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Abstract: The diffusion process in networks is studied with the objective of
identifying the dynamics and for predicting the behavior of network entities.
Social media playsan importantrole in people's lives. Diffusion processes, asone
of the most important branches of social media analysis, have their presence in
various domains such as information spreading, diffusion of innovation, idea
dissemination, and product acceptance to identify user's pattern and their
behavior in social media networks. Users are not limited to one social network
and are engaged in multiple social media such as Twitter, Instagram, Telegram,
and Facebook. This fact has created new phenomena in social network analysis,
called multiplex network analysis. Thus, the scope of diffusion process analysis
has been transferred from single layer networks to multiplex networks. Diffusion
process analysis can be studied at both infrastructure-level and diffusion-level;
at infrastructure-level, the structural network's properties such as clustering
coefficient and degree centrality are being studied; and in diffusion-level the
diffusion network's properties such as diffusion depth and seed nodes are being
studied. On the other hand, a reliable analysis requires complete information on
both infrastructure and diffusion networks. However, complete data is not
accessible forever, thisfact is due to some limitationssuch as crawling big data,
gathering social media policies, and user privacy. Incomplete data can lead to
poor analysis, so in this work we, first of all, investigate the impact of missing
datain both infrastructure and diffusion networks, the impact of randomand non-
random missing infrastructure data on nine diffusion network’s properties such
as number of infected nodes, number of infected edges, diffusion length and
number of seed nodes. Secondly, based on the multiplex diffusion tree, we
introduce a new model named as MLC-tree for an incomplete diffusion network.
Finally,we evaluate ourmodel on both synthetic and real social networks; these
results show that the MLC-tree can decrease the relative error more than 50
percentwhile missing 20 to 80 percent of complete data.
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INTRODUCTION

Complex networks in real-world include communication systems, social
systems, transportation systems, biological systems, and more. Network science
studies the role of network structure in the dynamic behavior of complex
networks. For example, dynamic network behaviors include cascade failures in
power grids networks, diffusion information orrumorpropagationamongpeople,
diffusion innovation in the social networks, the spread of epidemics, the spread of
computerviruses, and the mutation of genesin biological networks to name a few.
Networks are a representation of the description of relationships between system
components orcommunity members. Numerous biological, social, economic, and
technological systems have subsystems, each of which can be interconnected. The
main purpose of network science is to study the behavior of such systems as
networks. Understanding, predicting, and controlling network risk hasimportant
implications for many real-world issues.

Diffusion of information or rumor propagation, diffusion of innovation,
and influence through social networks are examples of diffusion. In the social
network, studying the behavioralpatterns of people in social networks, modeling
of diffusion of innovation, information or rumor propagation, spreading
epidemics, etc. are one of the main lines of research. Models of rumor propagation
rarely include sociological and psychological aspects of real-world transmission
behavior. As a result, these models tend not to incorporate the connections
between people as can be seen in real social networks. The GBN-Dialogue model
is used to simulate the spread of an out-group negative rumor over the RIT
Facebook network (Brooks, DiFonzo, & Ross, 2013). Various models have ako
been developed to model the diffusion of innovation. Lopes, Navarro, and Silva
(2018) used an artificial neural network to connect positive and negative emotions
to an individuals’ propensity to communicate their opinions through a social
network—and find out negative effect spreads faster than the positive. Also
Jacobsen and Guastello (2011) presented an overview of diffusion innovation
models and examines the adoption S-curve, network theories, diffusion models,
influence models, geographical model, and reported that the S-curves can be
represented in greater detail asnonlinear dynamical processes.

Information diffusion is affected by various characteristics such as
initiator diffusion nodes, the numberof nodeswho received information,and the
path through which information travels has different behavior. Initial studies on
diffusion processes have provided an analysis of diffusion on single layer
networks, those are predicting the behavior of diffusion and its properties such as
depth and width (Clauset, Moore, & Newman, 2008; Eagle, Pentland, & Lazer,
2009; Liben-Nowell & Kleinberg, 2008; Myers & Leskovec, 2010). However,
due to the increasing number of social channels, researchers have started to
investigate diffusion in multiplex networks (Babaei, Molaei, & Salehi, 2019;
Dickison, Havlin, & Stanley, 2012; Dou, Du, & Song, 2016; Najari, Salehi,
Ranjbar, & Jalili, 2019; Salehi et al., 2015; Saumell-Mendiola, Serrano, &
Bogund, 2012; Zong, Wu, Singh, & Yan, 2012).
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In the analysis of the diffusion network, the properties of the diffusion
networks such as the diffusion depth, seed nodes, the number of nodes, and edges
in the diffusion path are studied. The diffusion study involving multiplex social
networks gets hampered sometimesdue to the non-availability of complete data.
For example,a study on 1.4 million users of Facebook hasdetermined thatusers
are raising profile privacy from 17% to 50% (Dey, Jelveh, & Ross, 2012). As a
result, a good percentage of user data is not available as it gets hidden from
crawlers. In otherwords, data collection of networks due to factorssuch as privacy
of individuals, hardware problems and limitations imposed by the application
programming interface (API), aswell asthe collection of information in multiple
networks (multiplex networks) and the match of individuals and communication
between them in different networks is a difficult task that causes data to be missed
(Fatemi, Salehi, & Magnani,2018; Fatemi, Salehi, Veisi, & Jalili, 2018; Molaei,
Farahbakhsh, Salehi, & Respi, 2020; Nikmehr, Salehi, & Jalili, 2019).

Unavailability of complete data of diffusion networks can lead to
deviations of the result of analysis from reality. As an example, in a cascade of
diffusion, if the information of an effective person is not available, it is possible
an important or most central person is accounted for as a less important person.
So far, various studies have been done for analyzing missing data on single layer
networks (Bliss, Danforth, & Dodds, 2014; Brewer & Webster, 2000; Handcock
& Gile, 2010); also, several studies have been accomplished on missing data and
their impact on the results of the study on single layer network category (Eslami,
Rabiee, & Salehi, 2011; Gomez-Rodriguez, Leskovec, & Krause, 2012; Salehi,
Rabiee, & Rajabi, 2012). For example, the models presented in Eslami et al.
(2011) attempted to rebuild the complete diffusion network considering
incomplete diffusion network, which is explained in the preliminaries section The
results of these studies are single layer diffusion network which has similar
properties to complete diffusion network.

It is difficult to collect data in multiplex networks and to adapt node
(individuals) and edge (communication) between them in different layers
(networks), which make missing data possible. Missing data in the multiplex
network makes it possible to study the properties of diffusion in multiplex
networks with various errors. The main question now is that the missing data
affectsthe properties of diffusion at multiplex networks. In other words, how an
error can measure when a multiplex network is associated with missing data. This
is an important question that has been studied in this paper. In particular, this
paperpursues the following two objectives:

Firstly, we investigate the impact of missing data on the properties of
multiplex diffusion networks by takingtwo random and two non-random missing
data strategies. The selection of these four strategies forremoving the data isbased
on Sharma, Magnani,and Montesi (2016), in which it hasbeen shown that these
are the four most likely reasons for missing data in multiplex networks. In this
article, missing data is applied to the structure of multiplex networks and the
impact of missing data in the structure of a multiplex network is evaluated on the
diffusion process.
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Fig. 1. Impactof missing data on networks’ structure.

Secondly, we present ananalyticalmodel, MLC-tree (multiplex cascade
tree), for estimating properties of a complete diffusion network to decrease the
relative error of diffusion properties by only using an incomplete multiplex
diffusion network. The model uses seven properties of incomplete diffusion
network and extracts three parameters required by it; then we create a multiplex
diffusion tree contained properties similar to the complete diffusion network
properties. This model estimates the complete diffusion properties only from
incomplete diffusion network, without any data from the infrastructure network.
In order to evaluate the performance of the model, we compare the estimated
properties by our model with the properties of a complete diffusion network. The
proposed model can estimate the properties of a complete diffusion network with
high precision even when the percentage of missing data from the network is high
(90% missing data). The contribution of our work is summarized as:

1. We study the effect of missing data on the properties of multiplex
diffusion networks by taking two random and two non-random missing data
strategies.

2. We present the MLC-tree modelto estimate accurately the complete
diffusion network’s properties by using an incomplete diffusion multiplex
network.

3. We create a multiplex diffusion tree that has similar properties to
complete diffusion network properties.

4. We examine the impact of four missing data strategies in the
infrastructure network on nine properties of the diffusion network.

The rest of the article is structured asfollows: The preliminaries section
reviews the previous work. Next, in the research methodology section, we
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describe ourproposed model (MLC-tree) along with the discussion on the impact
of four different missing strategies on the properties of the diffusion network.
Inthe datasets section, the dataset of the multiplex network and the diffusion
modelin the multiplex network are discussed. In the results section, the results of
the MLC-tree modelare evaluated, finally, in the conclusion section, conclusions
and future works are presented.

PRELIMINARIES

In general, the analysis of networks can be divided into two areas,
infrastructure networks and diffusion network, also studies on missing data
categorize based this two groups asinfrastructure network analysisand diffusion
network analysis. An overview of the impact of missing data on the structure of

networks appearsin Fig. 1.
Missing Data on Infrastructure Network

Initial studies in this category are based on sampling real data and
evaluating impact of missing data on infrastructure network (Bliss et al., 2014;
Brewer & Webster, 2000; Gjoka, Kurant, & Markopoulou, 2013; Handcock &
Gile, 2010). These studies have proposed some sampling methodsin those nodes
and edges are sampled so that show the properties of infrastructure network.
Some of the studies (Eslami et al., 2011; Feng et al., 2018; Gomez-Rodriguez et
al, 2012; Zong et al., 2012) specified the impact of missing data on usual
network’s properties such as the degree distribution, nodes centrality, clustering
coefficientand so on. While some otherstudies (Cai, Wang, Cui, & Stanley, 2018;
Sharma et al., 2016) are presenting models that can retrieve complete networks
from the incomplete networks. To evaluate the predicting models, they compared
the retrieved network with the actualground truth network.

Missing Data on Diffusion Network

Studies on this topic can be categorized into two groups: inferring
incomplete diffusion network with infrastructure network, and inferring diffusion
network without infrastructure network.

Incomplete Diffusion Network with Infrastructure Network

Studies in this category are based on infrastructure networks. In these
works, accessibility of initial infected nodes (seed) and time of infection are
considered, and communications between infected nodes (e.g., in the diffusion
information process, the node that information received to it, called an infected
node) are not known. In other words, in these studies, the path of diffusion and
infected edges (e.g., in the diffusion information process, a connection between
two nodes that information transmitted through it, called infected edge) are
unknown, thus the goal of these works is about estimating these paths by using
available data (Duong, Wellman, & Singh, 2011; Eyal, Rosenfeld, Sina, & Kraus,
2014; Gjoka, Kurant, Butts, & Markopoulou, 2010; Kim & Leskovec, 2011,
Maeno, 2007; Sina, Rosenfeld, & Kraus, 2015; Zhao, Wang, Lui, Towsley, &
Guan, 2019).
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Diffusion Network without Infrastructure Network

Some of these works tried to retrieve the diffusion network without the
knowledge of the infrastructure network, only by using the information about
diffusion network, such as infected nodes and their transmission time. In these
studies, attention has been paid to the difficulty of collecting network data.
Researchers in (Gomez-Rodriguez et al., 2012) are used random walk based
models for predicting diffusion cascadesand time of infection transmission. This
is known as the first study on the Inference diffusion network without using the
data of the infrastructure network. The basic assumption is that allnetwork nodes
and theirinfection time are available. In this study, the network has been retrieved
only by accessing nodes information and cascades that have been spread on the
diffusion network. In Eslami et al. (2011), the DNE model is presented; this
model, without infrastructure network and only with information of infected
nodesand time of infection of each node the diffusion network was retrieved.

Another category of studies related to this area is about diffusion
maximization. In these studies, infrastructure data and diffusion data are
incomplete. This means that also the number of nodes in the diffusion network
and time of infected nodes is not available. In these studies, have attempted to
provide models forthe estimated properties of the diffusion network. In (Sadikov,
Medina, Leskovec, & Garcia-Molina, 2011), the K_tree model and in (Belak,
Mashhadi, Sala, & Morrison, 2016) (SiICE) and (ReCE) which are based on the
assumption that network infrastructure dataisnot available,and the diffusion data
(number and infection time of nodes) is also incomplete, models are presented to
estimate complete diffusion network with properties of incomplete diffusion
network.

So far, missing data in diffusion on multiplex networks has not been
addressed except in (Sadikov et al., 2011), in which the authors proposed four
types of missing data that can occur as follows: (a) Missing random node: some
of the nodes are randomly removed from the infrastructure network; (b) missing
random edge: some of the edges are randomly removed from the infrastructure
network; (c) missing low degree nodes: low degree nodes are removed from the
infrastructure network; and (d) missing low betweenness centrality nodes: low
betweenness centrality nodes are removed from the infrastructure network.

To better understand the problem, let us first introduce the notions used
for multiplex networks and formally define the missing data problem in them
using a toy example. Figure 2 illustrates an example of missing nodes by random
in a multiplex network and its impact on the average cascade length, seed, and
infected node in the diffusion network. Figure (2a) shows a multiplex network
with complete data, each node in each layer has a different level of
communications with other nodes. For example, node 1 in Layer 1 is associated
with nodes 2, 3, 5,and 7, and is connected with only nodes 2 and 5 in the Layer
2. Note this example is small, butin reality, social networks have a large number
of users, and missing data ratesand errors are much higher.
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Figure 2b shows the same network with missing node 5asin Fig. 2a,and
its communications are not available in both layers. Consider the process of
information diffusion on this network (Fig. 3). Figure3a and 3b show a particular
instance of diffusion in multiplex networks forcomplete (Fig. 2a)and incomplete
network (Fig. 2b). Figure 4a shows the diffusion network of the same networks
(Figs. 2 and 3) in the form of a tree. It can be observed, there is only one node as
a seed node and the numbers of infected nodesare 8. The average cascade length
is 2.66. Figure 4b, shows the diffusion tree due to the loss of node 5 in the
diffusion network. The diffusion process starts from node V1 at layer 1 (seed
node). The average cascade length is equalto 2.33.
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Fig. 2. Multiplex infrastructure network (a) complete network and (b) incomplete
network (data of node 5 is missed).
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Fig. 3. Diffusionnetwork of multiplex infrastructure networks (a) complete multiplex
diffusion network and (b) incomplete multiplex diffusion network (data of node 5 is
missing).
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Fig. 4. Diffusion tree of diffusion in multiplex networks a) complete diffusion tree
and b) incomplete diffusion tree (data of node 5 is missing).

Research Methodology

In this paper, by using the four different data removal strategies
(introduced in the previous section), evaluate the impact of missing data on eight
properties of diffusion networks: (a) the number of infected nodes in the first layer
2, (b) the numberof infected nodes in the second layer 3, (c) the total numberof
infected nodes in the multiplex network, (d) the number of infected edges between
the layers, (e) the numberof infected edges in first layer, (f)the number of infected
edges in second layer, (g) the numberof non-leaf nodes, and (h) the length of the
diffusion network 9. The numberof seed nodes of diffusion.

Figure 5 provides an overview of our methodology to understand the
effect of missing data on the diffusion process in a multiplex network. In the first
step, synthetic and real networks are considered as an infrastructure network. In
step 2, an Independent Cascade Model (ICM) (Goldenberg, Libai, & Muller,
2001) is used to simulate the diffusion process on multiplex networks. In step 3,
information about the number of infected nodes, infected edges, seed nodes, and
diffusion lengths are extracted from the complete diffusion network. In step 4, one
atatime, we apply one of the fourmissing data strategies, those are random node
missing, random edge missing, low degree nodes missing, and low betweenness
centrality missing, to multiplex infrastructure network. In step 5, the same
properties that were extracted in step 3 from the complete diffusion network are
extracted from the incomplete diffusion network at this step. In step 6, by
comparing the extracted properties of a complete and incomplete diffusion
network, the impact of each missing data on the multiplex diffusion network is
measured. Instep 7, by using accessible properties of the incomplete network, the
required properties of MLC-tree model are extracted. In step 8, we generate an
estimated multiplex cascade tree by using MLC-tree modeland in the finalstage,
we compare the properties of the estimated multiplex cascade tree with the
complete one.

Proposed Model

The goal of the proposed MLC-tree (multiplex cascade tree) model is to
find a complete multiplex cascade tree, which has a set of properties equalto the
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properties of a complete diffusion network. For example, numberof nodes in each
layer, numberof edges in each layer, and the depth of diffusion. However, we do
not have access to a complete diffusion network, we only have access to an
incomplete diffusion network. Thus, we can only compute the properties of the
incomplete network. Note that properties of incomplete diffusion network can be
very different from the properties of a complete diffusion network. Figure 6 shows
our approach. To estimate the properties of the complete diffusion network, we
first propose a complete multiplex cascade tree. The box labeled “Estimated
multiplex cascade tree from MLC-tree Model” represents a parameterized family
multiplex parameter. Multiplex cascade tree sampled from complete multiplex
cascade tree is also shown in the box labeled “Incomplete Estimated multiplex
cascade tree from MLC-tree Model”. We can compute properties of incomplete
multiplex cascade tree as well as properties of sampled complete multiplex
cascade tree.
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Our strategy is next to find a sampled multiplex cascade tree with
properties similar to the properties of an incomplete diffusion network. For
example, we can find a complete multiplex cascade tree (its parameters) by
finding a sampled multiplex cascade tree, with the expected number of nodes in
each layer equal to the number of nodes in each layer in incomplete diffusion
network. Once we find such a complete multiplex cascade tree, we can
approximate the properties of a complete diffusion network by the properties of a
complete multiplex cascade tree.

Diffusion from L2t L1 Diffusion fromL1to L2 Duffusioninl2 DiffusininL] NodemL2 NodeimnlLl

Fig. 7. Multiplex cascade tree, L1 and L2 Respectively are Layer 1 and Layer 2.

MLC-tree is a mathematicalanalytic model. The basic assumption is that
the diffusion network has finite depth and an infected node. To generate a
multiplex cascade tree, some essential parametersare needed thatare described in
Table 1, multiplex cascade tree with height, and a balanced branch factor will be
created. To createa multiplex cascade tree, it is assumed that each infected node
will only be infected through some other node, and once infected, a node will
remain infected during the whole diffusion process, so thatin the creation of the
model, the value of parameter k=1. With k=1, a balanced multiplex cascade tree
will be created.

In the next step, nodeswho have received information, share information
with their neighbors. Multiplex cascade tree created by MLC-tree can well model
this fact. At first, diffusion will begin with the seed node, and in the next step
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number of infected nodes will increase, and after several steps, the process of
information diffusion stops.

Table 1. Table of symbols.

Symbol Definition

n, numberof nodesin first layer of complete multiplex
cascadetree

n, numberof nodesin second layer of complete
multiplex cascade tree

my numberof nodesin first layer of incomplete
multiplex network

m, numberof nodesin second layer of incomplete

multiplex network

b, numberof edges between layer

b, numberof intralayeredges

p probability of observing a node in multiplex cascade tree
h height of multiplex network

k number of infected nodes’ parent

When a multiplex cascade tree missing some of its information, the
incomplete multiplex network can be generated, in which we can introduce
properties of this new network by using Main Tree information. For example, the
parameter p is the probability of observing a node in the incomplete multiplex
cascade tree. We introduce other properties in Table 2.

Theorem 1. X;, The number of infected nodes in the first layer: the
numberof infected nodes in the first layer of anincomplete multiplex cascade tree
is obtained from Eq. 1.

p (Wb +b)*) -1 ((b,—b)"1) -1
= = +
< (b, — b)) +1 (b, — b)) -1 )

L2 (1)

Proof. The number of nodes in the first layer in a complete multiplex

. . . . bi+by)'+ (b —b1)"
cascade tree (n,) is obtained. by geometric series n, = ?=1%,

number of nodes in the first layer of incomplete multiplex cascade tree is m; =
pn, which is equal to the mathematical expectation of binary random variable

with parameters (n,, p), given asEq. 2.
p (Wb +b)*)—1 ((b,— b)) -1
1 = — -+
2\ (b,—b)+1 (b, — b)) -1
Theorem 2. X,, The number of infected nodes in the second layer: the

numberof infected nodes in the second layerof incomplete multiplex cascade tree
is obtained from Eq. 3.

@)
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. (b, + b)) =1 (b, —b)"") -1
2= 5( (b, — b))+ 1 (b, — b)) -1
Proof. The numberof nodesin the second Iayeg}in ba qorg pI%tezmuItipIex
cascade tree is obtained. by geometric series n, = ?zlw, number
of nodes in second layer of an incomplete multiplex cascade tree is m, = pn,
which is equal to the mathematical expectation of binary random variable with
parameters (n,, p), given as Eq. 4.

_p (b +b)") -1 (b, — b)) -1
m = ¢ (b,—b)+1  (b,—b)—1

Theorem 3. X5, The number of infected edges in the first layer: In each
regular multiplex cascadetree, if k = 1, the totalnumberof edges is exactly equal
to (n, +n, + 1), which means that each non-root node has one incoming edge.
In the diffusion process, each node in each layer will receive infection from one
node. Thus, the numberof edges in the first layer of the incomplete tree is obtained
from Eq. 5.

p?b, ((by +b)") -1 (b, —b)") -1
3= +
2 (b,—b)+1 (b,—b;)—1

Proof. If z; represents a random variable, the number of nodesat level i
in the first layer of the multiplex cascade tree and w; representsa random variable,
the number of parent nodes at level i in the first layer. The random variables
(z; and w;) need to be independent. The number of edges in the first layer is
obtained from the series X'_, z;w; because the mathematical expectation is a
linear series (Eq. 6).

izi.wi] = iE[zi.Wi] = i Elz] E[w;] (6)

i=1

3)

4)

()

E

Since z; is a binary random variable with two parameters (p, b) andw;
is also a binary random variable with (min(i, k = 1) ,p) parameters. As a result,
the numberof edges in the first layer is obtained from Eq. 7.

n h
Zziwi] = szbizmin(i.k) =
i=1 i=1

p?b, (b, +b, ) -1 (b, —b)M) -1 ™)
2 “(,—b)+1  (,—b)-1

Theorem 4. X,, The number of infected edges in the second layer: the
number of infected edges in the second layer of a complete multiplex cascade tree
is obtained from Eq. 8.

E
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_ p*b, (b +b,)") -1 ((b, —b)") -1
T2 Y (by—b)+1 (b,— b)) -1
Proof. Similar to the proof of X;, with the difference thattherole of the
layer must be considered differently .In the proof of X;,the numberof nodesand
parentin each level and layeri was considered for obtainingthe numberof edges
in the first layer. But here, to prove Eq. 8, the numberof nodesand parent in each
level i in second layer must be considered.
Theorem 5. X5, The number of infected edges of between layer and
numberof edges between layer in multiplex cascade tree obtained from Eqg. 9.

p?b; ((by +b,)") —1
2 2 (,-b)+1

Proof. At level i, the numberof edges in multiplex cascade tree is equal
to (b, + b,)". If z; represents the random variable, the number of nodes in
multiplex cascade tree at leveli — 1. Number of edges between layers at level i
ish, (b, + b,)""*andw; represents the random variable number of edges between
layers at leveli. Number of edges between layers in multiplex cascade tree is
obtained from the seriesX!_, z;. w;. The mathematical expectation series is linear,
so Elz]Elw,]1= E[XL, zw,].z is a random variable with two parameters
(b, + b,)"™* p) and w; is a random variable with two parameters (b,,p).
Number of edges between layers obtained from Eq. 10.

h

i=1

®)

X = (9)

_p?b, ((by +b,)") -1

E =
2 (by,—b))+1

(10)

Theorem 6. X,, The out-degree of non-leaf nodes: out-degree of non-
leaf nodes in multiplex cascadetreeis obtained from Eq. 11.
X;+X, + X
(X, +X,) - (X))

Out-degree of non-leaf nodes is obtained from independent properties
X, X,, ..., Xs, that in this case where k is assumed to equal one, the value (b, +
b,) is independent of k. Value (b, + b,) can only be calculated using this property
and makes it easier to compute other properties. Out-degree of non-leaf node in
multiplex cascade tree with =1, obtained from Eq. 12.

_ p(by+by)
CT1-@-p)nth

X, (11)

12)

Proof. Ifit is assumed that properties X, , X, ..., X5 are independent, the
output-degree of non-leaf nodes obtained from Eq. 11. X, Indicates the number
of leaf nodes, leaf node canbe in the first or second layer.
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Theorem 7. X,, The average nodes degree: average nodes degree in
multiplex cascade tree is obtained from:

number total edges

averagedegreenode = =
g g number total nodes

number ofedges in first layer + number of edges in second layer +
number of edges in between layer

number of nodes in first layer + number of nodes in second layer

With assuming X;, X, ..., X is independent, it can be approximated to
the average node degree (the average degree node is equalto the numberof nodes
infected by each node). In a multiplex cascade tree, if assume h > k,theaverage
degree nodesare equalto pk.

Proof. The average degree nodes in a multiplex cascade tree can be
obtained from an approximation (Eq. 13),assumingthe number of totaledges and
total number of nodes are independent. The properties of the formulae are
summarized in Table 2.

X; + X, + X

=pif h >k 13
= ey (13)

Estimating the MLC-tree Model’s Parameters

If the available data on the diffusion network is incomplete. The first
goalis to find the parameters of an incomplete tree based on its properties. If the
properties of the incomplete diffusion network are equal to the incomplete
multiplex cascade tree, it can be concluded that properties of the complete
diffusion network and properties of the complete multiplex cascade tree are equal.
The parameters are estimated in two steps. In the first step, the value of the
parameter p is calculated, and in the next step, parameters b,, b, and h are
obtained.

The first step is to calculate the parameterp: only the Eq. 7 can be used
to compute the value of this parameter. When k=1, then the average node degree
is equalto the probability of observing the node in the multiplex cascade tree.

The second step is to compute parametersh,, b, and h: By putting
parameterp in the properties ofX, — X, four equations (Eqs. 1-4) with three
variables b,, b, and h are created. Since equations are nonlinear, the system of
equations cannot be solved directly. Therefore, to find the parameters, the least
squares error method is used to solve each of the equations (Egs. 1-4).
Specifically, if X'is the value of each property obtained from the incomplete
diffusion network and X',,,is the same as the estimated values of the model, the
squared error is equal to(X" — X', ).
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Fig. 9. Estimation of parameters of the MLC-tree model, re-sampling to find the
parameters with greater precision.

Figure 8 shows the amount of a property in the diffusion network with
various missing values and two alternative MLC-tree models to the observed
diffusion network. The X-axis shows the missing value and Y-axis shows
property value. The red curve shows the value X', (c)of some property X, for
example, the number of nodes in layer 1 in incomplete diffusion and black and
blue (gray) line show the same property in two estimated incomplete multiplex
cascade trees. If at a point such as g, which indicates missing rate, an estimated
incomplete diffusion tree I'l(p, by, h, b,)is selected as a multiplex cascade tree
that has the same parameters as incomplete diffusion network. But this curve at
point 1, which indicates a complete diffusion network, hasa high error rate. If the
curve I'2(p, by, h, b,),in general gives a closer approximation to the property of
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the diffusion network. To obtain the extraction parameters with a higher accuracy,
so that complete multiplex cascade tree with same properties as properties of
complete diffusion network is created, the re-sampling method is used.

Figure 9 shows process of re-sampling and parameters estimation. At
first, ten incomplete diffusion networks are sampled at intervals of [0, 1], then in
each of the ten incomplete diffusion networks from the sampling, each of
properties is calculated and the average measured for each parameter obtained.
For each obtained sample, generate an error equation, with the squared error
between the mean valuescalculatedand considered as the values of parameters of
the model estimation MLC-tree. Then, apply the least squares method to find
parameters b,, b, and h, thatminimizes the sum of the errors.

In the compare stage, to evaluate the impact of four random and non-
random missing data on nine defined properties in MLC-tree, different
percentages of missing are considered, o is a missing percentage which their
valuesare 0.1,0.2, ... ,0.9.

Independent Cascade Model (ICM)

The independent cascade model (ICM) (Goldenberg et al., 2001) is
presented for simulating the information diffusion process in social networks. In
this model, nodes of the network are divided into active and passive categories,
the diffusion process starts with a set of active nodes. At each step, if node u at
time T is activated then at time T+1 it has only one chance of activating its
neighbor's passive nodes like v. Activating node u by node v considered with
probability p(u,v). But if node u can'tactive node v in time T+1, in the nextstep,
then node u never hasthe chanceto activate the nodev.

In this work, in our ICM version, seed nodes are selected randomly and
are in equalproportions in both layers. For the results to be reliable the diffusion
model hasbeen applied 40 times and every time on a new synthetic network and
real network, and the average results are considered. The parameters considered
for simulation of the independent cascade modelare presented in Table 2.

METHOD
Datasets

We used two types of synthetic and real infrastructure networks to
simulate the diffusion process. A multiplex network is considered with two layers
in the simulations.

For the synthetic dataset thatwe used to evaluate our model, we use two-
layered, three multiplex networks namely (a) Barabasi Albert - Barabasi Albert
(BA-BA), (b) ErdosRenyi - ErdosRenyi (ER-ER) and (c) ErdosRenyi-Barabasi
Albert (ER-BA). Information of these networksis provided in Tables 2-5.

For the real dataset, we used the Twitter-Instagram dataset presented in Solé-
Ribalta, De Domenico, Gémez, and Arenas (2014) for our analysis. This dataset
contains two layers of direct networks. The multiplex network of data ag-
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gregation comes from two online social networks, Twitter and Instagram. The
numberof users (nodes) of this network is 13297 per layer. To build the network,
users who had more than 21 followers on the Twitter network and 10 followers
on the Instagram network have been collected. Users in the first layer (Instagram
network) had fewer connections than Twitter. The real network information is
shown in Table 6.

Table 2. The Parameters of the IDM used to simulate the diffusion process in four
multiple networksin which L1 and L2 respectively are firstlayer and second layer.

Multiplex network BA-BA ER-ER ER-BA Tw-INS
Totalinfected nodes 8570 9370 9060 19070
Infected nodesin L1 4220 4610 4320 10950
Infected nodesin L2 4350 4760 4320 8120
Repeat diffusion 40 40 40 40
Probability of transition in L2 0.2 0.2 0.2 0.2
Probability of between layer 0.1 0.1 0.1 0.1
transition

Note: BA-BA: Barabasi Albert-Barabasi Albert, ER-ER: ErdosRenyi-ErdosRenyj,
ER-BA: ErdosRenyi-Barabasi Albert, TW-INS: Twitter-Instagram.

Table 3. Information for the Directed Barabasi Albert - Barabasi Albert (BA-BA)
Multiplex Network.

BA-BA network Simulation Component # Nodes # Edges
First layer (BA) my,=6,m=7 5000 69640
Second layer (BA) my=7,m=28 5000 79520
Multiplex network Connected layers 5000 149160

Table 4. Information forthe Directed ErdosRenyi - ErdosRenyi (ER-ER) Multiplex
Network.

ER-ER network Simulation Component # Nodes # Edges
First layer (ER) p = 0.005 5000 125250
Second layer (ER) p = 0.0055 5000 24740

Multiplex network Connected layers 5000 399690
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Table 5. Information for the Directed ErdosRenyi—BarabasiAlbert (ER-BA)
Multiplex Network.

ER-BA Network Simulation Component # Nodes # Edges
First layer (ER) p = 0.005 5000 27340
Second layer (BA) my=7,m=8 5000 69650
Multiplex network Connected layers 5000 343110

Table 6. Information for the Directed Online Social Network (Instagram and
Twitter) Multiplex Network.

Online social network # nodes # edges
Instagram 13297 52668
Twitter 13297 254388
Multiplex network 26594 307056

MLC-tree Model’s Evaluation

One of the assumptionsof the MLC-tree model is that missing data has
anidentical effecton error in the estimated multiplex diffusion tree of the MLC-
tree model and complete diffusion network. This hypothesis is valid for the
function evaluation and correctness of the proposed MLC-tree model. Moreover,
it explains that the estimated multiplex diffusion tree of the MLC-tree model is a
true model for the estimation of complete diffusion network features.

To evaluate the correctness of the MLC-tree model, the properties of
incomplete multiplex cascade tree are compared with properties of observed
diffusion network to determine whether the model has been able to estimates
correctly properties of observed diffusion network based on the incomplete
diffusion network. As shown in Fig. 10, to evaluate the accuracy of the proposed
model (MLC-tree), four properties, namely, (a) infected nodes in the first layer,
(b) infected nodes in the second layer, (c) infected edges in the first layer, (d)
infected edges in the second layer in multiplex cascade tree of MLC-tree model,
in random percentages node missing (o = 0.1, 0.2, ..., 0.9) is compared with
observed diffusion network atthe same percentage of missing data. The first row
is related to ErdosRenyi - ErdosRenyi multiplex network and second row is based
on the real multiplex network. The multiplex cascade tree created by the MLC-
tree model in different random missing nodes has very close properties with
observed diffusion network properties atthe same amount of missing data.
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Diffusion Network’s Properties Estimation

To evaluate error reduction in properties of diffusion network due to
missing data, in an estimated tree, 8 properties are extracted and compared with
properties of observed diffusion network. As stated, eight properties are: (a)
number of infected nodes in the first layer, (b) number of infected nodes in the
second layer, (c) total number of infected nodes in the multiplex network, (d)
numberof infected edges between Layer, (€) numberof infected edges in the first
layer, (f) number of infected edges in the second layer, (g) number of non-leaf
nodes, (h) diffusion network depth. The performance of the MLC-tree model is
measured by examining error rate reduction properties of the observed diffusion
network. To evaluate the relative error, the relative error of the proposed MLC-
tree model is obtained from the relation é = | %| was used where x is the

value of the property in its observed diffusion network and x,, is estimated value
of the same property in the MLC-tree model.
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Fig. 10.Four properties of the estimated multiplex cascade tree are compared with
same properties of observed diffusion network.

RESULTS

In this section, we provide the impact of four missing data strategies in
an infrastructure network on nine properties of the diffusion network. Result
access from an average of 40 multiplex networksand diffusion simulated. Figures
10 to 19 show the results of our analysis, that in each of them the X-axis shows
the missing data percentage () and the Y-axisshowsthe relative error percentage.
In all group results, the two-layer infrastructure networks are considered as
multiplex networks, so thatin any of them, the results in the first row are for
BarabasiAlbert-BarabasiAlbert (BA-BA) asa synthetic network and the second
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row forthe real multiplex network Instagram-Twitter. Also, we got our results for
two more synthetic multiplex networks ErdosReyni-ErdosReyni (ER-ER) and
ErdosReyni-BarabasiAlbert (ER-BA); those were similar to BA-BA results so we
ignore them to prevent unnecessary information. The missing random edges’ only
effectson the number of diffusion edges in the first and second layers, the length
of the diffusion network, and the number of seed nodes.

Results indicated that,in general, all the missing data strategies have an
almost linear relative error on properties of diffusion network, except for the two
properties of diffusion length and number of seed nodes. Among the missing data
strategies, missing low betweenness centrality nodes hasa little more impact than
other missing strategies, except for the number of seed nodes. Figure 19 shows
that missing low betweenness centrality nodes hashad less impact on the number
of seed nodes than the other missing strategies. This means that when diffusion
arrives at high betweenness centrality nodes, these nodes transmit diffusion to
more adjacent nodes. Inversely, low betweenness centrality nodes transmit
diffusion to fewer adjacent nodes, so if the information of high betweenness
centrality nodesexists, the diffusion process does not split into several diffusions,
and there are fewer mistakesto identify seed nodes. It can be concluded that high
betweenness centrality nodes have more impact on the diffusion process.
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Fig. 11. Impactofthe missing number of infected nodes in the first layers.

The impact of missing data on the number of infected nodes in the first layers and
estimation of MLC-tree model is shown in Fig. 11. For missing both the random
low degree nodes and the low betweenness centrality nodes, the relative error is
approximately linear in relation to the percentage of infected nodes in the first
layer. On these properties of diffusion network, the missing random node is more
effective than missing low degree nodesand missing low betweenness centrality
nodes, the missing of low degree nodes also has the least effect on this property
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than the missing random node and missing low betweenness centrality nodes. In
real data, the missing low centrality nodesare most effective and the missing low
degree nodes have the least effect on the number of infected nodes in the first
layers. With relative error obtained from the MLC-tree model, it is determined
thatmodelata high missing rate hasbeen able to reduce about 70% of the relative
error in the numberof nodes infected in the first layer.
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Fig. 12. Impactof the missing number of infected nodesin second layers.
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Fig. 13. Impact of the missing total number of infected nodes in the multiplex
network.

The impact of missing data on the number of infectednodes in the second
layers and estimation of MLC-tree model is shown in Fig. 12. It is clear thatthe
missing data have almost linear effects on the number of infected nodes in the
second layer. For example, in all three missing strategies, the BA-BA network for
different percentages of the missing have the relative error equalto the percentage
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of the missing. Regarding relative error obtained from the MLC-tree model, the
modelhasbeen able to reduce error in the number of infected nodesin the second
layerby a significant percentage. It should be noted thatat 10% or 20% of missing
data, the model has a relative error close to the relative error in the incomplete
diffusion network.

The impact of missing data on the total numberof infected nodes in the
multiplex network and estimation of the MLC-tree modelis shown in Fig. 13.The
totalnumber of infected nodes is the sum of the number of infected nodes in the
first and second layers: Figure 13 illustrates that the errors in the number of
infected nodes in multiplex networks cause the relative error of a random node
missing is greater than the relative error of another missing factorforthis property.
The model also reduces relative error about 70% at high missing rates.

B M I T (1T e

B 3 5
S an g H -\.\-\‘ .
% E o e
B B % .

20 : i I
oo i i ==
i i _ ] Li Ll 111111,
Cizasrsad Otamrved
Dbt Berwsanness . Deiers Dapres
B Bas| m 1 - =" =
o = - Ll
% B Eil N
i £on : -
£ 227 S -
Eo Eor 53 e e
i £l i
& & [ N N N N N N N
Fig. 14. Impactof the missing number of infected edges between layers.

The impact of missing data on the number of infected between layer
edges and estimation of MLC-tree model is shown in Fig. 14. All missing data
(random node, lowdegree node, low betweenness node) have almost linear effects
on the number of diffusion edges between layers. Although the relative error of
the modelis less than the relative error of the incomplete diffusion network, the
model hasbeen able to reduce the relative error rate. However, the relative error
of the model for the number of infected edges between layers is higher than the
relative error of infected edges in first and second layers, especially in missing
random nodes. This meansthat model has a better estimate of the number of
infected edges in first and second layers than the number of infected edges
between layers.

The impact of missing data on the number of infected edges in first layer
and estimation of MLC-tree model is shown in Fig. 15. Missing random edges of
the infrastructure network in different percentages is a relatively linear relation-
ship with therelative error of first layer edge missing, missing random edge is an
exactly linear relation to relative error from the number of missing edges in the
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first layer in diffusion network. The MLC-tree model significantly reduces the
relative error of missing random edge. At a high percentage missing, the model
hasreduced up to 90 percent relative error.
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The impact of missing data on the number of infected edges in the second
layer and estimation of MLC-tree model is shown in Fig. 16. The relative error of
missing edges in the second layer is close to the relative error of missing edges in
the first layer. The MLC-tree model also reduces relative error by approximately
same relative error of missing edges in the first layer.
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Fig. 18. Impactof 4 missing data on the cascade's length.

The impact of missing data on the number of non-leaf nodes and
estimation of MLC-tree model is shown in Fig. 17. A node is a leaf if it has no
children; this means that diffusion does not continue when reaches these nodes.
In some applications, such as detecting node influence in the diffusion process,
leaf nodes are not as important,and non-leaf nodes are more importantto detect
influencers in the diffusion process. Measuring missing non-leaf nodes can be
usefulin correcting the results of studies of this kind. Figure 17 shows that missing
random nodes have the highestrelative error and missing low centrality nodes has
the least relative error for missing non-leaf nodes. The MLC-tree model reduces
relative error in high missing up to 70%, and at low percentage missing, relative
error is close to or greater than incomplete diffusion network.

The impact of missing data on the length of a diffusion network and
estimation of MLC-tree model is shown in Fig. 18. Diffusion length is a factorin
determining influence rate (Solé-Ribalta et al., 2014) and spreading content as
well as the effect of seed nodesin the diffusion network. Figure 18 illustrates the
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effect of missing data on the length of diffusion. According to the results of
relative errors, ata high rate of missing data,the length of the diffusion network
hasa high error rate. This meansthat missingdata causesthe cascades of diffusion
to be broken and by the mistake, the number of cascadesis considered to be more
than actual, there were fewer cascades in the diffusion network. Short diffusion
length can be interpreted as having spread in small and scattered societies. The
high relative error in this property in anincomplete diffusion network involves a
lot of doubts about the results of an analysis on spreading content (information)
and influencerin the diffusion network. Figure 18 shows thatthe MLC-tree model
significantly reduces the relative error of diffusion length in all missing data. In
missing 10% or 20% data, the MLC-tree model relative error is close to a relative
error in incomplete diffusion network.
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Fig. 19. Impactof the missing number of seed nodes on diffusion.

The impact of missing data onthe numberof seed nodes and estimation
of MLC-tree model is shown in Fig. 19. The number of seed nodes has been
shown in different missing strategies. In all missing, the number of seed nodes in
an incomplete diffusion network was severaltimes higher than the number of seed
nodesin the complete diffusion network. Missing nodes or edges in the diffusion
network causes cascade broken into several cascades, which to cause interface
nodes, which only play a part in diffusion, as seed nodes. In (Jankowski,
Michalski, & Kazienko, 2013), it has tried to detect effective nodes that start
diffusion, with a history of nodes in the diffusion. If the diffusion network is
associated with missing data, nodesare considered to be incorrectly seeds thatare
interface nodes. Insuch studies, a node may be considered as a seed node, which
has no effect on the start of diffusion, or node that initiated diffusion and has a
significant impact on spreading was considered to be a mistake as a weak seed
node. In a low percentage of missing, due to the existence of most nodes in the
diffusion network, aswell asin high percentage of missing, due to the low number
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of diffusion nodes that have existed, the number of observed seed nodes has less
error. In missing 30-60%, the diffusion network is beaked to several small-scale
networks, and thusthe numberof seed nodesis higher.

DISCUSSION

One of the criteria in studying the diffusion process is the path and length
of the diffusion cascade. The model shows that diffusion cascades can actually
be deeper and wider. For example, in diffusion innovation, understanding how
many people have been activated in a campaign and through whom, can help
campaign managersand marketing companies make better decisions. The MLC-
tree model can also help-managers and market analysts to have a more accurate
understandingof the scope of the campaign in the community andto allocate their
resources more efficiently.

Another important factor in studying network behavior is obtaining
important network points for the diffusion process. For example, in digital
marketing, identifying influential people on the network and targeting them to
start promotinga product leadsto a wider promotion of that product. Missing data
can also cause the over presence of diffusion cascades than reality, thus causing
an error in identification of correct number of influential people. The MLC-tree
model helps digital marketing executives select fewer and more suitable people
to startan advertising campaign on different networks.

Conclusion

In this paper, we studied the effect of four types of missing data on the
diffusion process in multiplex networks. Results indicate that missing data has the
highest impact on diffusion length and seed nodes. By analyzingresults, it became
clear that missing data cause changing to diffusion network into several smaller
diffusion networks, and each smaller diffusion network hasdiffusion length less
than the diffusion length of the complete diffusion network. Results show that
number of seed nodes in an incomplete diffusion network is far more than in a
complete diffusion network. Error at diffusion length in an incomplete diffusion
network causes it difficult to identify effective nodes of the diffusion process.
Also, the numberof seed nodesin an incomplete diffusion network is greater than
in a complete diffusion network thatleads to a mistake in identifying diffusion's
seeds. It may be considered that node in diffusion process has a role of
intermediate in transmission of diffusion asone of the important nodes of initiator
in diffusion, or the inverse seed node in diffusion process due to missing data of
its transmission path asa primitive start node. The analyticalmodelof MLC-tree
is presented to obtain some important properties of the diffusion process in the
multiplex network. The MLC-tree modeluses 7 properties of incomplete diffusion
network and extracts three parameters required by it, creating a multiplex
diffusion tree that has the same properties as a complete diffusion network. The
proposed model can accurately estimate properties of the complete diffusion
network even when 90% of the data is missing. Results show that MLC-tree
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modelis an effective modelto reduce the errorin important properties of diffusion
in multiplex network. The model is also used to estimate the properties of the
complete diffusion network without network infrastructure data.

Future Work

In this study, the multiplex network is considered static structure, but at
reality in multiplex networks, nodes create new connectionsor interrupt their old
connections. So it's better to consider the dynamic multiplex network. Also, if the
infection time of nodes is available, the edges and branches in the diffusion
network can be accurately determined.
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