n))∥2
and βa ≤

2
∥σ (xi(n))∥2

, the

ifference of Lyapunov candidate (52) is negative and the weights
f actor and critic neural networks converge to their optimal
alues. □

. Simulation results

Resource allocation to the human operators is one of the
otential applications of our proposed algorithm [39] which can
e modeled as a multi agent stochastic dynamical system. The
uman operators are considered as the agents, and the state of
ystem is considered as the workload of them. The resources are
onsidered as the input to the system in which, the workload
f agents decreases with the allocated resources to them. The
bjective function of the system consists of the terms associated
ith the cost of workload and the cost of resources allocated to
he human operators which is modeled as follows

minu Ew

{
I∑

i=1

(
xi(N)

⊤
xi(N)+

N−1∑
m=1

(
xi(m)

⊤
Qixi(m)

+e(u
i(m)⊤Riui(m))

))}
,

s.t. C1 :

I∑
i=1

ui(n) ≤ b(n), n = 1, . . . ,N − 1,

C2 : ui(n) ≥ 0, i ∈ I, n = 1, . . . ,N − 1,

(53)

he control input ui(m) of agent i is the resource allocated to the
perators at time-step m. b(n) is the maximum available resource
hat can be allocated to the agents. Qi and Ri are positive definite
atrices which depend on the agents’ model.
We consider 10 agents and the dynamic system and cost

unction parameters of the agents are shown in Table 1. The initial
alue of the dynamic states is x1(0) = 10, x2(0) = 50, x3(0) = 40,
4(0) = 20, x5(0) = 20, x6(0) = 30, x7(0) = 10, x8(0) = 40,
9(0) = 50, and x10(0) = 20.
Since, in 7, we face a non-quadratic cost function, the

Bellman’s equation does not have a closed-form solution and
Algorithm 2 Implementation of ADP and dual decomposition method

1: Initialize: N , xi(0), λ0, βc , βa, φ(·), ϵ, k = 1, i ∈ I.
2: procedure for i ∈ I and n = 1, . . . ,N
3: Initialize: j = 0, ν i

c,k(0), ν
i
a,k(0), i ∈ I

4: while ∥ν i
c,k(j+ 1)− ν i

c,k(j)∥ > ϵ or ∥ν i
a,k(j+ 1)− ν i

a,k(j)∥ > ϵ for i ∈ I, do
5: Update the weights of critic and actor neural networks using (44) and (46), respectively.

6: ν i
c,k(j)← ν i

c,k(j+ 1), ν i
a,k(j)← ν i

a,k(j+ 1).

7: j = j+ 1.

8: Compute the control input using (41).

9: Compute the cost-to-go function using (42).

0: Apply the control input to the system and obtain the next state.

11: Update Lagrange multiplier using (10).

12: Compute ũi
k(n) using (11).

13: k = k+ 1.
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able 1
gent’s model parameters.

Agent

1 2 3 4 5 6 7 8 9 10

Q 50 30 20 10 10 20 30 40 30 50
R 45 27 18 13.5 13.5 22.5 27 36 18 45
A 0.8 0.78 0.85 0.8 0.8 0.65 0.75 0.9 0.8 0.95
B −0.02 −0.02 −0.015 −0.01 −0.01 −0.02 −0.017 −0.02 −0.01 −0.02

Fig. 2. Final-state of all the agents with respect to horizon length N .

ence, we apply our proposed algorithm to this model. In order
o implement the ADP method, we consider two RBF neural
etworks with one hidden layer for each agent which estimate
he cost-to-go and control inputs. The initial value for the weights
f neural network are chosen randomly between 1 and 3. In what
ollows, we show our simulation results.

In order to choose an appropriate value for the number of hori-
zons ‘‘N’’, we implemented our proposed algorithm for different
values of N . Then, we chose the value of N so that xi(N) < ϵ, i ∈ I.
Fig. 2 shows the final-state of all the agents for different horizon
length N . By setting ϵ = 0.001, we can see that for the horizon
length larger than 90, the final-state of all the agents reach to ϵ
neighborhood of the origin. Hence, we choose the horizon length
larger than 90 and implement our proposed algorithm with N =
100.

Fig. 3 compares the computation time of different methods.
The computation time is recorded for different optimality levels
of solution. The results provided by MATLAB R2019a and are
performed on a Desktop PC with 8 GB of RAM and a 2.40 GHz
processor. As it was expected, the computation time of the cen-
tralized approach is more than that of the decentralized methods.
In addition, we can see that the DMPC requires more compu-
tation time than decentralized ADP to reach the solutions with
different levels of optimality. In any case, decentralized DP has
more computation time than two other decentralized methods.
It should be emphasized that since MPC solves the optimization
problem by considering the receding horizon-length and then
applies only the first-step control input to the system and go
one-step ahead until the end of the horizon length (N), hence the
computation time of MPC depends on the selection of receding-
horizon length. In this simulation, by making a trad-off between
optimality gap, computation time, and accuracy of the model
prediction, the value of receding-horizon length is chosen equal
to 5. However, in decomposition method we need many data
communication between the agents and central system to com-
pute the optimal solution, whereas in centralized method, no
communication is required for optimization process. Neverthe-
less, in centralized method, we assume that the central system1
9

9

Fig. 3. Computation time of centralized, DP, MPC, ADP methods.

Fig. 4. The comparison of computation time of decentralized DP, MPC, and ADP
concerning the optimization horizon N .

is already informed about the utility function and the local con-
straints of the agents and hence, if the structure of those functions
are not predetermined, it is not straightforward to send such
information [40].

Fig. 4 compares the computation time of DP, MPC and ADP
concerning the optimization horizon N . As we can see the dif-
ference between the computation time of decentralized ADP and
MPC increases for larger values of the horizon length N . More-
ver, as we expected, the computation time of the centralized
pproach is more than that of the decentralized methods. In
ddition, we can see that the DMPC requires more computation
ime than decentralized ADP. In any case, decentralized DP has
ore computation time than two other decentralized methods.
ig. 5 shows the convergence of the agents’ expected cost func-
ions (total cost of all the agents) for decentralized ADP, DP and
PC methods. As we can see, DP and MPC converge in a lesser
umber of iterations than ADP. Specifically, DMPC reaches to
solution with %90 of optimality in about 15 iterations, but
ecentralized ADP reaches to the same level of optimality in
bout 150 iterations. However, since each iteration of DP and
PC takes more CPU time than the ADP method, based on Fig. 4,

he computation time of decentralized ADP is lesser than two
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Fig. 5. The convergence of the expected cost functions of DP, MPC, and ADP
method.

Fig. 6. The convergence of the control input at N = 20 using adaptive dynamic
rogramming method.

ther methods. Moreover, according to Fig. 5, the optimality gap
f decentralized ADP is lesser than DMPC.
The convergence of the optimal solution (calculates using (11))

at N = 20 for all agents is shown in Fig. 6. According to this figure
he average control inputs converge to their optimal value, so that
t the convergence points the coupling constraint is satisfied. In
he other words u1(20) + u2(20) + u3(20) + u4(20) + u5(20) +
u6(20) + u7(20) + u8(20) + u9(20) + u10(20) < 10.41, where
10.41 is the coupling constraint at N = 20. The convergence of
the expected cost function is shown in Fig. 7. This figure shows
that the agents’ expected cost function converges and according
to Fig. 3 we can deduce that they converge to their near optimal
values.

8. Conclusion

In this paper, we proposed a novel decomposition algorithm
which works based on the duality theory and ADP method to
solve the multi-agent optimal control problem with general
strictly convex cost function and coupling constraints among the
agents. In our proposed algorithm, the central system does not
need to know the agents’ dynamics and cost functions. As a result,

1
2
3
4

10
1

Fig. 7. The convergence of the expected cost functions.

the privacy of agents is preserved. Moreover, convergence of the
proposed algorithm to global optimal solution was proven.

Our simulation results demonstrated that the proposed al-
gorithm converges to the optimal value with lower computa-
tional cost in comparison with the dynamic programming and
distributed MPC methods.

As a future research, a nonlinear dynamic can be considered
for each agent which makes the problem non-convex. It would
be challenging to solve the problem in a decomposition way, and
to compute the duality gap. Furthermore, one can consider that
there is not any central system and the agents communicate with
each other through the graph.
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Appendix

Proof of Lemma 1. As mentioned above the strong duality
holds. Hence, an optimal primal–dual pair (u∗, λ∗) exists and
saddle-point theorem holds (Proposition 5.1.6 [37]). □
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roof of Lemma 2. Let ηi(n) be any arbitrary admissible control
input which stabilizes (1), i ∈ I, n = 1, . . . ,N − 1. Let us define
a new sequence Λi

k(x
i(n)) as

Λi
k+1(x

i(n)) = (1− ck(n))Λi
k(x

i(n))+
(
ck(n)

)2
×

[
Li
(
xi(n), ηi(n), λk(n)

)
+ Ewi

{
Λi

k(f
i(xi(n), ηi(n), wi(n)))

}]
,

Λi
k+1(x

i(N)) = (1− ck(N))Λi
k(x

i(N))+
(
ck(N)

)2U i
N

(
xi(N)

)
.

(54)

Let us assume that Λi
0(·) = 0, i ∈ I. Thus we have

Λi
k+1(x

i(n)) =
k∑

j=0

( j∏
O=1

(
1− ck−O+1(n)

))(
ck−j(n)

)2
× Li

(
xi(n), ηi(n), λk−j(n)

)
+
(
ck(n)

)2Ewi

{
Λi

k(f
i(xi(n), ηi(n), wi(n)))

}
,

n = 1, . . . ,N − 1,

Λi
k+1(x

i(N)) =
k∑

j=0

( j∏
O=1

(
1− ck−O+1(N)

))(
ck−j(N)

)2U i
N

(
xi(N)

)
,

(55)

where

Λi
k(f

i(xi(n), ηi(n), wi(n)))

=

k∑
j=0

f (cj(n+ j))Ewi
{
Li(xi(n+ j), ηi(n+ j), λk−j(n+ j))

}
,

n = 1, . . . ,N − 1. (56)

Since, 0 < ck(n) ≤ 1, so we have
k∑

j=0

( j∏
O=1

(
1− ck−O+1(n)

))(
ck−j(n)

)2Li(xi(n), ηi(n), λk−j(n)
)

≤

k∑
j=0

(
ck−j(n)

)2Li(xi(n), ηi(n), λk−j(n)
)

<∞,

k∑
j=0

( j∏
O=1

(
1− ck−O+1(N)

))(
ck−j(N)

)2U i
N

(
xi(N)

)
≤

k∑
j=0

(
ck−j(N)

)2U i
N

(
xi(N)

)
<∞,

(57)

where the second inequality follows from Assumption 4 along
with the fact that {λk(n)}k≥0 and {Li(xi(n), ηi(n), λk(n))}k≥0 are
a bounded sequence (Theorem 2, Assumptions 2 and 3) and
U i
N

(
xi(N)

)
has a finite value.

Moreover, since ηi(n) is an admissible stabilizing controller,
using (56), we can deduce that

Λi
k(f

i(xi(n), ηi(n), wi(n))) <∞, n = 1, . . . ,N − 1. (58)

Hence (57) and (58) lead to

Λi
k+1(x

i(n)) ≤ Y <∞, n = 1, . . . ,N. (59)

Now, we prove by the mathematical induction that if V i
0(·) =

Λi
0(·) = 0, then we have V i

k+1(x
i(n)) ≤ Λi

k+1(x
i(n)). Since ηi(n) is

any arbitrary admissible control law, we can deduce that

V i
1(x

i(n)) =
(
ck(n)

)2 min
ui(n)

Li
(
xi(n), ui(n), λk(n)

)
( )2 i( i i ) i i

(60)

≤ ck(n) L x (n), η (n), λk(n) = Λ1(x (n)). V

11
3
4

5

Suppose k is the instant at which V i
k(x

i(n)) ≤ Λi
k(x

i(n)), n =
1, . . . ,N − 1. Then, we have to show that at instant k + 1,
V i
k+1(x

i(n)) ≤ Λi
k+1(x

i(n)). Eq. (9) leads to

V i
k+1(x

i(n)) = (1− ck(n))V i
k(x

i(n))

+
(
ck(n)

)2 min
ui(n)

[
Li
(
xi(n), ui(n), λk(n)

)
+ Ewi

{
V i
k(f

i(xi(n), ui(n), wi(n)))
}]

≤ (1− ck(n))V i
k(x

i(n))+
(
ck(n)

)2[Li(xi(n), ηi(n), λk(n)
)

+ Ewi

{
V i
k(f

i(xi(n), ηi(n), wi(n)))
}]

≤ (1− ck(n))Λi
k(x

i(n))+
(
ck(n)

)2[Li(xi(n), ηi(n), λk(n)
)

+ Ewi

{
Λi

k(f
i(xi(n), ηi(n), wi(n)))

}]
= Λi

k+1(x
i(n)),

(61)

here the second inequality follows from the assumption at
nstant k, and the equality is obtained by (54).

Similarly, for n = N , we can use the mathematical induction.
uppose at instant k we have V i

k(x
i(N)) ≤ Λi

k(x
i(N)). Then at

nstant k+ 1 we have

V i
k+1(x

i(N)) =
(
1− ck(N)

)
V i
k(x

i(N))+
(
ck(N)

)2U i
N

(
xi(N)

)
≤
(
1− ck(N)

)
Λi

k(x
i(N))+

(
ck(N)

)2U i
N

(
xi(N)

)
= Λi

k+1(x
i(N)).

(62)

In view of (58), (61), and (62), we can deduce that

V i
k+1(x

i(n)) ≤ Λi
k+1(x

i(n)) ≤ Y , n = 1, . . . ,N. □ (63)

roof of Lemma 3. Let us define Ewi

{
V i
k(f

i(xi(n), ui(n), wi(n)))
}

s follows

Ewi

{
V i
k(f

i(xi(n), ui(n), wi(n)))
}

=

∑
xi(n+1)∈X i(n+1)

pk+1(f i(xi(n), ui(n), wi(n)))

× V i
k(f

i(xi(n), ui(n), wi(n)))

≤ Y
∑

xi(n+1)∈X i(n+1)

pk+1(f i(xi(n), ui(n), wi(n))) ≤ Y ,

(64)

here X i(n), i ∈ I, n = 1, . . . ,N , is the set of all possible states.
he first inequality is obtained by Lemma 2. The second inequality
ollows by the fact that

∑
xi(n+1)∈X i(n+1) pk+1(f

i(xi(n), ui(n), wi(n)))
1 (using the features of transition probabilities). □

roof of Lemma 4. Consider (9). Adding and subtracting
∗i i
(x (n)) on the right hand side of (9) and squaring both sides 46
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f the equation, we get(
V i
k+1(x

i(n))− V ∗i(xi(n))
)2
=

(
V i
k(x

i(n))− V ∗i(xi(n))
)2

+
(
ck(n)

)2(V i
k(x

i(n))
)2

− 2ck(n)V i
k(x

i(n))
(
V i
k(x

i(n))− V ∗i(xi(n))
)

+
(
ck(n)

)4(Li(xi(n), ui
k+1(n), λk(n)

)
+ Ewi

{
V i
k(f

i(xi(n), ui
k+1(n), w

i(n)))
}
)2

+ 2(ck(n))2(Li
(
xi(n), ui

k+1(n), λk(n)
)

+ Ewi
{
V i
k(f

i(xi(n), ui
k+1(n), w

i(n)))
}
)(V i

k(x
i(n))− V ∗i(xi(n)))

− 2(ck(n))3(Li
(
xi(n), ui

k+1(n), λk(n)
)

+ Ewi
{
V i
k(f

i(xi(n), ui
k+1(n), w

i(n)))
}
)(V i

k(x
i(n))− V ∗i(xi(n))).

(65)

In view of (10) and under Assumptions 2 and 3, we can deduce
that {Li

(
xi(n), ui

k+1(n), λk(n)
)
}
∞

k=0 ≥ 0 and {V i
k(x

i(n))}∞k=0 ≥ 0, n =
1, . . . ,N−1. Then, after some simplification and neglecting some
negative terms we obtain

2ck(n)V i
k(x

i(n))
(
V i
k(x

i(n))− V ∗i(xi(n))
)

≤

(
V i
k(x

i(n))− V ∗i(xi(n))
)2
−

(
V i
k+1(x

i(n))− V ∗i(xi(n))
)2

+
(
ck(n)

)2(V i
k(x

i(n))
)2
+
(
ck(n)

)4(Li(xi(n), ui
k+1(n), λk(n)

)
+ Ewi

{
V i
k(f

i(xi(n), ui
k+1(n), w

i(n)))
}
)2

+ 2(ck(n))2(Li
(
xi(n), ui

k+1(n), λk(n)
)

+ Ewi
{
V i
k(f

i(xi(n), ui
k+1(n), w

i(n)))
}
)(V i

k(x
i(n))− V ∗i(xi(n))),

(66)

where the above inequality is obtained by the fact that V ∗i(xi(n))
is the optimal cost-to-go function and V i

k(x
i(n))− V ∗i(xi(n)) ≥ 0.

Summing (66) over k by the fact that
∑
∞

k=0

(
V i
k(x

i(n)) −

V ∗i(xi(n))
)2
−

(
V i
k+1(x

i(n))−V ∗i(xi(n))
)2
=

(
V i
0(x

i(n))−V ∗i(xi(n))
)2

−

(
V i
∞
(xi(n)) − V ∗i(xi(n))

)2
, and by using Lemmas 2 and 3, and

under Assumptions 2 and 3, {V i
k(·)}

∞

k=0 <∞,
{Li
(
xi(n), ui

k+1(n), λk(n)
)
}
∞

k=0 < ∞, {Ewi{V i
k(f

i(xi(n), ui
k+1(n),

wi(n)))}∞k=0} <∞, and also under Assumption 4, we have
∞∑
k=0

ck(n)
(
V i
k(x

i(n))− V ∗i(xi(n))
)

<∞, n = 1, . . . ,N − 1. (67)

Similarly, for n = N , we have

2ck(n)V i
k(x

i(N))
(
V i
k(x

i(N))− V ∗i(xi(N))
)

≤

(
V i
k(x

i(N))− V ∗i(xi(N))
)2
−

(
V i
k+1(x

i(N))− V ∗i(xi(N))
)2

+
(
ck(N)

)2(V i
k(x

i(N))
)2
+
(
ck(N)

)4(U i
N (x

i(N)))2

+ 2
(
ck(N)

)2U i
N (x

i(N))
(
V i
k(x

i(N))− V ∗i(xi(N))
)
.

(68)

Using the same reasons of n = 1, . . . ,N − 1, we can deduce that
∞∑
k=0

ck(N)
(
V i
k(x

i(N))− V ∗i(xi(N))
)

<∞. □ (69)
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