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Leader—Follower Network Aggregative Game With Stochastic Agents’
Communication and Activeness

Mohammad Shokri

Abstract—This article presents a leader—follower scheme for
network aggregative games. The followers and leader are selfish
cost minimizing agents. The cost function of each follower is af-
fected by its own strategy, the strategy of leader and the aggregate
strategy of its neighbors through a communication graph. Also,
the leader’s cost function depends on its own strategy and the
aggregate strategy of all the followers. The leader infinitely often
wakes up, receives the aggregate strategy of the followers, updates
its decision value, and broadcasts it to all the followers. Then, the
followers apply the updated strategy of the leader into their cost
functions. The establishment of information exchange between
each neighboring pair of followers, and also, decision updating by
a follower at each iteration, that is to say the activeness of the
follower in that iteration, are both considered to be drawn from
two arbitrary distributions. Moreover, a distributed algorithm based
on subgradient method is proposed for updating the strategies of
leader and followers. The convergence of the proposed algorithm
to the unique Stackelberg equilibrium point of the game is proven
in both almost sure and mean square senses.

Index Terms—Distributed algorithm, leader—follower, network
aggregative game (NAG), stochastic network, subgradient method.

|. INTRODUCTION

Distributed optimization over networks has attracted widespread
attention of researchers in recent years [1]. As a typical framework,
each agent in a network aims to minimize a social or an individual
cost function while it communicates with some other agents through
the network. In case that each agent is modeled as a selfish player who
aims to minimize its own cost and also, the agent’s cost is affected
by decision variables of its neighbors through the network topology,
the problem can be studied as a noncooperative network game [2]. If
the effect of decision variables of rivals on the agent’s cost function
appears as an aggregative term (e.g., summation or weighted sum),
the network game is known as network aggregative game (NAG) [3].
Many applications can be studied via this framework including, power
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system [4], opinion dynamics [5], communication system [6], provision
of public goods [7], and criminal networks [8].

In some researches on NAGs, it is assumed that the cost function of
each agent is affected by the aggregate strategy of all network agents
(including neighbors and nonneighbors) [9]-[11]. In this case, the
coupling term among the agents is the same for all of them, and hence,
this scheme does not cover the situations that agents have different
interdependencies or limited communication capabilities. In another
type of NAGs (local NAG), the cost function of each agent is affected
only by its neighbors. In [12], a local NAG is studied for agents with
quadratic cost functions. Two distributed algorithms are proposed to
steer the strategies of players to the Nash equilibrium point, while at
each iteration, the agents communicate with their neighbors and update
their strategies based on the best response method. Furthermore, in [13],
a Nash seeking dynamics is utilized for agents with proximal quadratic
cost functions whose best responses are in the form of proximal oper-
ator. In [14], the cost function of the agents is considered in a general
form and a distributed algorithm has been developed in which, at each
iteration, each agent communicates with all its neighbors and updates
its strategy based on its best response function.

In the mentioned research on NAGs, all of the agents decide simul-
taneously, which leads to a single level Nash game. However, in many
applications, there is a high-level agent (leader), who aims to optimize
its own objective function that also depends on the strategies of other
agents at a lower level (followers). Several research have investigated
leader—follower games [15]—[17] and it has been extensively utilized in
many engineering fields such as wireless sensor networks [18], supply
chain management [19], and smart grid [20]. If the leader has complete
information about the followers’ cost functions, then the concept of
Stackelberg equilibrium (SE) can be applied directly [16]. However, if
the leader does not have a priori information about the cost function
of the followers, then the leader needs to learn its optimal strategy by
iterative methods. In [15], a leader-following problem is discussed in
which the cost function of the leader is independent of the followers’
strategies and only the followers respond to leaders’ strategy. In [17],
an iterative hierarchical mean-field game is studied including a leader
and a large number of followers. The leader first announces its decision
and then, followers respond by knowing the leader’s decision.

In this article, we propose a leader—follower NAG. The leader has a
different type of cost function from the followers which is affected by
the aggregated strategy of all the followers. Additionally, the leader has
a different type of communication and activeness from the followers.
It is considered that the leader infinitely often: wakes up, receives the
last aggregated strategy of followers, updates its strategy, broadcasts
it to all the followers, and then goes to sleep. In the lower level, the
followers receive the last decision value of the leader and play a NAG
until the next decision update of the leader. The cost function of each
follower is affected by aggregated strategies of its neighbors and also
the strategy of the leader. We also consider stochastic communication
and activeness of the agents in NAG. At each arbitrary iteration, based
on a stochastic binary distribution, each follower may become active
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to update its decision based on the projected subgradient method.
Besides, at each iteration, an agent may receive the decision value of
a neighboring agent based on another stochastic binary distribution.
The corresponding stochastic binary variables of the two mentioned
distributions can be dependent on each other, and further, there might
be some constraints on those variables. Finally, a distributed algorithm
is proposed in which the decision values of the leader and followers
converge to the unique SE point of the game.

To the best of our knowledge, compared to single-level NAGs
[12]-[14], this is the first article that proposes a leader—follower scheme
for NAGs. Further, this is the first article that presents a general
stochastic framework that simultaneously considers communication
and activeness of the agents in NAGs in which the Gossip-based
communication protocol [21] can be encountered as a special case of
the proposed framework. From other aspects, compared to aggregative
games that consider the average strategy of whole population as a com-
mon coupling term among the agents [9]-[11], in this article, the local
aggregative term is studied in which only neighbors of each follower, as
well as the leader, affect the follower’s cost function. Compared to the
literature of NAGs, those consider the local aggregative term, we have
studied a general strongly convex cost function instead of quadratic
one [12], [13]. In contrast with the papers, which have utilized the best
response dynamics as the agents’ decision update rule [12]-[14], we
have used the projected subgradient method for optimization to cope
with the limited computational capabilities of the agents. The main
contributions of this article can be summarized as follows.

1) We propose a leader—follower framework for NAG.

2) We study stochastic communication and activeness of the agents
in NAG.

3) A distributed algorithm based on projected subgradient method is
proposed and its convergence to the unique SE point of the game
is proven in both almost sure and mean square senses.

NOTATION AND PRELIMINARIES

N and R are the set of natural and real numbers, respectively.
| V| denotes the number of members of the set . Let AT and || A|
denote the transpose and the norm-2 of a vector/matrix A, respec-
tively. The column augmentation of vectors z,, forn =1,..., N is
defined as col(zy,...,zn) = [z],...,z5]". T, =[1,...,1]" and
0, = [1,...,1]7, where T,,0, € R™. The probability function and
expected value are denoted by P{.} and E{.}, respectively. Sup-
posing the function f(.): X — R, g(z') is called the subgradient
of f(.)ata' if Ve € X : f(2') + (x —2")Tg(x') < f(z). Also, the
projection operator of X is defined by ITy () = arg minyey ||y — z||2.
g(z) is strictly monotone if (g(x2,7) — g(z1,7)) " (22 — 21) > 0 for
Vi, Ts @ T # To.

Il. SYSTEM MODEL

Consider a set of follower agents N'={1,..., N} and a leader
involved in a noncooperative game. The followers are connected to
each other via a communication network represented by a directed
graph G(N, A), where A = [@pm]n,men 18 the adjacency matrix of G
such that a,,,, = 1 if there is a communication link from follower m
to n, and a,,,, = 0 otherwise (more details on communication network
of the followers is given in Section III-A). Each follower n € A/ has
its decision variable (i.e., strategy) z,, € X, where X,, C RM" is a
nonempty, compact, and convex set. Furthermore, y € ) is the strategy
of leader which is selected from a compact and convex set denoted by

Y c RM" The cost function of follower n depends on the aggregated
strategy of its neighbors whose set is denoted by A/, and also the
strategy of the leader. Therefore, the cost function of follower n is
defined as follows:

Jf(xnao'n(xfn)7y) (xp € Xy (1)

where 0, (T _n) =3, c,, WnmTms Ton = COL(T1, ..., Ty 1, Tny1
yeo o, &N ), and wy,,, is information weight of follower n from strategy
of follower m. The weights satisfy zmem{n} Whm = 1, Wpym > 0if
Apm = 1, and Wy, = 01if a,., = 0. Hence, we can define the weight
matrix of the graph G by W = [Wym|n,men- The cost function of the
leader is defined as

I (y,00(an)) iy €Y ?)

where og(zx) = D cn WonTn, Ta = col(z1,...,xy), W, de-
notes the weight of communication link between follower n and
the leader. we have ), . wo, =1, and wp, > 0. We let Wy =
col(wo1, ..., wy n) denotes the leader weight vector.

Accordingly, the noncooperative game among the followers and
leader is defined as follows:

Players: followers N and the leader
Follower n: z,, € X,
Leader: ye)y 3)

Cost: Follower n: JE (2, 00 (2-0),y)
" | Leader: JE(y, 00(zN))-

In this article, we define d,, (2, o (z-1), y) and do (y, 27) asasubgra-
dient of J' (2,,, 0, (2_,),y)) with respect to x,,, and J = (y, o (z))
with respect to y, respectively.

Assumption 1: JE (2,,,0,(x_5),y) and JE(y,00(x)) are sub-
differentiable and strongly convex over &, and ) with respect to
z,, and vy, respectively, i.e., there exist C,, and C for Vn € N such
that

G— Strategies: {

(dn(2n,0,y) = du(2),,0,9)) (20 — 7)) = Cullzn — /[
(do(y, o) = do(y', o))" (y — ') = Colly — y/'I*. @
Also, there exist Lipschitz constants L and Lo such thatVn € N, Vz,, €
X,y € V,Vo1,02 € {0y (v-n)|T—p € [],,2, Xm}, we have
|dn(Tn,01,y1) — dn(Tn, 02, y2)|| < L||or — o2
+ Llly1 — yol|
|ldo(y, 01) — do(y,02)|| < Lollor — 02| ®

where d,, (2,0, (x_y),y) and do(y, 0, (z_,)) are the subgradients
of JE and JL, respectively. O
The equilibrium point of the aforementioned leader—follower game
is defined as follows:
Definition 1: (x};,y*) is a SE point of the leader—follower game
among the followers and the leader if

W y) < JE (o (2t ,), y7)

vy eV J (Y oo(z)) < J5(y, o0(xy)) (©)

Ve, € X, : JE (z7, o(x"

Vn € N where 2* , = col(zf,...,x}, 1,25 1,..., o) and z} =
col(zy,...,zl). O

Equation (6) means that neither leader nor followers can improve
their cost by unilateral deviation from SE point.

Authorized licensed use limited to: Hamed Kebriaei. Downloaded on February 26,2023 at 20:08:29 UTC from IEEE Xplore. Restrictions apply.



5498

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 65, NO. 12, DECEMBER 2020

Ill. LEADER—FOLLOWER NETWORK GAME
A. Communication and Information Structure

1) Followers’ Communication and Activeness. We consider that
follower n receives information of its neighbor m € A, at iteration k
with probability p¥, .. Furthermore, the follower n is active at iteration
k to update its decision with probability ¢* . Let random binary variables
1%, and e} denote the establishment of communication from follower
n to m, and activeness of follower n at iteration k, respectively.
Clearly, Vk > 0 : lfhm = 0 for nonneighbor followers (a,,, = 0) and
ek is equal to 0 or 1 for inactive or active follower n at iteration ,
respectively. Therefore, the last information of follower n from follower
m denoted by jﬁfhm is updated as follows:

ity = (=1 i, 1k, )

Based on (7), the aggregated strategy of neighborhoods of follower

tarati : sk _ ~k =k _
n at iteration k is calculated as & = o, (%, _,,), where T3 | =
~k ~k ~k ~k
COl(mn,h HRRR xn,nfh ‘rn,n+17 e 7xn,N)'

Let’s consider £F = [I,,m]n.men and EF = col(e¥, ..., ek,) as the
connectivity matrix and the activity vector of the followers at iteration
k, respectively. The constraint set P represents the set from which £*
and E* are selected for all iterations Yk > 0. Further, H* denotes the
history set of stochastic variables £* and £F up to iteration k& which
is defined by HF Tt = HF U {(L*, %)} and H! = {(L°,£°)}. In this
article, the probabilities of £ and £ are considered to be possibly
dependent to H* and P as follows:

P{l},, = 1|F*} =k, . P{er = 1|F*} = ¢ (8)

where ¥ = H* N P. Clearly, F;, C F11 holds for Vk > 0. To il-
lustrate the dependency among stochastic variables, in what follows,
the well-known Gossip-based communication protocol [21] has been
studied as an example of the proposed communication framework.
Example 1 (Gossip-Based Communication): Suppose that the fol-
lowers communicate to each other through an undirected graph
G(N, A). In gossip-based communication, at most one pair of agents
wake up at each time slot. For instance, at kth time slot, the agent
n wakes up, and contacts with only one neighbor (say agent m).
They communicate with each other, update their strategies and then
both go to sleep. In this case, our communication framework imposes
the constraints P = {(LF,EF)| Y2, ek = 2,18 =ekek ekek <
Qpm, V1, m € N'}. The first constraint indicates that only two player
could be active in iteration k. [ = eFek implies that a link is
established when both of its sender and receiver are active. Further-
more, inequality constraint e e* < a,,,, prevents two nonneighbors

to become active. The probability of each link and each node are cal-

culated as pl.,,, = (g7 + i) and a5 = 5 (1+ Xoen, )

where NV, = {m|am, = 1}. O
Assumption 2: There existy > 0and d > 0 such that p,,,,, > 7y and
qn > 6 forVn € N,Vm € N,,. O

Note that p,,,,, = 0 for Vn € N',Vm ¢ N,,,.

2) Communication between leader and followers: It is assumed that
the leader does not exchange information with the followers at every
iterations. Instead, it is considered that the leader infinitely often wakes
up and receives aggregated strategy of the followers in an arbitrary de-
sired iteration set ' = {kF}2° . The leader also updates its decision
variable and broadcasts it to all the followers at the same iteration. It is
supposed that k% = 0.

Assumption 3: There is K < oo such that kb, — Kkl < K for
Vi € N. O

Fig. 1. Information scheme of leader—follower NAG between follow-
ers (F) and the leader (L). The filled and unfilled objects indicate the
active and inactive agents, respectively. The dashed lines indicate the
unestablished communication lines at an iteration.

The schematic of information flows among followers and between
followers and leader is shown in Fig. 1. Each information exchange
among followers could be established stochastically Vn, m € N.

B. Decision Making

In this article, the projected subgradient method is utilized for
decision making of each follower as follows:

oyt =Ty, (z) — erongh) )

where g¥ = d,,(z*,5%,y*) and oF is the step size of follower n at
iteration k. Clearly, % is updated only if the follower n is active at
iteration k, i.e., e = 1. Also, the leader updates its strategy at k € K
as follows:

yH =Ty (y" — aggg); Yk € K

Yt =k vk ¢ KF (10)
where gk = do(y*, ok) and of is the step size of the leader at iteration
k. Without loss of the generality, we set af T = af, Vk ¢ K. In this
article, the following assumptions are considered for the step sizes of
the players.

Assumption 4: o ,¥n € N'U {0} are nonincreasing, > 5, a* =
oo, and Y o (ak)? < . O

Assumption 5: There exists x such that @* < ko, where @* =
max(af, ..., ok, af)and of = min(af, ..., ok, ak). O

The optimization procedure for the leader—follower network game
is presented in Algorithm 1. Based on Algorithm 1, the leader makes
decision at iterations kX € JCT and waits in other iterations, while the
followers are making decision. In other words, the followers continue
their interactions and decision makings based on the last informed
decision of the leader for some iterations, until the next decision of
the leader is announced. The initial values of the parameters are chosen
from their feasible region.

IV. CONVERGENCE ANALYSIS

In this section, the convergence of Algorithm 1 to the unique SE point
of G is studied. Under Assumption 1, as a result of strong convexity
of the cost functions, there exists a SE point z* = (z},, y*) for G [22].
The convergence of Algorithm 1 is proven in Theorem 1.
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Algorithm 1 The Leader-Follower Network Game Algorithm.

Initialize x,,, y and Z,,, for Vn,m € A and k < 0
Iteration
Leader:
oo < oo(TN)
go < do(y,00)
y + Iy(y — afgo))
Repeat
Follower n € N
If ek =1:
Gn < 0n(Tn,—n)
Gn < dn(Tn, 0n, y)
Tn — y, (7, —aFg,)
update F,,, via (7) based on I¥
k+—k+1

Until k& € KE

Theorem 1: Consider Assumptions 1, 2, 3, 4, and 5. If the con-
stants C,, and Cj in (4) satisfy C), > %L and Cy > kKL Vn € N,
Algorithm 1 almost surly converges to the SE point of the leader—
follower game where I = max(2 L, Ly). O

Proof: Consider the notation Va¥ = z* — 7. Based on [23,
Proposition 1.5.8], z}, = Iy, (v}, — ekakd, (z},07%,y")) where
ol = on(x*,,). Since the projection operator Iy, (.) is nonexpansive
and eF < 1, we have

IV tH[? < [[Vay — epay (da(ay, 6%, y")
— dy (2}, 00,y |1P = || Va2
+ (hak)?(|dy (zh, 65, y*) — du (2l o,y
—2ehak (dy(2k, 65, y") — do (@), 00, y")) | Vak

< HVJ:ZW + 4Ai(alfl)2 —2ekakpl — 26’;&’;95

n-n-n

an

where UF = (d,, (zF, 0F y*) — d,. (2%, 0%, y*)) Vak, QF =(d,(xF,
GEy*) —dn (2, o y*)) Vak, and of = 0, (z",). Let consider
that ||z, — z2|| < B,, for Va1, z2 € X,,. According to Assumption 1,

we have

-n

—enay 27 < oy Ll|Gy — op ||| Vay]|

< LBnaj||oh — of|| < LBpaj Y wan||AZE, [l (12)
meNy,
Therefore, by putting (12) into (11), we have
IV P < [[Vay]]” + 447 (ay,)?
—2ekafWF + 2LBual Y wam||AT),, |- (13)

meN,

Suppose the notation Vy* = y* — y*. Considering the leader’s de-
cision at leader’s iteration kjL, and following the same operation from
(11) to (13), we have

kL kL kL
19555 T2 < IV [P + Aoy’ 242 — 200" By . (14)
where W§ = (do(y*,08) — do(y*,05)) V¥, of = oo(z), op =
. L
oo(zi) and||do(y, 00)|| < Ao. Now, letdefine ®7 = ||Vy"i-1 1|2 4
L

Kl
D onen ||an’71+1\|2. Therefore, using inequalities (13) and (14) for

L .
,kj , we have:

k= kL

1

L
E{® [ F ) < &7 +4(ap’ )2 A3 +43 42 3 (b))’

neN k’eIC;

1203 Y B 3 al|ack, |

neN meN, k’e)C’j
kJL k]L K K/ k! K
— 200’ ¥, =2 )" abEfel |F¥yw). (15)
neN k’eIC’j

where K, = {kl | +1,...,kl'}. Based on definition of ¥ and
adding and subtracting the term d,, (z%,, 0¥, y*'), we have

nsYn>

! ’ / / ! ! T /
o = (dulal ok ™) = duay, o y¥)) Vel

! U T /
+ (@ o 9") = dulai, o)) Ve 6)

Based on strongly convexity and Lipschitz property in Assumption 4,

and using Assumptions 5, we have

/ / ’ / ’ / / L
— o E WY < N KOV P+ ok T (vay’% I
kL « K K K K2
+ llog" —apll ) [IVay || £ —a” Crey ||V, ||

+a" L[V || <|Vy’“’| +

> wnm|wﬁ;|>. a7

meNy

By following the same procedure for the leader, we have
kL kL L L
—ag ¥ <= G|y

L kL L
+3 Lo Y woul [V [[|[V9' | (s)
neN
Considering Assumption 2, it is clear that E{ef |F*} = ¢k > 6.
Therefore, by applying inequalities (17) and (18) into the last two terms
of (15), it can be concluded that

— ey -0 S ol Bl |

neN k/ek’,
J
kL kLo 1% k)2
< =" Col |y | = D0 D e Cnl |Vl |
neN k'ek’.
J
+ 3 @M TV, 19
k’eK;
where o = col(|[Va{'||,..... [[VakI[ [IVy¥ ). V¥ = [ 25 *0V]

for k' € KX, and V¥ = [giv Lg”] for k' ¢ KCT. It is straightforward
to see that the summation of each row of the matrices [ LW L1 | and
[Lou_ig 0] are equal to 2 L and Ly, respectively. Therefore, based on
Perron—Frobenius Theorem [24], ||V¥'|| < max(2 L, Ly) and || V¥||
2L for k' € K and k' ¢ KL, respectively. Hence, W TVF pF <
L||v¥'||? for Vk' > 0. Therefore,

Z gk’vk'Tvk’Uk' < Z gk’f/”vwi’HQ

k'eK!, k'eK!,
J J

IA

+ oM (K — kE )LV P 20)
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where the last term of (20) is rearranged, since the leader only makes

decision at k' € K" and therefore, the term ||Vykf [|? is the same
from iteration kL 1 to kJ. By putting (19) and (20) into (15), it can be
concluded that

E{®/ | F ) < o 4(&?)2148 +4> A2 (ak)?

neN k’GK/J.
7
+20Y° N Buwam > al[|AGE,||
neN meNy, K GIC’].
b

'(6C,, — kL)||Vz¥||?.

-2) ) o

neN k’E}C’J

2D

J
T3

Based on Assumption 4, Z?:o T7 is bounded. Also, based on
Lemma 3 (see Appendix), we have Z;C:() le < 00. According to
Assumption 3, Co — (k¥ — k¥ |)kL > Co — KkL > 0 and 6C,, —
kL > 0. Therefore, Tg and TZ are positive. Now, the assumptions of
Lemma 1 (see Appendix) are satisfied and as a result, and consequently,
Z;C:o Tg + TZ < oo converges almost surely. Because of positiveness
of TJ and T, dico Ti < oo and dico T} < oo are concluded.
Therefore, based on Y 5 jaf > L 37 &% = oo, both ||Vz¥[|?
and HVykiL [|? almost surely converge to 0. Thus, x¥ and y* converge
almost surely to z, and y*. ]

Theorem 1 results almost sure convergence of Algorithm 1. Never-
theless, almost sure convergence does not generally lead to mean square
convergence. Corollary 1 proves the convergence of Algorithm 1 in
mean square sense.

Corollary 1: Under Assumptions of Theorem 1, Algorithm 1 con-
verges in mean square sense. ]

Proof: Since almost sure convergence results the conver-
gence in distribution, the expectation of Z;O:o Tg < oo and

. L L
Y520 T < oo converges. Therefore, 37, ot E{HVykj [} < o0
and >_;_ o”E{||VzF||?} < cc. Hence, because of >~ a® > oo,

nll
E{| |VykJ‘L |} and E{||Vz¥||?} converges to 0 that means that ¥ and
y* converge in mean square to %, and y*. ]

In Theorem 1, the convergence of the algorithm to a SE point is
studied. In the following proposition, the uniqueness of the SE point is

proven.
Proposition 1: Under the assumptions of Theorem 1, the game (3)
has a unique SE. O

Proof: Let define z =col(x,...,xn,y) and 2z = col(z],

.., @y, y'). Also, consider the function g(z) = col(dy(x1,01(zy),

y)7 EER) dN (-'EN, ON (‘T/\“’)7 y)7 dO (yv o] (‘T/\")))' Therefore, by follow-
ing the procedure of (17) and (18), we have

U= (z—-2)"(9(z) — 9(¢))

=(y— y,)T(do(y, oo(zn) —

-I—Z(a:

neN

do(y', 00(2)y))

(dn (xnv g1 (xN)v y) —d, (xlnv g1 (333\/), y/))

> Col|VylI> = Lo ) wonl[Va,|ll[Vyll
neN

+ > CullVaall - L (IVyI+ > wnmIWm|> V||

neN meNy,

(22)

where Vz, =, —x, and Vy=y—y. Considering v =
col(||[Vzyl],...,|[Vzn||, [|Vyl|), it can be concluded that ¥ >
COHVyHQ—&-ZnENC V2,2 — vTRv where R = [ 2 LIN]

Low
Based on Perron—Frobenius Theorem, v Rv < L||v||?. Also, itis clear
that [[v[|*> = [|[Vy[|* + 3°,,cx [[ V&, [|*. Therefore, it can be deduced
that W > (Co — L)||Vy[|* + 3, cx(Co — L)|[Vz,|[>. Based on
the assumptions of Theorem 1, C,, > "‘L > Land Cy > kKL >L
because x, K > 1 and § < 1. Hence, g( ) is strictly monotone since
W > 0. Consequently, according to [22, Th. 2], the SE of the game (3)
is unique. |

V. SIMULATION RESULTS

As an application of leader—follower NAG, we study the power
allocation of small cell networks proposed in [6]. Consider a network
consisting of N small cells, all of which underlay a macrocell with a
macrocell base station (MBS). Small cells and macrocell provide radio
coverage for cellular networks. However, small cells are low-power
and have limited coverage range in comparison with the macrocell.
Each small cell is considered to have a small cell base station (SBS),
which can cover many users. Deployment of multiple SBS in a region
may cause some overlapping coverage region among SBSs. In such
region, transmission powers of SBSs cause the signal interference in
cellular networks. As a result, based on Shanon formula utilized in (23),
the data rate will be decreased. In this case, the interference appears
as an aggregative term in the cost function of neighboring SBSs and
therefore, the problem can be modeled as a NAG. In this NAG, each SBS
aims to adjust its transmission power to minimize its cost. Moreover,
MBS, as a leader of small cells’ network, determines the price of
transmission power for SBSs as its decision variable. Consequently,
there is a leader—follower NAG among the SBSs and MBS. Let N/
denotes the set of small cells. z,, denotes the power of SBS n € N,
which satisfies 0 < x,, < P,.The objective function of SBS n € N is
as follows:

Jn(x'rmxfna)") = Rn(sn) - }\,’UnCCn
Ry (S,) = ALn(1 + S,)
T ﬁZL‘n

(23)

n E T

neN

NO + Zme]\ Tnmxm

where S,, and R,,(.S,,) indicate signal to interference and noise ratio
and the data rate corresponding to the SBS n, respectively. A is the
channel bandwidth. SBS n has the strategy z,,. r,, and 7, are the
average distance of SBS n to its users and the distance of SBS n to
SBS m, respectively. Based on the coverage range, SBS n could be
interfered from a set of other SBSs indicated by \,,. 3 is the path-loss
exponent and Ny is the white noise spectral density. The penalty term
Mv,x,, specifies the cost for making interference to other SBSs in the
network where, A is the penalty price. The objective function of the
MBS is as follows:

Jo(hzn) =AY vty — Boh? (24)

neN
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Fig. 3. Average power of followers along the algorithm iterations.

) satisfies 0 < A < A. The term ByA? prevents MBS to increase A too
much. Based on the proposed framework of the game, the MBS and
SBSs can be considered as a leader and followers, respectively.

For simulation, ten SBSs are considered to be stochastically lo-
cated in a circular region with radius 4 km. It is assumed that each
of two SBSs with less than 1 km distances are neighbors and have
an interference effect on each other. Also, A = 2048 bps, P, = 6w,
B =1,for¥n € N. Also, » = 7 and B, = 100. We assume that MBS
(the leader) makes decisions periodically once at every ten iterations.
The simulation is done for three communication protocols; 1) Normal
(pE,, = ¢& = 1forVn € N,m € N,,,Vk > 0) 2) Stochastic (p¥,,, =
gk = 0.7 for Vn € N';m € N,,,Vk > 0) 3) Gossip. The results for
the leader’s price and average power of the followers are shown in
Figs. 2 and 3, respectively. As it can be seen from Fig. 2, the price
diagram is a piecewise-constant signal based on periodic iterations of
the leader. Also, as shown in Fig. 3, the price converges slowly in
gossip-based protocol compared to two other protocols, since just two
of followers communicate and update at each iteration. Clearly, the
lesser the number of updates, the slower the progress of optimization
toward the equilibrium point for the followers. The stochastic scenario
has an acceptable performance in comparison with normal scenario,
but with lesser active agents. Therefore, the agents can economically
communicate with each other and update their decisions.

VI. CONCLUSION

This article proposed a leader—follower scheme for NAGs, consider-
ing stochastic activeness of the followers and also stochastic communi-
cation among them. In particular, the aim was to find the noncooperative

equilibrium point of the game. A distributed algorithm was proposed,
and its convergence to the unique SE point of the game was proven in
both mean square and almost sure senses. To prove the convergence of
algorithm, we imposed the assumption of strong convexity to the cost
functions. There are some methods in the literature such as Tikhonov
regularization and proximal point [25], [26], which can handle the
optimization problem with lower level of convexity. As a future work,
one can explore such methods to find a more relaxed condition on the
cost function of the leader and followers.

APPENDIX

Lemma 1 (Theorem 1 of [27]): Let 2y, B, Mk, and (i be nonneg-
ative JFj-measurable random variables. Also, assume that Fj, is o-
algebra and Fj, C Fy41 holds for Vk > 0. If >3 B and > 7
almost surely converge, and the following equation:

E{zkt1|Fk} < (1+ Br)ze + me — Ce (25)
holds, then z;, and >~ (, < oo almost surely converge. d
Lemma 2: ||zF+! — 2F|| < A, aF forVn, m € N where ||d,, (x,,
o,y)|| < Ap,Va, € X,. O
Proof: Based on (9) and eifb < 1, we have
lla ™ — 2yl = |y, (27, — epondn(zy, 5, 5%)) — 2|
< enanllda(zy, a5,y < o An.
|
Lemma 3: > p_oak||AzE || < oo forVn,m € N inalmostsure
sense where AZk =gk —zk O
Proof: From (7) and Lemma 2, it can be deduced that
E{|| Az [FY} = (1= B{, | F Dl En, — ]
= (=P )[@ — z) — (2 — 2|
< @ =NIAZ, | + oy, Am). (26)

From Assumption 4, o is nonincreasing, i.e., «®*1 < o¥. Therefore,
by multiplying a®*+1 < o* and (26), we have

E{al™||Azy M| F*}
< (A=) (ah]|AZE, || + afak Ay)

= o ||AZy || = v AT, [+ (1= Nagon A, (27)

Based on Assumption 4, it is straightforward that > _,_; a’;afn < o0.
Consequently, the assumptions of Lemma 1 are satisfied in (27). As a
result, Y oo aF||AZE || < o0 [ |

nm
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