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a b s t r a c t 

The problem of “finding best lines passing through a set of straight lines” has appeared in applications 

such as archaeological pottery analysis, precision manufacturing, and 3D modelling. In these applications, 

an instance of this problem is finding the symmetry axis of a symmetrical object from a set of its sur- 

face normal lines. We show that the mentioned instance of the problem may have two meaningful local 

minima, one of which is the symmetry axis, a fact that has been neglected in the literature. A multiple- 

solutions RANSAC algorithm is proposed for finding initial estimates of both local minima in the presence 

of outliers. Then, a coordinate-descent algorithm is presented that starts from these initial estimates and 

finds the local minima of the problem. The proposed coordinate-descent method does not involve any 

line search procedure, and its convergence is guaranteed. We also provide a proof for the rate of the 

convergence. 

© 2022 Published by Elsevier Ltd. 

1. Introduction 

The symmetry is a property of an object or image that makes 

it immutable in the face of a transformation [1] . Extracting a sym- 

metry is the pattern recognition problem of finding the repetitive 

patterns in a 2D image or a 3D object [2] . The world around us is 

full of all kinds of symmetries. From symmetries in small particles, 

atoms and cells to the structure of galaxies. In addition, man-made 

products in engineering and architecture often have a symmetrical 

design in order to have an optimal structure and production effi- 

ciency [1] . 

The survey papers in [1,3–5] reviewed and classified the vari- 

ety of methods that extract geometric symmetries. Finding symme- 

tries in 2D and 3D objects is still an active area of research [2,6] . 

Three main types of symmetries - i.e. reflection symmetry, rota- 

tional symmetry, and translational symmetry - have been studied 

in different researches for different purposes. The reflection sym- 

metry is discussed in various applications such as 3D reconstruc- 

tion [7,8] , model reduction [9] , symmetry detection in natural im- 

ages [10] , and choosing good viewpoint for man-made 3D models 

[11] . Symmetry based model completion methods are proposed in 
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[12,13] which help machine vision system of a harvesting robot to 

accurately determine the fruits’ location. 

In the literature of ancient pottery modelling, finding the sym- 

metry (revolution) axis plays an important role in 3D reconstruc- 

tion of objects and fragments analysis [14–17] . Since ancient pots 

were usually made on a spinning wheel, their distinctive feature 

is axial symmetry. So, extracting and using the axis of symmetry 

is one of the main parts of the process pipelines proposed in the 

literature of reassembling pottery fragments [18,19] . It is obvious 

that the surface normals of a radially symmetric object intersect 

the symmetry axis [20,21] . This leads to the most common method 

for finding the symmetry axis, which is finding the line passing 

through a set of normal lines [22] . In the presence of measurement 

noise, the problem is formulated as a non-linear least-squares op- 

timization problem [23–26] . 

Some other methods for finding symmetry axis used other lines 

instead of surface normals [25,27] . Nevertheless, the symmetry 

axis is again the best line passing through these lines. For example 

in precision engineering for symmetrical object manufacturing, An- 

gelo et al. in [27] proposed a method for finding the symmetry axis 

based on the property of complete axially symmetric objects. The 

property is that any section curve resulting from the intersection 

of a radially symmetric object with a plane satisfies the reflection 

symmetry and its symmetry line always intersects the symmetry 

axis of the object. Hence, the symmetry axis is the best line which 

passes through all symmetry lines of a set of section curves. 
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In the literature of structure from motion and 3D reconstruc- 

tion, the revolution axis of axial symmetric structures can be used 

as an extra information for developing new and powerful algo- 

rithms. For example, Zhang et al. in [28] utilized the surface nor- 

mals to find revolution axis of symmetrical structures such as 

space objects and employed it in a refinement procedure for 3D 

reconstruction. 

In this paper, we study the number of solutions of the non- 

linear least-squares problem used for finding the symmetry axis of 

symmetrical objects. We will show that the optimization problem 

may have two meaningful distinct local minima, one of which is 

the symmetry axis. To the best of our knowledge, this has never 

been addressed in any previous studies. 

The main contribution of this paper is proposing a robust algo- 

rithm for finding both distinct local minima of the problem. The 

algorithm consists of 

• a new multiple-solutions RANSAC algorithm for finding two ini- 

tial estimates of the problem solutions, and 
• a novel coordinate-descent algorithm for solving the optimiza- 

tion problem starting from these two initial estimates. 

The proposed coordinate-descent method has guaranteed con- 

vergence, and we present a theorem giving its non-asymptotic rate 

of convergence. 

1.1. Motivation 

The problem of “finding the best line passing through a set of 

lines” is widely used in the literature of the finding the symmetry 

axis as a solver [17,29,30] or as an initializer [21,27,31] . 

Angelo et al. in [25] evaluated the most robust methods pre- 

sented in the literature for finding the symmetry axis [17,20,30,32] . 

They showed that there are cases where these methods estimate 

an axis that is very far from the real symmetry axis, and in some 

instances it is orthogonal to the symmetry axis. They reported the 

failure rates from 8 to 60 percent for these methods. Most of these 

methods solve a non-linear least-squares problem to compute the 

(initial estimate of) symmetry axis. The failure of finding the local 

minimum of the cost function that corresponds to the symmetry 

axis can lead to the failure of the algorithms. As we will later see 

in the experiments, the cost function may have two distinct local 

minima, one of which is symmetry axis and another is actually or- 

thogonal to the symmetry axis. This is inline with the observations 

of Angelo et al. in [25] . 

To prevent this failure, Angelo et al. used the object thickness 

changes in different directions and search to find the direction of 

the intersected plane with minimum changes in the thickness. The 

normal direction of this plane can be used as an initial guess for 

the direction of symmetry axis. Using this initial estimation can 

avoid being trapped in the second local minimum. But this method 

can only be used when both sides of the wall are scanned, and 

the difference in body thickness changes in different directions is 

significant. Therefore, an algorithm that is able to find both local 

minima in the presence of outliers is necessary. The proposed al- 

gorithm in this paper can be used by any algorithm, needing an 

estimate of the symmetry axis, to prevent the failure caused by 

assuming the second local minimum as the symmetry axis. 

2. Preliminaries 

2.1. Straight lines: Basics and distance formula 

A line l can be determined by a point p on the line and a unit 

direction vector u , and can be represented by l (p , u ) . All points on 

the line are given by q (s ) = p + s u , s ∈ R . Given two straight lines, 

l 1 (p 1 , u 1 ) and l 2 (p 2 , u 2 ) , their distance is the length of a common 

perpendicular line segment and can be calculated as follows, 

d(l 1 , l 2 ) = 

| (p 2 − p 1 ) 
T (u 1 × u 2 ) | 

‖ u 1 × u 2 ‖ 

. (1) 

The distance between l 1 (p 1 , u 1 ) and an arbitrary point p 2 is ob- 

tained by 

d(l 1 , p 2 ) = ‖ 

[ v ] ×u 1 ‖ 

, (2) 

where 

v = p 1 − p 2 , (3) 

and 

[ v ] × = 

[ 

0 −v (z) v (y ) 
v (z) 0 −v (x ) 

−v (y ) v (x ) 0 

] 

. (4) 

2.2. Number of lines intersecting given lines 

Obviously, there is an infinite number of lines intersecting two 

given straight lines l 1 , l 2 . Such lines can be easily obtained by se- 

lecting one arbitrary point on l 1 and another point on l 2 . Simi- 

larly, there is an infinite number of lines intersecting three given 

straight lines l 1 , l 2 , l 3 . Consider a plane, P which passes through l 1 
and intersects lines l 2 and l 3 at points p 2 and p 3 , respectively. A 

straight line passing through p 2 and p 3 lies on plane P , therefore 

intersects line l 1 . Hence, it passes through all three given lines. Ro- 

tating plane P around line l 1 can give an infinite number of such 

lines. In other words, for every non-parallel three lines there will 

be infinite number of lines intersecting them. 

Adding another line to the set of three non-parallel lines can 

limit the number of lines passing through these straight lines [33] . 

solved the problem for four straight lines and showed that, except 

in degenerate settings, there are two lines that pass through given 

four lines. 

2.3. Evolute 

The evolute of a profile is the locus of its centers of curvature. 

All points on an evolute are the intersection of two normal lines 

to a profile from infinitesimally adjacent points on the profile. The 

evolutes of an ellipse and a parabola are shown in Fig. 1 . Obvi- 

ously, if the profile is an arc of a circle, the evolute is a point and 

all profile normal lines pass through this point. If the profile is not 

a circle, the evolute is a curve and the normals pass through dif- 

ferent points of the evolute. 

3. Problem definition & the number of solutions 

The optimization problem for finding the best line passing 

through a set of straight lines is presented in this section. Then, 

we will explain the number of the solutions of this optimization 

problem. We will show that for any segment of symmetric struc- 

tures, the cost function has two distinct local minima, one of which 

is the symmetry axis and the other gives a point on the evolute of 

the structure profile. 

3.1. The formulation of the optimization problem 

In the presence of noise, the problem of finding a line which 

passes through a set of given lines is reduced to finding a line 

which has the minimum sum of squared distances from the given 

lines, i.e.: 

l ∗ = argmin 
l ′ 

n ∑ 

i =1 

d 2 (l ′ , l i ) . (5) 

2 
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Fig. 1. The evolutes (the magenta curves) of an ellipse and a parabola. Point c is the center of curvature at point p . The evolute is the locus of all centers of curvature. (For 

interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 

Fig. 2. The red lines pass through all blue lines. (a) There are countless lines, such as l ′ 1 , l ′ 2 and l ′ 3 , intersecting all blue lines. (b) There are only two lines, l ′ 1 and l ′ 2 intersecting 
all blue lines. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 

3.2. The number of solutions of the problem 

As previously indicated, there are an infinite number of lines 

that pass through three given lines l ′ 1 , l ′ 2 and l ′ 3 . Assume that 

l i s , i ∈ { 1 , . . . , n } are several of these passing lines and suppose 
that we want to find the best lines passing through l i s. The sum 

of squared distances in problem (5) , for the lines l ′ 1 , l ′ 2 and l ′ 3 are 
zero, so these are the solutions of the problem. Fig. 2 (a) shows 

this situation from different perspectives. It is clear from the fig- 

ure and easy to show analytically that in this situation there are 

other countless lines that pass through l i s. 

Now suppose that l ′ 
1 
, l ′ 

2 
are two straight lines. Assume that 

l i s , i ∈ { 1 , . . . , n } are arbitrary lines that intersect both l ′ 
1 
and l ′ 

2 
as 

shown in Fig. 2 (b). In this case, these two lines are the solutions 

of the problem and there is no other line which passes through 

all l i s. Here arises a question, whether this case occurs in practical 

applications and real experiments. 

3.3. The two local minima in real applications 

It is obvious that locally estimated surface normals pass 

through the symmetry axis, a fact that is used in the literature of 

reconstruction of pottery objects. Since the measurement of nor- 

mals have noise, the problem of finding the symmetry axis be- 

comes that of finding a line that has the least squares distances 

from the estimated normal lines as given in (5) . In this optimiza- 

tion problem, one of the possible solutions is the symmetry axis. 

But the problem may have another solution. 

As an instance of an axially symmetrical pottery object, a bowl 

is shown in Fig. 3 . Its surface can be obtained by revolving a planar 

profile around the symmetry axis. Suppose that a part of the pro- 

file is an arc of a circle. Thus, for each point on the bowl surface, 

the radius vector is also the surface normal. Rotating the center of 

this circle around the symmetry axis, creates circle c (dashed ma- 

genta circle in Fig. 3 ). The surface normals pass through both sym- 

3



S.-M. Nasiri, R. Hosseini and H. Moradi Pattern Recognition 131 (2022) 108805 

Fig. 3. A bowl and its symmetry axis (red solid line). The bowl wall profile is a part 

of a circle centered on magenta dashed circle. (For interpretation of the references 

to colour in this figure legend, the reader is referred to the web version of this 

article.) 

metry axis and c. Assume we have a small fragment of the bowl 

surface. Its local surface normals pass through a small arc of c. If 

the arc angle is small, it can be approximated by a line. Therefore, 

this line is another distinct local minimum for the problem (5) . In 

this case, two distinct local minima are found for each fragment of 

the bowl. 

As another example of an axially symmetrical object, consider 

a dome depicted in Fig. 4 . Suppose that an RGB-D Kinect cam- 

era is used to scan the dome for constructing its 3D model. As 

shown in the figure, the surface profile of the dome is an arc 

of a circle. Each Kinect frame outputs a points cloud and a sur- 

face normal line can be found for each point. The symmetry 

axis can be estimated by finding the line which minimizes the 

least-squares distances from the normal lines. Similar to the bowl, 

the least-squares problem has two local minima. Fig. 5 shows a 

Kinect points cloud, estimated surface normals, and the two local 

minima. 

In general, if we have a set of normals to a profile of a small 

part of an axially symmetric object, a local minimum of prob- 

lem (5) is the object’s symmetry axis. Assuming noise-free con- 

dition, all normals also pass through the evolute curve. Hence, 

the other local minimum of the problem passes near the evo- 

lute. We can now give a short description when the cost func- 

tion of (5) can have two local minima. If the evolute of a 

symmetric object is a smooth curve and a fragment of the ob- 

ject is small, then the section of the evolute where the sur- 

face normals pass would be a short segment. A short segment 

of a smooth curve can have a small distance to a straight line. 

This straight line would be the place of the second local mini- 

mum, because distancing infinitesimally from this straight line in- 

creases the cost function. We will see in the experiments that 

this local minimum exists even for large fragments of pottery 

objects. 

In the case of perfect rotational symmetric objects and when 

the measurement of surface normals do not contain any noise, 

all surface normals pass through the symmetry axis. There- 

fore, the axis of rotational symmetry should be the global so- 

lution of the problem given in (5) , where the cost function 

becomes zero. In real cases with noisy observations, the nor- 

mal lines do not pass through the symmetry axis, and there- 

fore the cost value for the symmetry axis is not zero. In addi- 

tion, in real pottery objects, distortions in the objects’ body in- 

tensify this phenomenon. Therefore, the value of the cost of the 

second local minimum can be less than the cost value of the 

symmetry axis, and therefore the symmetry axis is no longer 

the global minimum but the second local minimum is the global 

minimum of the cost function. In the experiments, we will see 

that this happens in some experiments for real and synthetic 

datasets. 

4. The proposed method 

In this part we propose a new Coordinate Descent with Multiple- 

Solutions RANSAC (CDMS) algorithm, which finds the two solutions 

of problem (5) . The proposed method consists of two main parts: 

a multiple-solutions RANSAC and a coordinate descent algorithm. 

The method is summarized in Algorithm 1 . The two parts are ex- 

Algorithm 1 Coordinate-Descent Multiple-Solutions (CDMS) algo- 

rithm. 

Input: The number of n straight lines 
Output: Two candidates for the line intersecting given 

lines 

Part~1~–~Multiple-solutions RANSAC 

1: L ← {} ; 
2: for t = 1 : n r do 

3: select 4 lines from n given lines. 
4: find the two lines, l t 1 , l 

t 
2 , intersecting 4 selected lines. 

5: L ← L ∪ { l t 1 , l t 2 } 
6: NoI(l t 

j 
) = n t 

j 
, j ∈ { 1 , 2 } ← the number of lines that 

satisfy d(l t 
j 
, l i ) < d th , i ∈ { 1 , . . . , n } . 

7: end for 
8: l ∗1 ← argmax l ∈L NoI(l ) 
9: L 

′ ← cluster the lines in L with respect to their dis- 
tances from l ∗1 and choose the farther cluster. 

10: l ∗2 ← argmax l ∈ L ′ NoI(l ) 

Part~2~–~Coordinate-descent 

11: for j = 1 : 2 do 

12: t ← 0 
13: l ′ t ← l ∗

j 

14: repeat 
15: if t < 10 then 

16: I ← { l i | d(l i , l 
′ 
t ) < d th } set of inliers 

17: end if 
18: step 1: Find points q i s which are closest points 

on the lines l i s to the line l 
′ 
t , where l i ∈ I . 

19: step 2: Fit a 3D line to q i s and get it as l ′ t+1 . 
20: t ← t + 1 
21: until convergence 
22: l ∗

j 
← l ′ t 

23: end for 

plained in details as follows: 

4.1. The multiple-solutions RANSAC 

Since problem (5) is very sensitive to outliers, it is important to 

use an algorithm to find inliers. The well-known RANSAC algorithm 

is the method of choice for finding inliers and initial estimates for 

similar problems. The usual RANSAC algorithm can not be used 

for our case though, because the problem can have multiple so- 

lutions. The multiple hypothesis RANSAC algorithms [34–37] can 

not be used either, because in this case each solution is related to 

a portion of data and these algorithms classify the data to estimate 

the solutions. In our case, similar lines can contribute to both solu- 

tions. Therefore in the following, we present our multiple-solutions 

RANSAC algorithm which finds inlier lines and two initial estimates 

of the solutions of the problem (5) . 

In each iteration of the proposed algorithm, four lines are se- 

lected randomly from n given lines and the two lines l t 
1 
, l t 

2 
in- 

tersecting those lines are computed using the method explained 

in [33] . The number of inliers, n t 
1 

and n t 
2 
, will be calculated for 

4
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Fig. 4. A dome (a), in which the planar profile (b) is an arc of a circle. 

Fig. 5. The surface normals of the dome in Fig. 4 and the two possible solutions of the non-linear least squares problem (5) depicted from different perspectives. The 

set of magenta points is a points cloud of a part of the dome and the blue lines are the normals. The green and yellow lines are two local minima of the problem. (For 

interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 

Fig. 6. Four synthetic benchmark datasets: (a) the bowl, (b) the amphora, (c) the flower pot, and (d) the urn, and a real dataset: (e) the earthenware jug. The heights of the 

objects are 7 . 7 cm , 33 . 8 cm , 12 . 5 cm , 38 cm , and 46 cm respectively.. 

lines l t 
1 

and l t 
2 
. The line l i will be considered as an inlier for 

l t 
j 
, j ∈ { 1 , 2 } if the distance d(l i , l 

t 
j 
) is smaller than a threshold. The 

threshold can be chosen such that more than about 95% of the cor- 

rect lines become inliers. This procedure is iteratively repeated for 

n r number of iterations. The value of n r is chosen according to the 

desired confidence level for the probability of achieving at least 

one set of four inlier lines. At the end of the procedure we have a 

set of 2 n r lines L = { l 1 1 , l 1 2 , l 2 1 , l 2 2 , . . . , l n r 1 
, l n r 

2 
} and the number of in- 

liers for each member of the set ( NoI(l t 
j 
) = n t 

j 
). The best line which 

has the maximum number of inliers is selected as one of the initial 

estimates, 

l ∗1 = argmin 
l ∈L 

NoI(l ) . (6) 

Then, the lines are clustered with respect to their distances from 

l ∗
1 
using simple fuzzy c-means clustering [38] . The cluster with far- 

5 
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Fig. 7. The two solutions of problem (5) for a fragment of the bowl, i.e the green 

area. The yellow points on the fragment are the randomly selected points. The blue 

lines are the normal lines. Dashed yellow lines are l ∗1 and l 
∗
2 , i.e. the outputs of pro- 

posed Multiple-solutions RANSAC algorithm. The curvature center of body profile 

is shown as dashed magenta circle. The final solutions are the green lines. One of 

them aligned with the symmetry axis and another one is tangent to the dashed 

magenta circle. The number of 5 outliers are detected for both local minima.. (For 

interpretation of the references to colour in this figure legend, the reader is referred 

to the web version of this article.) 

ther lines is called L 

′ . The other best line is selected from L 

′ : 

l ∗2 = argmin 
l ∈ L ′ 

NoI(l ) . (7) 

Afterward, an iterative algorithm may be used to solve prob- 

lem (5) for the two sets of inliers. During the optimization, the 

inliers can be further improved by reselecting the inliers after each 

iteration of the iterative solver. Although the experimental results 

show that the inliers do not change after a few iterations, we stop 

updating them after 10 iterations to maintain the convergence con- 

ditions of our coordinate-descent algorithm described in the next 

subsection. 

4.2. The coordinate-descent algorithm 

In this section we present a coordinate-descent algorithm to 

solve the nonlinear least-squares problem (5) . The algorithm starts 

from a line, represented by l ′ 0 , and repeats two following steps: 

1. Giving current estimate l ′ t , find points q i s that are closest points 
on the lines l i s to l 

′ 
t . 

2. Fit a 3D line to q i s and get the new line estimate l ′ 
t+1 

. 

Both steps can be computed in closed-form and therefore 

the algorithm does not need the line-search procedure. Later in 

the convergence proof, we will show the proposed method is a 

coordinate-descent algorithm. In the following, the two steps of 

the algorithm are explained in details. 

4.2.1. Step 1 

Let’s assume q i and q 
′ 
t are the closest pair points on the two 

lines l i and l 
′ 
t . Therefore line q i − q ′ t is perpendicular to both lines. 

Suppose that q i = p i + s i u i and q 
′ 
t = p ′ t + s t u 

′ 
t , therefore 

u 

T 
i (q i − q ′ t ) = u 

T 
i (p i + s i u i − p ′ t − s t u 

′ 
t ) = 0 , (8) 

u 

′ T 
t (q i − q t ) = u 

′ T 
t (p i + s i u i − p ′ t − s t u 

′ 
t ) = 0 . (9) 

Fig. 8. The selected fragment from the amphora’s body (the green points). The description of different curves is the same as that of Fig. 7 . Subplots (a) and (b) show 

the curves for the first and second solutions of the CDMS algorithm. The number of outliers are 0 and 5 for the first and the second local minimum, respectively. . (For 

interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 

6 
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Fig. 9. The lines and the points are the same as Fig. 8 for a fragment of the amphora’s neck. The number of 1 and 16 outliers are detected in (a) and (b), respectively. 

Fig. 10. If a fragment of the amphora contains a part of its body and also a part of 

its neck, the first solution of the problem (5) is the symmetry axis and the second 

solution is the center of curvature of the body or the neck. 

Solving these linear equations, s i is obtained as 

s i = 

(u 

T 
i 
u 

′ 
t )(u 

′ T 
t (p i − p ′ t )) − u 

T 
i 
(p i − p ′ t ) 

1 − (u 

T 
i 
u 

′ 
t ) 

2 
. (10) 

Points q i s , i ∈ I are returned as the output of step 1. 

4.2.2. Step 2 

In this step, a line is fitted on q i s found in step 1. The best line 

is the solution of the following least-squares problem, 

l ′ t+1 = argmin 
l 

∑ 

i ∈I 
d(l , q i ) 

2 . (11) 

It can be shown that, this line pass through the mean of given 

points. Thus, 

p t+1 = mean { q i } . (12) 

Defining v i = p t+1 − q i and using (2) , problem (11) is reformu- 

lated as, 

l ′ t+1 = argmin 
u 

∑ 

i ∈I 
([ v i ] ×u ) T ([ v i ] ×u ) (13) 

= argmin 
u 

∑ 

i ∈I 
u 

T [ v i ] 
T 
×[ v i ] ×u (14) 

= argmin 
u 

u 

T 

( 

−
∑ 

i ∈I 
[ v i ] 

2 
×

) 

u (15) 

Obviously the optimal solution of (15) is the eigenvector corre- 

sponding to the smallest eigenvalue of 
(
−∑ 

i ∈I [ v i ] 2 ×
)
. 

4.3. Convergence proof 

The following theorem shows that the proposed iterative solver 

is actually a coordinate-descent method and it satisfies the condi- 

tions needed for obtaining convergence and even non-asymptotic 

rate of convergence. 

Theorem 1. Using step 1 and step 2 iteratively, forms a two block 

coordinate-descent algorithm which minimizes the following over- 

parametrization version of problem (5) . 

{ l ∗, q ∗1 , . . . , q ∗n } = argmin 
l , q 1 ∈ l 1 , ... , q n ∈ l n 

J(l , q i ) , (16) 

where 

J(l , q i ) = 

n ∑ 

i =1 

d(l , q i ) 
2 . (17) 

The algorithm converges to a stationary point. The rate of convergence 

is O (1 / 
√ 

T ) , where T is the number of iterations. 

7 
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Fig. 11. The evolute of the flower pot (left) and the urn (right). The axes values are in centimeters. 

Fig. 12. The points clouds of small fragments (green points) from the bottom (a), middle (b) and top (c) of the urn. The description of different curves is the same as that 

of Fig. 7 , and the magenta curve shows the evolute. One of the solutions aligns to the symmetry axis (the red line) and the other one passes through the evolute. (For 

interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 

Proof. Recal that q i = p i + s i u i , s i ∈ R , are the set of all points on 

l i , the sum of squared distances in (5) can be re-expressed as 

J(l , s i ) = 

∑ n 
i =1 d(l , p i + s i u i ) 

2 . Therefore, it is obvious that a solution 

of (16) is also a solution of problem (5) . Step 1 minimizes J(l , s i ) 

over block ’ s i ’ and step 2 minimizes it over block ’ l ’. 

Rouzban et al. [39] showed that if the cost function of two 

block coordinate-descent algorithm satisfies certain conditions, 

then the algorithm converges and the rate of convergence is 

at least O (1 / 
√ 

T ) . Following properties show that the proposed 

coordinate-descent algorithm satisfies the conditions needed for 

Theorem 1 of [39] . 

• Step 1 solves the optimization problem with respect to ’ l ’ ana- 

lytically and therefore ∇ l J(l , s i ) = 0 . Furthermore, it reduces the 

cost function because it finds the minimum of the cost function 

with respect to this block. 
• Step 2 minimizes the cost function with respect to the block ’ s i ’ 

analytically. 
• In step 2, the Hessian of J(l , s i ) with respect to the s i block is ∑ n 

i =1 −u i [ u ] ×[ u ] ×u i and is bounded. Therefore, the gradient of 

the cost function with respect to the s i block is Lipschitz con- 

tinuous. Then using Corollary 3 of [39] , the descent condition 

for Theorem 1 of [39] is satisfied and we get the rate of con- 

vergence equal to O (1 / 
√ 

T ) . �

5. Experiments 

The performance of the proposed algorithms is evaluated 

through several experiments. The simulations are two-fold and the 

results are presented in two subsections. In the first part, we ap- 

ply the proposed algorithm to a wide variety of fragments of dif- 

ferent objects to give the reader an overview of the argued local 

minima and their positions. So, the results are presented by 3D 

figures from different perspectives. In the next part, the results 

are presented in quantitative terms and the results are compared 

with some well-known algorithms in the literature. The threshold 

value of the algorithm is set to d th = . 3 cm in all experiments. This 

threshold ensures that for almost all experiments, more than 90% 

of the correct surface normals become inliers 2 . 
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Fig. 13. The points clouds of small fragments (green points) from the bottom (a), middle (b) and top (c) of the flower pot. The description of different curves is the same as 

that of Fig. 7 , and the magenta curve shows the evolute. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this 

article.) 

Fig. 14. The points clouds of a fragment (green points) from the bottom part of the jug. The description of different curves is the same as that of Fig. 7 , and the magenta 

curve shows the evolute. The number of outliers are 0 and 3 for the first and the second local minima, respectively. (For interpretation of the references to colour in this 

figure legend, the reader is referred to the web version of this article.) 

Fig. 15. The results of CDMS algorithm on a fragment of middle part of the jug. The description of different curves is the same as that of Fig. 7 , and the magenta curve 

shows the evolute. The number of outliers are zero for the both local minima. (For interpretation of the references to colour in this figure legend, the reader is referred to 

the web version of this article.) 

5.1. Overview and intuitive results 

To evaluate the proposed algorithm, four synthetic datasets and 

a real one are provided. The synthetic datasets are points clouds 

2 To aid reproducing the results, the implementation of the proposed algorithms 

in MATLAB is available via http://visionlab.ut.ac.ir/resources/cdms.zip . 

of axial symmetric objects, i.e. a bowl, a flower pot, an urn, and 

an amphora, and a real earthenware jug ( Fig. 6 ). We collected 

the points cloud of the earthenware jug using a Microsoft Kinect 

V2 scanner. The points are obtained by averaging the depth val- 

ues over 10 sec from a fixed position. The Kinect depth measure- 

ment noise for short distances, i.e. about one meter, is about a few 

millimeters. Since we have obtained the values by averaging over 
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Fig. 16. The results of CDMS algorithm on a wider fragment of the jug. The description of different curves is the same as that of Fig. 7 , and the red curve shows the evolute. 

The number of outliers are 0 and 1 for the first and the second local minimum, respectively. (For interpretation of the references to colour in this figure legend, the reader 

is referred to the web version of this article.) 

Fig. 17. The cost values for a set of lines l α (αp ∗1 + (1 − α) p ∗2 , αu ∗1 + (1 − α) u ∗2 ) as a function of α. The graph is related to the fragment shown in Fig. 14 . 

Fig. 18. The results of CDMS algorithm on a fragment of the jug’s neck. The de- 

scription of different curves is the same as that of Fig. 7 , and the red curve shows 

the evolute. The number of outliers are 0 and 1 for the first and the second local 

minimum, respectively. (For interpretation of the references to colour in this fig- 

ure legend, the reader is referred to the web version of this article.) 

time, about 10 seconds, the amount of noise is actually less than 

this value. The following procedure is performed for each object: 

- A fragment of the object is selected. 

- Noise is added to the points (except for the jug). 

- 100 points were randomly selected. 

- The normal vectors were calculated for all of the selected 

points. 

- Problem (5) is solved using the CDMS algorithm. 

Fig. 7 shows the selected fragment of the bowl in green. A 

Gaussian random noise with the standard deviation of 0 . 1 mm is 

added to the points. The yellow points represents the 100 ran- 

domly selected points. For each selected point, a surface is fitted to 

the points with the distance bellow 5 mm from that selected point 

using the simple least squares method. The normal direction is ob- 

tained for each surface. Although using the conventional RANSAC 

method in the surface fitting step can help to obtain more accurate 

normals even in the presence of outlier points, this step is skipped 

to form more outlier normal lines and to evaluate the proposed al- 

gorithm in a more challenging scenario. These 100 surface normal 

lines, that are the input of the proposed RANSAC algorithm, are 

shown in the figure as blue and black lines. Lines l ∗1 and l 
∗
2 , which 

are the outputs of the proposed RANSAC algorithm, i.e. lines 8 and 

10 of the CDMS algorithm, are shown as dashed yellow lines. The 

lines which are interpreted as outliers are shown as black lines. 

The final solutions of the CDMS algorithm are shown as solid green 

lines. As it can be seen, one of them is close to the symmetry axis 

of the bowl and the other one is tangent to magenta dashed circle 

and passes trough center of curvature of the bowl’s wall profile. 

10 
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Fig. 19. The cost values for a set of lines l α (αp ∗1 + (1 − α) p ∗2 , αu ∗1 + (1 − α) u ∗2 ) as a function of α. The graph is related to the fragment shown in Fig. 18 . 

Fig. 20. The geometric characteristics of the fragments are presented by four parameters. Two span angles θ and φ, and two lengths dx and dz . 

The amphora’s profile has different curvatures on its base, body 

and neck. Fig. 8 shows a points cloud of a fragment which con- 

tains a piece of the amphora’s body and small piece of the am- 

phora’s base. One of the outputs of the proposed RANSAC al- 

gorithm and consequently one of the final solutions, shown in 

Fig. 8 (a), is aligned to the amphora’s symmetry axis. As shown 

in the figure, almost all the lines including the amphora’s body 

and the amphora’s base normal lines, are detected as inliers by 

the proposed algorithm. The inliers are shown as blue lines and 

the black lines are outliers. Fig. 8 (b) shows the second result of 

the proposed algorithm which passes through the center of the 

curvature of the amphora’s body profile. The amphora’s base nor- 

mal lines, that have different curvature profile, are detected as 

outliers. 

The experiment is repeated for a fragment of the amphora’s 

neck. Fig. 9 shows the two results of the proposed algorithm for 

this fragment. The second solution of the problem for this frag- 

ment is located outside of the object, near the magenta circle ob- 

tained by rotating the evolute around the symmetry axis. 

If the fragment contains both amphora’s body and its neck, the 

fragment shown in Fig. 10 , there are three local minima for prob- 

lem (5) . As usual, one local minimum is the symmetry axis. The 

other two local minima are the line passing through the center 

of curvature of the amphora’s body profile and the line passing 

through the center of curvature of the amphora’s neck. The pro- 

posed algorithm returns the symmetry axis as the first solution 

and one of the other two local minima as the second solution. Note 

that, these two local minima are related to a subset of the normal 

lines. For example if the second solution is the line which passes 

through the amphora’s neck, the normals related to the amphora’s 

neck are detected as inliers and the normals related to the am- 

phora’s body are detected as outliers. Fig. 10 illustrates this situa- 

tion. In these cases, common multiple-model RANSAC algorithms, 

such as [34,36] , can be used to classify the lines belonging to the 

different parts of a fragment. Then, our Multiple-solutions RANSAC 

algorithm can be used to find both solutions for each part. 

The wall profile of the bowl is an arc of a circle, therefore, 

their evolute is a point. Also, the amphora’s profile contains three 

arcs, and therefore its evolute is a set of three points. The wall 

profiles of the flower pot and the urn are not an arc of a circle. 

Their evolute are shown in Fig. 11 . As mentioned in Section 2.3 , 

the normal lines of a infinitesimally small fragment of an object 

passes through its evolute. Thus, the second local minimum of 

problem (5) for the normal lines of a small fragment is a line 

which passes near the evolute. Obviously, the locus of all center 

of curvatures of the flower pot and the urn and any general sym- 

metrical objects are obtained by rotating their evolute, which is a 

curve, around the symmetry axis. Therefore, the result is a surface. 

In any case, the concept of the evolute can provide better under- 

standing about approximate location of the second local minimum. 

Figs. 12 and 13 show the solutions of the CDMS algorithm for 

different small fragments of the urn and the flower pot, respec- 

tively. Figs. 14, 15 and 16 show the results of the CDMS algorithm 

on different fragments of the jug. The results of CDMS algorithm 

on different fragments of the synthetic and the real data with dif- 

ferent angular spans are presented in the appendix. 

Fig. 17 gives a better understanding about the cost values, i.e. 

the sum of squared distances from the set of normal lines, of the 

two local minima of the fragment of jug shown in Fig. 14 . The 

figure depicted the cost values for a set of lines l α(αp ∗
1 

+ (1 −
α) p ∗2 , αu ∗1 + (1 − α) u ∗2 ) as a function of α, where l ∗1 (p 

∗
1 , u 

∗
1 ) and 

l ∗
2 
(p ∗

2 
, u ∗

2 
) are the two local minima. This graph also indicates that 

a gradient-based algorithm used to solve (5) may converge to a 

solution which is not the symmetry axis, depending on the start- 
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Table 1 

The comparison of methods in different fragments of the flower pot and the bowl. 

Frag. Frag. Noise Method Fail a c d c a f d f Noise Method Fail a c d c a f d f 
from param. σ (mm) % ( deg ) (mm) ( deg ) (mm) σ (mm) % ( deg ) (mm) ( deg ) (mm) 

flower 

pot 

dx = 9 cm 

dz = 5 cm 

φ = 70 deg 

θ = 70 deg 

0.1 CDMS 0 0.9 0.0 —– —– 0.5 CDMS 0 1.3 0.0 —– —–

PotSAC 0 0.9 0.1 —– —– PotSAC 0 1.3 0.0 —– —–

BFS 10 0.8 0.0 11.8 0.0 BFS 85 4.6 0.1 15.0 0.1 

0.2 CDMS 0 1.0 0.0 —– —– 1.0 CDMS 0 3.5 0.1 —– —–

PotSAC 0 1.0 0.1 —– —– PotSAC 0 3.4 0.1 —– —–

BFS 0 1.2 0.1 —– —– BFS 100 —– —– 53.9 26.2 

dx = 7 cm 

dz = 4 cm 

φ = 40 deg 

θ = 60 deg 

0.1 CDMS 0 1.6 0.7 —– —– 0.5 CDMS 0 2.1 0.2 —– —–

PotSAC 15 1.4 0.7 89.8 71.7 PotSAC 10 2.1 0.2 89.7 71.2 

BFS 0 1.0 0.4 —– —– BFS 100 —– —– 89.6 71.4 

0.2 CDMS 0 1.6 0.7 —– —– 1.0 CDMS 0 3.5 0.4 —– —–

PotSAC 5 1.6 0.7 89.8 71.2 PotSAC 55 3.3 0.3 89.7 71.8 

BFS 10 1.6 0.8 89.7 71.3 BFS 100 —– —– 89.4 71.7 

dx = 5 cm 

dz = 3 cm 

φ = 25 deg 

θ = 35 deg 

0.1 CDMS 0 0.6 0.2 —– —– 0.5 CDMS 0 1.8 0.5 —– —–

PotSAC 85 0.2 0.2 90.0 75.3 PotSAC 100 —– —– 89.9 75.7 

BFS 5 3.7 0.1 90.0 74.8 BFS 100 —– —– 88.0 67.6 

0.2 CDMS 0 0.6 0.2 —– —– 1.0 CDMS 5 4.5 1.3 12.1 1.0 

PotSAC 90 0.1 0.3 89.9 75.3 PotSAC 100 —– —– 89.8 76.9 

BFS 95 0.6 0.3 82.3 67.1 BFS 100 —– —– 88.0 65.9 

bowl dx = 13 cm 

dz = 6 cm 

φ = 52 deg 

θ = 40 deg 

0.1 CDMS 0 0.4 0.0 —– —– 0.5 CDMS 0 1.9 0.1 —– —–

PotSAC 0 0.4 0.0 —– —– PotSAC 20 1.5 0.2 89.7 58.1 

BFS 0 0.5 0.1 —– —– BFS 75 8.0 0.3 55.8 31.3 

0.2 CDMS 0 0.6 0.1 —– —– 1.0 CDMS 20 7.4 0.3 11.7 0.2 

PotSAC 10 0.3 0.1 89.8 57.8 PotSAC 80 4.3 0.1 79.4 51.6 

BFS 10 7.3 0.1 10.1 0.0 BFS 100 —– —– 38.4 15.4 

dx = 9 cm 

dz = 5 cm 

φ = 35 deg 

θ = 30 deg 

0.1 CDMS 0 1.3 0.1 —– —– 0.5 CDMS 0 1.8 0.1 —– —–

PotSAC 45 0.7 0.2 89.3 59.3 PotSAC 20 1.5 0.1 89.2 59.4 

BFS 40 5.0 0.5 31.7 7.5 BFS 40 5.6 0.3 54.3 15.0 

0.2 CDMS 0 3.7 0.1 —– —– 1.0 CDMS 30 4.8 1.3 14.4 0.3 

PotSAC 65 2.7 0.1 89.3 59.8 PotSAC 85 2.7 0.7 88.3 60.4 

BFS 30 3.9 0.4 14.3 0.1 BFS 100 —– —– 81.0 56.8 

dx = 5 cm 

dz = 4 cm 

φ = 32 deg 

θ = 28 deg 

0.1 CDMS 0 4.7 0.0 —– —– 0.5 CDMS 15 3.2 0.4 13.6 0.2 

PotSAC 90 4.0 0.0 89.4 59.9 PotSAC 80 0.4 0.2 87.0 59.7 

BFS 60 4.3 0.4 71.6 29.7 BFS 100 —– —– 72.1 6.0 

0.2 CDMS 0 3.6 0.1 —– —– 1.0 CDMS 30 5.5 1.1 16.5 0.7 

PotSAC 90 4.3 0.1 89.2 59.9 PotSAC 65 3.7 1.6 65.1 43.0 

BFS 85 5.8 0.3 74.0 35.3 BFS 100 —– —– 65.2 33.8 

ing point. The same experiment is repeated for the wider fragment 

of the jug shown in Fig. 18 , and the obtained graph is shown in 

Fig. 19 . 

5.2. Quantitative results 

In this section the proposed method is evaluated quantitatively, 

and it is compared to two well-known methods in the literature 

[22,40] . As mentioned in the introduction, Angelo et al. evaluated 

several methods of finding the symmetry axis and showed that all 

of these methods fail in 8 to 60 percent of their experiments [25] . 

Thus, they proposed to use an object’s thickness in different direc- 

tions to find an initial guess for the direction of symmetry axis. In 

this method, the change needs to be significant and recognizable in 

the face of noise and distortion of the objects’ body. Therefore, this 

method is not applicable in our datasets in which the thickness is 

the same in all directions. 

In the following, our method is compared to the other two 

methods, i.e. PotSAC [22] and BFS [40] . PotSAC comprises two 

steps: 1) An initialization step done by the MLESAC [41] (a vari- 

ant of RANSAC) algorithm in which a method based on Pottmann 

et al. [30] was developed in the paper for minimal axis estima- 

tion using a random set of 6 normal lines. 2) A nonlinear refine- 

ment step which minimizes the Cao and Mumford’s geometric er- 

ror [20] . BFS is a circle and line fitting method and uses the point 

cloud of an object, not the normal lines, to find its symmetry axis. 

In this method a fragment of the object is sliced into many layers 

along a candidate direction and a circle is fitted onto each layer. 

Then a line is fitted along the centers of the fitted circles using 

RANSAC. Finally, the best direction is found through a brute-force 

search procedure with steps of 5 ◦. 
The methods are compared through extensive experiments on 

a variety of fragments of four synthetic objects in Fig. 6 and 

four noise levels. The geometric characteristics of the fragments 

are presented by four parameters shown in Fig. 20 . Each ex- 

periment is repeated 20 times and the percentage of failure 

for each method is reported. A failure is when the angle be- 

tween an estimated symmetry axis and the true symmetry axis 

is more than 10 ◦ or the distance between the two symmetry 

axes is more than 1 cm . The results are presented in Tables 1 to 

3 in which the following four criteria are reported for the 20 

experiments: 

• a c : The mean of the angles between successful estimated axes 

and the true symmetry axis. 
• d c : The mean of the distances between successful estimated 

axes and the true symmetry axis. 
• a f : The mean of the angles between failed estimated axes and 

the true symmetry axis. 
• d f : The mean of the distances between failed estimated axes 

and the true symmetry axis. 

As it can be seen in the tables, CDMS outperforms the other 

two methods in having lower percentage of failures. In many 

of the failed cases in PotSAC and BFS, the angle differences be- 

tween the estimated and true axes are about 90 ◦. Although, CDMS 

has higher success rates in estimating the symmetry axes, and 
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Table 2 

The comparison of methods in different fragments of the urn. 

Frag. Frag. Noise Method Fail a c d c a f d f Noise Method Fail a c d c a f d f 
from param. σ (mm) % ( deg ) (mm) ( deg ) (mm) σ (mm) % ( deg ) (mm) ( deg ) (mm) 

urn - top 

part 

dx = 7 cm 

dz = 3 cm 

φ = 30 deg 

θ = 20 deg 

0.1 CDMS 0 1.7 0.2 —– —– 0.5 CDMS 0 3.4 0.1 —– —–

PotSAC 30 1.5 0.3 88.0 45.7 PotSAC 50 3.4 0.1 81.4 40.9 

BFS 0 1.9 0.1 —– —– BFS 100 —– —– 79.7 44.6 

0.2 CDMS 0 2.5 0.1 —– —– 1.0 CDMS 25 3.3 0.5 11.8 0.2 

PotSAC 35 2.1 0.1 88.0 45.7 PotSAC 45 2.3 0.3 86.1 45.4 

BFS 20 4.3 0.0 46.0 21.1 BFS 100 —– —– 66.8 29.1 

dx = 9 cm 

dz = 4 cm 

φ = 48 deg 

θ = 35 deg 

0.1 CDMS 0 0.8 0.2 —– —– 0.5 CDMS 0 0.9 0.2 —– —–

PotSAC 5 0.6 0.3 89.4 40.8 PotSAC 10 0.5 0.3 88.2 41.3 

BFS 100 —– —– 79.7 37.3 BFS 100 —– —– 86.5 42.3 

0.2 CDMS 0 0.6 0.2 —– —– 1.0 CDMS 5 2.7 0.1 13.6 0.1 

PotSAC 0 0.5 0.4 —– —– PotSAC 25 2.6 0.2 72.1 32.5 

BFS 100 —– —– 87.0 41.5 BFS 100 —– —– 85.5 44.4 

dx = 13 cm 

dz = 6 cm 

φ = 70 deg 

θ = 40 deg 

0.1 CDMS 0 0.3 0.0 —– —– 0.5 CDMS 0 0.7 0.1 —– —–

PotSAC 0 0.2 0.0 —– —– PotSAC 0 0.5 0.1 —– —–

BFS 0 0.5 0.1 —– —– BFS 0 5.5 0.1 —– —–

0.2 CDMS 0 0.4 0.0 —– —– 1.0 CDMS 0 1.8 0.1 —– —–

PotSAC 0 0.4 0.0 —– —– PotSAC 0 1.8 0.2 —– —–

BFS 0 0.4 0.1 —– —– BFS 45 8.4 0.2 12.8 0.2 

urn - 

middle 

part 

dx = 5 cm 

dz = 3 cm 

φ = 25 deg 

θ = 15 deg 

0.1 CDMS 0 1.7 0.0 —– —– 0.5 CDMS 30 4.8 0.3 13.9 0.3 

PotSAC 0 1.3 0.1 —– —– PotSAC 30 2.5 0.5 27.3 17.1 

BFS 0 3.0 0.1 —– —– BFS 90 6.0 0.7 37.5 0.6 

0.2 CDMS 0 3.1 0.1 —– —– 1.0 CDMS 50 4.1 1.5 25.5 1.1 

PotSAC 5 1.9 0.1 89.5 112.7 PotSAC 55 6.5 1.5 50.1 35.7 

BFS 5 3.8 0.3 14.2 0.1 BFS 100 —– —– 69.9 6.7 

dx = 9 cm 

dz = 6 cm 

φ = 40 deg 

θ = 25 deg 

0.1 CDMS 0 0.6 0.0 —– —– 0.5 CDMS 0 3.3 0.4 —– —–

PotSAC 0 0.2 0.1 —– —– PotSAC 0 1.6 0.8 —– —–

BFS 10 3.6 0.1 13.7 0.0 BFS 5 3.3 0.2 10.1 0.3 

0.2 CDMS 0 1.1 0.0 —– —– 1.0 CDMS 25 6.0 1.4 15.6 0.6 

PotSAC 0 0.3 0.1 —– —– PotSAC 20 4.5 2.4 33.9 24.4 

BFS 0 1.8 0.1 —– —– BFS 60 5.6 2.1 21.1 0.5 

dx = 14 cm 

dz = 3 cm 

φ = 70 deg 

θ = 10 deg 

0.1 CDMS 0 0.4 0.0 —– —– 0.5 CDMS 0 1.8 0.1 —– —–

PotSAC 0 0.3 0.0 —– —– PotSAC 0 3.3 0.1 —– —–

BFS 0 0.8 0.0 —– —– BFS 0 2.5 0.1 —– —–

0.2 CDMS 0 1.2 0.0 —– —– 1.0 CDMS 20 4.3 0.5 10.8 0.1 

PotSAC 0 1.3 0.0 —– —– PotSAC 30 4.4 0.2 63.5 58.0 

BFS 0 1.3 0.0 —– —– BFS 10 4.7 0.2 10.3 0.4 

in almost all experiments its estimated axes are the closest to 

the true ones, PotSAC often estimates the angles better when it 

succeeds. 

6. Conclusion 

In this paper, we addressed the problem of “finding the best 

line passing through a set of straight lines” as a nonlinear least- 

squares problem. It was shown that, the problem may have two 

distinct local minima in several practical applications. An algo- 

rithm was presented that finds both local minima of the prob- 

lem in the presence of outliers. To the best of our knowledge, 

our proposed algorithm is the first work on finding two possible 

solutions of the problem. The algorithm consists of a Multiple- 

solutions RANSAC followed by a coordinate-descent algorithm. The 

presented coordinate-descent algorithm finds the stationary points 

analytically in each coordinate, and therefore, it is line-search free. 

We also showed that the algorithm satisfies conditions needed to 

obtain a rate of convergence. 

It was shown that, for a set of normal lines of any small frag- 

ment of a symmetrical object, one of the local minima aligns with 

the symmetry axis of the object. The position of the other lo- 

cal minimum is related to the evolute of the object’s profile. The 

experiments also showed that two local minima may also exist 

for large fragments with wider angular spans. Therefore, available 

gradient-based algorithms may fail to find the symmetry axis, as 

it was reported in the experiments of [25] where tested methods 

mistakenly estimated an axis perpendicular to the real symmetry 

axis. In contrast, the proposed algorithm successfully finds both 

solutions, the symmetry axis and the other solution that is usu- 

ally orthogonal to the symmetry axis. The validity of the proposed 

algorithm was evaluated on synthetic objects and a real scanned 

object. The proposed algorithm were also compared to two other 

well-known methods in the literature, and it was shown that the 

proposed algorithm successfully solves the failure problem of these 

algorithms. 

Our proposed algorithm that is able to find both local minima 

can be used to develop a method for improving the reconstruction 

accuracy of symmetrical items. Thus, it has many applications such 

as archeological object reconstruction and occluded fruit modeling 

in automatic harvesting. Since the proposed algorithm only uses 

the normal lines, it can also be used as an initializer for the other 

methods in which the point cloud is also used to reach better ac- 

curacy iteratively, starting from a safe initial axis. 
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Table 3 

The comparison of methods in different fragments of the amphora. 

Frag. Frag. Noise Method Fail a c d c a f d f Noise Method Fail a c d c a f d f 
from param. σ (mm) % ( deg ) (mm) ( deg ) (mm) σ (mm) % ( deg ) (mm) ( deg ) (mm) 

amphora 

- neck 

dx = 2 cm 

dz = 3 cm 

φ = 25 deg 

θ = 15 deg 

0.1 CDMS 0 0.3 0.1 —– —– 0.5 CDMS 0 1.3 0.2 —– —–

PotSAC 0 0.2 0.2 —– —– PotSAC 0 1.2 0.2 —– —–

BFS 0 2.8 0.1 —– —– BFS 35 4.8 0.4 13.0 0.2 

0.2 CDMS 0 0.4 0.1 —– —– 1.0 CDMS 5 5.6 0.3 12.5 0.1 

PotSAC 0 0.3 0.2 —– —– PotSAC 5 5.5 0.2 12.5 0.1 

BFS 5 3.0 0.1 13.6 0.3 BFS 100 —– —– 70.4 4.7 

dx = 2 cm 

dz = 7 cm 

φ = 25 deg 

θ = 30 deg 

0.1 CDMS 0 0.3 0.0 —– —– 0.5 CDMS 0 0.8 0.2 —– —–

PotSAC 0 0.1 0.4 —– —– PotSAC 0 0.6 0.3 —– —–

BFS 15 2.0 0.4 80.7 65.1 BFS 5 2.8 0.5 11.3 0.1 

0.2 CDMS 0 0.2 0.1 —– —– 1.0 CDMS 0 1.9 0.4 —– —–

PotSAC 0 0.2 0.3 —– —– PotSAC 20 1.2 0.6 58.9 71.1 

BFS 25 1.5 0.3 79.7 38.0 BFS 90 3.2 0.4 84.0 21.4 

dx = 2 cm 

dz = 10 cm 

φ = 25 deg 

θ = 40 deg 

0.1 CDMS 0 0.1 0.1 —– —– 0.5 CDMS 0 0.2 0.3 —– —–

PotSAC 0 0.0 0.6 —– —– PotSAC 0 0.1 0.8 —– —–

BFS 0 0.2 0.0 —– —– BFS 0 1.5 0.2 —– —–

0.2 CDMS 0 0.1 0.1 —– —– 1.0 CDMS 0 0.6 0.5 —– —–

PotSAC 0 0.0 0.5 —– —– PotSAC 10 0.4 1.0 89.7 156.7 

BFS 0 0.4 0.1 —– —– BFS 95 0.9 1.9 87.3 115.7 

amphora 

- body 

dx = 4 cm 

dz = 6 cm 

φ = 22 deg 

θ = 27 deg 

0.1 CDMS 0 1.1 0.0 —– —– 0.5 CDMS 0 2.6 0.1 —– —–

PotSAC 0 0.4 0.1 —– —– PotSAC 5 1.7 0.1 89.7 29.1 

BFS 5 2.1 0.1 14.8 0.1 BFS 20 3.3 0.1 23.0 0.2 

0.2 CDMS 0 2.7 0.2 —– —– 1.0 CDMS 35 5.1 1.1 12.8 0.2 

PotSAC 0 1.7 0.4 —– —– PotSAC 45 3.0 1.5 55.6 14.2 

BFS 0 2.9 0.2 —– —– BFS 85 8.0 1.1 55.6 11.8 

dx = 4 cm 

dz = 10 cm 

φ = 30 deg 

θ = 60 deg 

0.1 CDMS 0 0.9 0.1 —– —– 0.5 CDMS 5 3.6 0.3 11.6 0.2 

PotSAC 15 0.3 0.2 89.3 29.8 PotSAC 45 2.3 0.5 80.5 26.1 

BFS 5 0.8 0.1 89.8 30.0 BFS 45 4.4 1.0 23.3 0.4 

0.2 CDMS 0 1.4 0.1 —– —– 1.0 CDMS 45 4.5 1.2 16.5 0.7 

PotSAC 25 1.0 0.1 89.6 29.7 PotSAC 75 3.7 1.1 66.1 19.3 

BFS 0 3.3 0.2 —– —– BFS 100 —– —– 85.5 26.9 

dx = 7 cm 

dz = 9 cm 

φ = 65 deg 

θ = 35 deg 

0.1 CDMS 0 0.2 0.0 —– —– 0.5 CDMS 0 1.0 0.1 —– —–

PotSAC 0 0.1 0.0 —– —– PotSAC 0 0.9 0.1 —– —–

BFS 0 0.4 0.0 —– —– BFS 0 1.0 0.1 —– —–

0.2 CDMS 0 0.3 0.0 —– —– 1.0 CDMS 0 5.0 0.1 —– —–

PotSAC 0 0.2 0.0 —– —– PotSAC 0 4.7 0.2 —– —–

BFS 0 0.7 0.1 —– —– BFS 60 2.1 0.4 84.0 24.4 

Appendix A. Applying CDMS algorithm to fragments with 

different angular spans 

In this section we apply the CDMS algorithm to fragments 

with different angular spans. Also the cost values of the set of 

lines, l α , are presented for each fragment (as shown in Fig. 17 ). 

The set of lines { l α| α ∈ {−. 5 , −. 4 , . . . , 1 . 4 , 1 . 5 } } for a fragment 

of the jug are shown in Fig. 21 . As explained in the paper, 

the line l α(p α, u α) ≡ l α(αp ∗
1 

+ (1 − α) p ∗
2 
, αu ∗

1 
+ (1 − α) u ∗

2 
) , where 

l ∗1 (p 
∗
1 , u 

∗
1 ) and l 

∗
2 (p 

∗
2 , u 

∗
2 ) are the solutions of the CDMS algorithm. 

Obviously, the lines l 0 and l 1 are matched to the lines l ∗
2 
and l ∗

1 
re- 

spectively. Figs. 22 , 23 , 24 , 25 , 26 , 27 , 28 , 29 , 30 , 31 , 32 , 33 , 34 , 35 , 

36 shows the results of the CDMS algorithm and cost of the set of 

l α lines for different fragments of datasets with different angular 

spans. 

Fig. 21. The green lines are the results of CDMS algorithm, i.e. l ∗1 and l 
∗
2 . The red lines are the set of lines { l α | α ∈ {−0 . 5 , −0 . 4 , . . . , 1 . 4 , 1 . 5 } } . The lines from dark red to light 

red correspond to α = −0 . 5 to α = +1 . 5 . (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
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Fig. 22. The results for a fragment of the jug with angular span of 50 degrees. 

Fig. 23. The results for a fragment of the jug with angular span of 90 degrees. 

Fig. 24. The results for a fragment from a middle part of the jug with angular span of 50 degrees. 

Fig. 25. The results for a fragment from the jug’s neck with angular span of 80 degrees. 
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Fig. 26. The results for a fragment from the flower pot with angular span of 30 degrees. 

Fig. 27. The results for a fragment from the flower pot with angular span of 60 degrees. 

Fig. 28. The results for a fragment from the flower pot with angular span of 90 degrees. 

Fig. 29. The results for a fragment from the bowl with angular span of 30 degrees. 
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Fig. 30. The results for a fragment from the bowl with angular span of 60 degrees. 

Fig. 31. The results for a fragment from the bowl with angular span of 90 degrees. 

Fig. 32. The results for a fragment from the bowl with angular span of 120 degrees. 

Fig. 33. The results for a fragment from the urn with angular span of 30 degrees. 
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Fig. 34. The results for a fragment from the urn with angular span of 60 degrees. 

Fig. 35. The results for a fragment from the urn with angular span of 90 degrees. 

Fig. 36. The results for a big fragment from the urn with angular span of 90 degrees. 
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