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a b s t r a c t 

In imprecision-tolerant applications such as multimedia and signal processing a slightly 

degraded output quality is acceptable, which could lead to significant power reduction. We 

have proposed three approximate full adders for such applications. We have also consid- 

ered the process variation impacts on approximate full adders for the first time. Twelve ap- 

proximate full adders including ours have been used and analyzed in a ripple carry adder, 

as well as in a Sobel edge detection application. Experimental results show our design 

compared to the best existing approximate full adder reduces power consumption, delay 

and power-delay-product by 6.2%, 42.3% and 46.02%, respectively. Our proposed approxi- 

mate ripple carry adder has the best performance in terms of error parameters, and the 

best PSNR (Peak signal-to-noise ratio) when used in Sobel algorithm. When the proposed 

approximate full adder is used in Sobel algorithm, it exhibits the least variability in terms 

of delay compared to other counterparts. 

© 2020 Elsevier Ltd. All rights reserved. 

 

 

 

 

 

 

 

 

 

 

 

 

1. Introduction 

Applications such as image and signal processing, machine learning and computer vision are less sensitive to output qual-

ity, as one can afford imprecision when using them. These applications are called imprecision-tolerant. In such applications

by employing approximate computing and via slight output quality reduction, considerable area and power consumption

reduction and performance improvement can be achieved [1] . For instance, in 3D raytracer application 98% of floating-point

operations, and 91% of input data can undergo approximate computing. In k-means clustering algorithms, by reducing 5% of

classification precision, 50X energy reduction can be obtained [2,3] . 

The most important computation in digital systems is the binary computation, where adders are used as the main struc-

ture to perform addition, subtraction, multiplication and division. Hence, addition is usually mostly employed in different

application. In most imprecision-tolerant applications, approximate adders and multipliers are used. Basic elements in these

structures are approximate full adders. Consequently, in this paper, we will analyze and evaluate them as one of the most

useful elements in approximate computing [4] . 

With technology advances, during semi-conductor fabrication, factors such as lithography, chemical mechanical polish

and lens defect can change transistor and interconnections parameters, which will modify transistor electrical features such

as current, threshold voltage and gate capacitance. Consequently, using these transistors will affect delay, power consum p-
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tion and performance of the design. In this case, variability becomes a challenge in submicron technology leading to reliabil-

ity issues [5] . Imprecision-tolerant application imply approximate adders to reduce delay and power consumption overheads

of the system, while variation affects these characteristics. Therefore, variation effects of approximate adders must be inves-

tigated and diminished. 

Variability is divided into two categories: process variation and environment variation [6] . Process variation occurs during

fabrication and is permanent. This type of variation is due to processing and masking constraints. Environment variation

shows itself over circuitâs lifetime, which includes temperature, activity factor and supply voltage variations. Within-Die

(WID) and Die-to-Die (D2D) are two types of process variation. In the former, different factors can occur on the die due

to random dopant fluctuation (RDF), causing threshold voltage to be non-identical on different areas of the die. However,

D2D variation is identical on the whole area of the die, but differences in a wafer thickness, the threshold voltage of two

adjacent dies could be different, but identical within a die. 

Therefore, variability appears as an important factor in todayâs technology; however none of the work done in the field of

approximate computing has considered the effects of this issue. To the best of our knowledge, we have studied for the first

time, the influence of variation on approximate full adders. Based on works in [5] and [7] , and the importance of threshold

voltage ( V th ) in variation, we will evaluate D2D and WID V th variation effects on approximate full adders performance. 

Our major contributions in this paper are as follows: 

1) We propose three novel approximate full adders, namely AFA1, AFA2 and AFA3, which compared to their existing coun-

terparts exhibit mostly better power consumption, delay and PDP. Also, in terms of error they outperform some other

approximate full adders. D2D and WID V th variation effects on power, delay and PDP of nine existing approximate full

adders and three proposed approximate full adders are evaluated. HSPICE Monte Carlo simulations are performed in

32nm technology. 

2) We design an approximate ripple carry adder using AFA1 and AFA3 for its different bits, which leads to best error pa-

rameters, and when applied in Sobel edge detection algorithm, it gives the best PSNR. 

The rest of the paper is as follows: Section 2 describes previous work on approximate components. In the next section,

we will evaluate approximate full adders in terms of power, delay, PDP, error and variation. Section 4 analyzes variation

and error parameters of an 8-bit RCA based on approximate full adders. Simulation results of a real imprecision-tolerant

application are presented in Section 5 . Finally, we conclude our paper. 

2. Previous work 

An approximate adder with configurable accuracy is presented in [8] . To this propose a full adder and a half adder with

maskable carry are proposed and used in RCA structure. To adjust the precision, an error correction circuit is designed,

which can be activated when necessary. An approach to find energy-efficient hybrid approximate adder for image and video

processing applications is presented in [9] . The aim is to perform multiplications without using traditional multipliers, and

thus the main operations in this work are done by shift-and-add by using parallel prefix adders. 

An efficient method for calculating the error statistics of block-based approximate adders is proposed in [10] . A recon-

figurable approximate carry look-ahead adder is introduced in [11] . This adder can work in two approximate and accurate

modes, and has been implemented in 15nm Finfet technology. In [12] , using approximate full adders, authors have proposed

an approximate discrete cosine transform (DCT) for image compression. In this work, floating point multipliers have been

eliminated, and instead integer addition and shift are employed. In [13] by truncating the inputs, an approximate multi-

plier has been proposed. In this paper, n-bit multiplications are converted to multiplications over fewer bits, shift and add

operations. Also, the accuracy of the multiplication is controllable at the execution time. 

By eliminating some transistors of a mirror full adder in [14] and [15] , three and four approximate full adders have been

proposed, respectively. Due to the reduction of switching capacitances and the elimination of some transistors, less delay,

power and area were obtained compared to exact mirror full adders. However, these designs sometimes produce erroneous

outputs. 

Three approximate full adders based on XOR and XNOR have been proposed in [16] , using pass transistors. Also, in

[17] three different approximate full adders were designed using standard gates based on pass transistors. In these two

works, in addition of some erroneous results for some inputs, the problem of threshold drop due to pass transistors is seen

[18] . Two approximate full adders based on XOR and MUX using transmission gates for their implementation, have been

proposed in [19] . They have no threshold drop issue, but consume more power compared to other approximate full adders. 

In [20] a half adder, a full adder and a 4:2 compressor, all approximate structures, are proposed for an array multiplier. In

the approximate full adder, to produce Sum output an OR gate has been used instead of one of the XOR gates. For the carry

AND and OR gates have been employed. In [21] an approximate half adder and an approximate full adder using NAND gates

have been designed. Based on the paperâs results, this approximate full adder is acceptable in terms of energy consumption;

however it ranks among worse designs in terms of error. 

All approximate full adders presented in the aforementioned papers are different from each other in terms of power,

delay, precision and area; however none of them has considered the effects of variations. Our goal is to evaluate the per-

formance (power, delay, precision) as well as the variability of approximate full adders. Therefore, we intend to identify or

design components with better trade-off in terms of power, delay, precision and variability. 
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Fig. 1. The proposed AFA1 (a), the proposed AFA2 (b) and the proposed AFA3 (c). 

Fig. 2. The existing approximate full adders. (a) AMA3, (b) AXA2, (c) InXA3, (d) VAFA and (e) NFAx. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3. Proposed approximate full adders 

In this paper, three approximate full adders, namely approximate full adder 1 (AFA1), approximate full adder 2 (AFA2),

and approximate full adder 3 (AFA3) have been proposed. Their transistor level schematics are shown in Fig. 1 . The logical

equations of these proposed full adders are as follows: 

AF A 1 : Cout = A (B + Cin ) , Sum = A (B + Cin ) (1)

AF A 2 : Cout = Cin (A + B ) + AB, Sum = A + B (2)

AF A 3 : Cout = A (B + Cin ) , Sum = A + B (3)

As in all cases of exact full adders, except when all inputs are 0 or 1, the value of Sum is the inverse of Cout. Thus, using

an inverter at the output Sum to produce Cout, considerably reduces power, delay and area. Therefore, in AFA1 the same

logic has been used, and the design of the approximate output Sum, has been based on CMOS logic. 

For adding two arbitrary unsigned numbers the input LSB carry in the RCA is zero. Based on our evaluations, for all

possible inputs with a uniform distribution, the probability of having ABCin = XX0 is higher than ABCin = XX1 at the inputs

of full adders of RCA, where A, B, and Cin are inputs to the full adder. For example for an 8-bit adder, the probability of

occurring ABCin = XX0 is 62.44%, whereas that of ABCin = XX1 is 37.56%. 

Therefore, designing approximate full adders that almost work correctly in cases where ABCin = XX0, will reduce error

parameters. Hence, all approximate full adders AFA2, and AFA3 have been designed to fulfill this purpose. For AFA2, the

output Cout is exact. However, to produce Sum, a 2-input OR gate with inputs A and B has been used. Hence, Sum does not

need the carry of the previous stage. As soon as A and B are ready, Sum can be generated. AFA3 full adder logic is similar

to AFA1 and AFA2 for Cout and Sum, respectively. Therefore, AFA2 and AFA3 have errors in 4 over 8 possible cases, where 3

error cases occur when Cin = 1. 

The precise mirror full adder proposed in [15] is used as the base design, which we refer to as CMA (Conventional Mirror

Adder) in the rest of the paper. The nine approximate full adders are referred to as AMA1, AMA2, AMA3 [15] , AXA2, AXA3

[16] , InXA2, InXA3 [17] ,VAFA [20] and NFAx [21] . In Fig. 2 , five approximate full adders are presented. In AMAs, AXAs and

InXAs families, the best full adder in terms of PDP is presented in Fig. 2 . 

In order to do a fair comparison, we have compared all approximate full adders in terms of delay, power, PDP and error

in presence of variation in three different ways. In the first way, all approximate full adders are compared for all input

combinations; whereas in the second one, all of them have been used and analyzed in an 8-bit RCA. In the last way, all

approximate full adders are evaluated in a Sobel edge detection application for ten 512x512 images. 
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Table 1 

Precise and approximate full adders truth table. 

Table 2 

Average power, average delay, average PDP and area values for precise and approxi- 

mate full adders . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 1 compares all of the above full adders in terms of precision for different inputs. The column CS is the full adder

outputs, where the LSB is the sum (S) and the MSB is the carry (C). Whenever the approximate full adder output is incorrect,

the corresponding output in the CS column is shown in red. Outputs which are depicted in black are correct outputs. 

As seen in Table 1 , approximate full adders can be divided in two categories in terms of errors. The first category has an

exact Cout but an inexact Sum output; whereas the second one has both inexact outputs. The first category includes AMA2,

AXA2, AXA3 and AFA2 full adders. The Sum outputs of AMA2 and AXA3 have errors in 25% of cases; whereas for AXA2 and

AFA2, the same output has errors in 50% of cases. The second category itself is divided into three subcategories. In the first

one, AMA3, InXA2, InXA3, NFAx and AFA1 circuits exhibit 12.5% and 37.5% error for Cout and Sum, respectively. In the second

one, AMA1 and VAFA show 12.5% and 25% error for the same outputs, respectively. Finally, in the third subcategory, AFA3

has 12.5% and 50% error for Cout and Sum, respectively. To adequately compare the error parameters of all approximate full

adders, we have employed them in an RCA structure and all possible input combinations have been applied in Section 4.4 . 

3.1. Full adder performance evaluation 

In this section, we will compare a precise mirror full adder and twelve approximate full adders in terms of power, delay,

PDP and area. The area is reported by the number of transistors in the full adder. All simulations are done in 32 nm PTM

technology [22] with HSPICE. To evaluate power, delay and PDP, we consider all possible states due to 3 input signals. In

this paper the base inverter has the following sizes: Wn = 64 nm, Wp = 128 nm and Lp = Ln = 32 nm. The

other gates and more complex designs sizes are an integer factor of the base size. For instance, in the Nand2 gate we have

Wn = 128 nm, Wp = 128 nm and Lp = Ln = 32 nm. For the load capacitance we have considered 4 inverters at

the output of all approximate full adders, which means each full adder drives 4 base inverters. Also, we have changed all

full addersâ inputs every 250ps. 

In Table 2 all the average values of power, delay and PDP in 32 nm PTM technology are presented. Note that between

Sum and Cout delays, we choose the greatest value for the reported delay. Based on Table 2 , AFA1 has the least power,

delay and PDP. To compute Cout, we have used 8 transistors in CMOS logic which have smaller gate and output capacitances
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Table 3 

Average D2D variation of V th on full adders’ power, delay and PDP . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

compared to other approximate full adders. AFA1 compared to AXA2 shows that both of them have almost the same gate

and output capacitances; however, as AXA2 has a threshold drop problem, charge and discharge of output capacitances with

weak signals (smaller than 0.9v or greater than 0v) require a longer time leading to larger delay. As the output capacitance

of AFA1 is less than the other designs, thus its load capacitance is less and its dynamic power will be less too. Also, as

designs in CMOS logic have smaller leakage current compared to other logics, AFA1 exhibits less static power as well [18] .

The same conclusion can be drawn for AFA3, however as it has one more OR2 gate compare to AFA1, therefore its power,

delay and PDP are higher than AFA1. 

Compared to CMA, power, delay and PDP of AFA1 have decreased by 76%, 64% and 91%, respectively. Also, compared to

the best approximate full adder (AXA2), AFA1 power, delay and PDP are reduced by 6%, 42% and 46%, respectively. AFA2

full adder compared to CMA reduces power, delay and PDP by 48%, 47% and 72%, respectively. Also, AFA3 compared to CMA

reduces power, delay and PDP by 57%, 54% and 80%, respectively. The proposed approximate full adders AFA1 and AFA3

always show the least delay compared to other approximate full adders. 

3.2. Evaluation of variability effects on approximate full adders 

Here, all the designs mentioned in last section will be evaluated with regard to D2D and WID variations. The threshold

voltage ( V th ) is the most important variation parameter in recent technologies [5,7] . Therefore, all evaluations of the full

adders focus on this parameter. As mentioned previously, all simulations are done in 32nm PTM technology using HSPICE,

for which we have used 1024 Monte Carlo points. 

The variation of V th relative to its nominal value is 20% based on a Gaussian distribution [5] . For instance, for each of

scenarios a 1024-point Monte Carlo simulation is performed, and the amount of variation is calculated (we will explain how

we calculate variation later in the same section). The average of variations of these scenarios will be considered. 

To evaluate variation impacts we use some mathematical equations [6] . For this purpose, by using Monte Carlo simulation

and Gaussian distribution for V th parameter, power, delay and PDP are calculated. Based on these equations, first the Mean

μ( x ), the variance Var(x), and the Standard Deviation σ ( x ) of each of power, delay and PDP, based on simulation results

are calculated, and then using Eq. (4) variation coefficient Cv is obtained. For two designs with identical Mean values,

smaller variation coefficient shows smaller variation impact on the full adder, which means that full adder is robust against

variability. 

C v = 

σ (x ) 

μ(x ) 
(4)

μ(x ) = 

∑ n 
i x i 
n 

(5)

V ar(x ) = 

∑ n 
i (x i − μ(x ) ) 2 

n − 1 

(6)

σ (x ) = 

√ 

V ar(x ) (7)

First 1024 Monte Carlo iterations are done for input scenarios. For example, for scenario one 1024 values are obtained for

each of power, delay and PDP. To calculate the power variation in this scenario, we first calculate the Mean value ( Eq. (5) ),

and the Standard Deviation ( Eq. (7) ). Then using Eq. (4) , we obtain Cv. The same procedure is used for delay and PDP. Once

this is done for all input scenarios, we calculate the average of power Cv, delay Cv and PDP Cv. These values are reported in

Tables 3 and 4 for D2D and WID variations. 
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Table 4 

Average WID variation of V th on full adders’ power, delay and PDP . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

As a matter of fact, based on HSPICE manual the relation between the relative error and the number of Monte Carlo

iterations is as follows [23] : 

Relati v eErr or = 

1 √ 

Number of Mont eCarloIt erations 
(8) 

Based on Eq. (8) and NumOfMC = 1024, the relative error is about 3% which is relatively small. According to this manual, if

the circuit operates correctly for all 1024 iterations, there is a 99 percent probability that over 96% of all possible component

values also operate correctly. Based on simulations, when 10,0 0 0 Monte Carlo iterations are performed, Mean, Standard

Deviation, and Cv values have between 10 −3 to 10 −4 difference with 1024 Monte Carlo iterations. Hence, the accuracy of

results is almost the same in both cases; however, the simulation time of 10,0 0 0 Monte Carlo iterations is 10X longer. 

As we know, NMOS transistors pass 0 logic correctly, but reduce 1 logic by V thn . On the contrary, PMOS transistors

increase 0 logic by | V thp | [18] . Therefore, all pass transistor-based full adders (AXA2, AXA3, InXA2, InXA3) observe a threshold

drop at their outputs Sum and Cout for certain inputs. For instance, in InXA2 for inputs A = 1 and B = Cin = 0, the value of Cout

is 0.16v instead of 0v, which is the same as | V thp | value in 32nm technology. The value of Sum is 0.74v instead of 0.9v, which

is the same as V dd − V thn ( V dd = 0.9v and V thn = 0.16v). Hence, putting these full adders in series (like RCA) or in tree (like array

multipliers), taking into account threshold drop, may change a 0 logic to a 1 logic and vice versa. 

Tables 3 and 4 show the effect of V th D2D and WID variations on power, delay and PDP of the full adders. In Tables 3 and

4 , green values show the least variability, blues values are the second least variability, and red values depict the most

variability. In terms of power and PDP variations, VAFA is ranked first and second, respectively. In terms of D2D delay

variation, VAFA is ranked first and in terms of WID delay variation, AMA3 is ranked first. The good performance of VAFA

in terms of variability is due to its higher average power consumption and average delay; however this leads to decreasing

Cv. Hence, this approximate full adder is not a suitable choice for imprecision-tolerant applications. Based on Table 1 , AFA1

and InXA3 have almost the same precision. However, based on Tables 3 and 4 , in terms of D2D and WID variations for all

power, delay and PDP parameters, AFA1 is far better than InXA3. For instance for PDP parameter, D2D and WID variations in

AFA1 are 47.56% and 34.57% respectively; whereas for InXA3 the same values are 180.36% and 101.78%. In addition of better

variability, AFA1 has no threshold drop issue compared to InXA3. As Tables 3 and 4 show, pass transistor-based full adders

are the most sensitive to variation, due to the threshold drop at their outputs. 

From the statistical point of view, for two designs with identical Mean values, the one that has greater Standard Deviation

is more sensitive to variations. From the circuit point of view this means that for two similar designs, there exist some input

scenarios that activate some paths in the design causing a significant increase or decrease of delay or power. For instance, in

pass-transistor based designs for some input scenarios a threshold drop could occur, causing a sharp increase of delay and

power. This leads to an increase of Standard Deviation and subsequently to a greater sensitivity to variations. Therefore, if

we want to design a robust design against variations, we must have a design which for different input scenarios has power

and delay values close to their average values, leading to a small standard deviation and thus less variability. 

4. Evaluation of approximate RCA using approximate full adders 

Here, we will investigate the effects of twelve approximate full adders described in the previous section to implement

RCA adders. To evaluate an approximate adder performance, error and variation effects we have implemented an 8-bit RCA

adder, where for different bits an approximate full adder has been used. We have considered four scenarios for implement-

ing the RCA, where NAB is defined as the number of approximate bits. In the first one, namely NAB1, an approximate full

adder is employed only for the least significant bit. In the second one, namely NAB2, approximate full adders are employed
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Fig. 3. The structure of N bit BestAFA. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

for the two least significant bits. Similarly, in the fourth scenario, namely NAB4, approximate full adders are used for the

four least significant bits. We have considered not only RCA structures based on one type of approximate full adders, but

also structures based on multiple types of full adders from one family. Families of full adders could be AFAs (AFA1, 2, 3) or

AMAs (AMA1, 2, 3), etc. 

4.1. Proposed best RCA structure based on AFAs family 

In this section, we have considered the combination of two AFAs and AMAs families, as these families have better per-

formance in terms of power, delay, precision and variability compared to others. To find the best configuration for RCA with

different NAB and N values, we have evaluated all combinations of approximate full adders in terms of power, delay and

error parameters. According to our analyses, combining different AMAs full adders will always increase error parameters

compared to the case where only one type of AMAs is used (error parameters are described in Section 4.4 ). For example for

NAB = 4, the best combination of AMAs has the normalized mean error distance (NMED) equal to 0.00498, and mean relative

error distance (MRED) equal to 0.01412; whereas AMA1 has NMED = 0.00479 and MRED = 0.01362. In contrast, using a given

combination of different types of AFAs will always cause error parameters reduction. We have called this optimized RCA

structures ”BestAFA” in this paper. The structure of N bit BestAFA is shown in Fig. 3 . In the proposed N-bit BestAFA adder,

for NAB = 1, an AFA1 full adder is used for the least significant bit and for the rest of the bits the exact full adder CMA is

employed. For NAB > 1, BestAFA is built from AFA3, AFA1, and CMA. For bits 0 to NAB-2 AFA3, for bit NAB-1 AFA1, and for

bits NAB to N-1 CMA have been used. As a matter of fact, another structure similar to BestAFA in terms of error parameters,

built with another combination of AFAs, has also existed and could have been considered; however its power, delay, PDP,

and area were higher than BestAFA, and thus we ignored it in this paper. 

4.2. Approximate RCA performance evaluation 

In this section, we will evaluate power, delay, PDP and area of exact and approximate RCA adders. As discussed earlier,

pass transistor-based approximate full adders encounter threshold drop issue at the output, and specifically for Cout of next

stages. To alleviate this problem, we have used a minimum size buffer at the output, which increases power, delay and area

of these adders. 

To evaluate the adders performance, we have applied input scenarios that activate the critical path and cause the carry

propagation from the first to the eighth bit. Table 5 shows NAB3 results for power, delay, PDP and area. The area is reported

by the number of transistors in the adder. The approximate adder based on AFA1 has the least power, delay, PDP and area.

The adder made with VAFA has the highest power, delay, PDP and area. We can also see that for NAB3, BestAFA is ranked

first, second and third in terms of delay, PDP and power, respectively. 

4.3. Approximate RCA variability evaluation 

Four 8-bit RCA adders, where from first bit to the fourth bit approximate full adders have been used, are considered. To

evaluate V variation impacts, different input scenarios have been conceived, where carry propagates from first bit to the
th 
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Table 5 

Average power, average delay, average PDP, area, NMED and PDP × Area × NMED values for 8-bit precise and approximate RCAs (NAB3) . 

Fig. 4. D2D and WID PDP variation impacts on V th for RCA adders for various NAB values. 

 

 

 

 

 

 

 

 

 

 

 

 

last one. These scenarios can be different from each other according to the type of approximate full adders that have been

used. For each scenario, we calculate its variation based on equations presented in Section 3 . Then, the average of variations

in all scenarios of a given adder is presented as its variation. Figs. 4 to 5 show PDP and delay variation impacts on V th for

different approximation bits in an 8-bit RCA adder. As expected RCA designs based on pass transistors are more sensitive to

D2D and WID variations compared to other adders, which have closer sensitivities to each other. 

Based on Fig. 4 , pass transistor-based full adders have the highest PDP variation specifically in WID state, whereas other

full adders (AFAs and AMAs) have almost similar variabilities. Fig. 5 illustrates the delay sensitivity of different full adders

in presence of V th variation. Specifically in WID state, InXA2 and InXA3 are three times more sensitive compared to AMAs

and AFAs full adders. Therefore, these full adders in presence of variation could have a far higher delay compared to the

critical path delay with no variation; thus they are not very reliable. 

Based on Fig. 4 , in terms of D2D PDP variation the least average Cv belongs to AMA3 (34.7%), and in terms of WID PDP

variation the values are 12.3%, 12.7% and 12.9% for VAFA, AFA2 and BestAFA. Also according to Fig. 5 , in terms of D2D delay

variation the least average Cvs belongs to NFAx (28.13%), and in terms of WID delay variation the value is 9.09% for NFAx. 

4.4. Approximate RCA error evaluation 

To evaluate an approximate adder errors, we consider the error rate (ER), the normalized mean error distance (NMED),

and the mean relative error distance (MRED) as three parameters defined in [17] . These parameters are formulated as fol-

lows, where n shows the total number of input states for an 8-bit adder. 

E R = 

Numberof E rroneosOut put s 
(9) 
n 
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Fig. 5. D2D and WID Delay variation impacts on V th for RCA adders for various NAB values. 

Fig. 6. ER of different 8-bit adders for various NAB values (without variation and with D2D variation). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

NME D = 

1 
n 

∑ n 
i =1 | E xact Out put i − ApproximateOut put i | 

Exact Out put Max 

(10)

MRE D = 

1 

n 

n ∑ 

i =1 

| E xact Out put i − ApproximateOut put i | 
Exact Out put i 

(11)

We have simulated an 8-bit unsigned adder for all possible inputs. Results are shown in Figs. 6 to 8 . In order to take

into account the delay variation effects of full adders in the evaluation of error parameters (ER, NMED, MRED), we consider

a maximum delay Delay max = α ∗ Delay CP for each adderâs delay, where Delay CP is the critical path delay of each adder.

α is the ratio of the maximum delay of an exact RCA in presence of process variation, to the maximum delay of an exact

RCA in absence of process variation. In the Monte Carlo simulation results, the outputs that cause this value to be exceeded

are considered as error. The average number of errors for all input scenario is considered as the adderâs error percentage

in presence of variation. Hence, the evaluation of error parameters is based on variability, where the results are shown in

Figs. 6 to 8 . Based on Fig. 5 , as D2D variation effect on delay is almost 2.5 times greater than that of WID variation, we have

depicted only the D2D variation effect on error in Figs. 6 to 8 . In these figures, the left-hand side illustrates error parameters

with no variability, and the right-hand side with D2D variation. 

As seen on the left-hand side of Fig. 6 , the error rates of the six adders based on AMA2, InXA2, VAFA, AFA2, AFA3, and

BestAFA are equal and smaller than that of other adders. As depicted on the left-hand side of Fig. 7 , and Fig. 8 , for NAB = 1,

2, 3, BestAFA adder and for NAB = 4 AMA1 adder exhibit the least NMED and MRED. 

In AXA2 for all the cases where Cin = 0, the output Sum is erroneous (see Table 1 ). Thus, in the adder based on AXA2, as

the input carry is 0 for the first bit, when adding two arbitrary unsigned numbers, at least the first bit becomes erroneous.

This is why this adder has the most ER, NMED, and MRED (see Figs. 6 to 8 ). 

Referring to the right-hand side of Figs. 6 to 8 , D2D variations increase error in different adders; however for pass

transistor-based adders the amount of error is greater, as these adders are more sensitive to variations. In presence of
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Fig. 7. NMED of different 8-bit adders for various NAB values (without variation and with D2D variation). 

Fig. 8. MRED of different 8-bit adders for various NAB values (without variation and with D2D variation). 

 

 

 

 

 

 

 

 

 

 

 

 

 

variations, VAFA has the least error rate. In terms of NMED and MRED, for NAB = 1 VAFA, for NAB = 2, 3 BestAFA and for

NAB = 4 AMA1 have the least errors. 

As seen in Table 5 , the approximate RCA based on AFA1 has the least power, delay, PDP and area. Also, BestAFA has

the lowest delay and NMED. When all parameters namely power, delay, PDP, area and NMED are considered simultaneously

( PDP × Area × NMED ), BestAFA is the best. Based on PDP × Area × NMED criterion, comparing RCAs in presence and

absence of variations, for NAB = 1, 2, 3 BestAFA and for NAB = 4 AMA1 have always the best performance, whereas InXA3 has

the worst performance. Therefore, in terms of power, delay, area and error parameters in presence and absence of variations,

BestAFA is the best trade-off. 

In Fig. 9 , the Pareto chart is illustrated for an 8-bit RCA with NAB = 3 in presence of D2D variation. The X-axis and Y-axis

show the normalized values of PDP and NMED in presence of D2D variation, respectively. PDP values are normalized to the

PDP value of the adder based on VAFA, and NMED values are normalized to the NMED value of the adder based on AXA3.

According to Fig. 9 , in terms of PDP-NMED Pareto, BestAFA has the best performance and AMA1, AFA3, and AFA1 are ranked

from second to fourth place, respectively. InXA3 exhibits the worst performance. 

5. Imprecision-tolerant real application simulation results 

As a real application we have considered the Sobel edge detection algorithm. In this algorithm, two 3x3 windows are

convolved with the original image. In the Axbench benchmark a hardware implementation of this algorithm is proposed

using, addition, subtraction and shift operations [24] . In this paper, we have used the same implementation for 512x512

images. 
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Fig. 9. Normalized PDP-NMED Pareto of different 8-bit adders (NAB3 with D2D variation). 

Fig. 10. D2D and WID PDP variation impacts on V th for Sobel benchmark for various NABs. 

 

 

 

 

 

 

 

 

 

 

 

 

 

5.1. Full adders variability evaluation with sobel edge detection benchmark 

We have implemented the Sobel algorithm in the Axbench benchmark in HSPICE. Instead of the existing adders and

subtractors in this algorithm, we have used our own approximate adders and subtractors based on RCA. To evaluate this

algorithm we have used ten 512x512 images, and the average result of these ten images is presented as the variability value

of this algorithm. As in the previous sections, we have only considered D2D and WID V th 20% variations, on Sobel edge

detection algorithm. 

Figs. 10 and 11 show PDP and delay variations for the Sobel algorithm. In these figures, in terms of D2D variation AFAs

family has the least variability for delay and PDP, whereas InXA2 has the highest variability. Based on Fig. 10 , in terms of

D2D PDP variation the least average Cvs belong to AFA3, and BestAFA (98.4%, 99.8%, respectively), and in terms of WID

PDP variation the values are 33.3% and 33.4% for AFA3 and AMA1. Also Fig. 11 shows that in terms of D2D and WID delay

variations, the least average Cvs belong to AFA3 and BestAFA (46.3%, 46.6% for D2D, and 29.3%, 29.6% for WID, respectively).

Knowing that in real applications such as Sobel, the output quality depends on the input image, and that these images have

values with different ranges with possible non-uniform distribution, in terms of variability VAFA and NFAx do not have the

best performance; however, their results are close to the best results. 

5.2. Full adders error evaluation with sobel edge detection benchmark 

In image processing algorithms, such as Sobel, some of the most important parameters to compare different methods are

PSNR, MSE and MSSIM [17,25] , explained as follows: 

Mean Square Error (MSE): 

MSE = 

1 

n × m 

m ∑ 

i =1 

n ∑ 

j=1 

(P i, j − ̂ P i, j ) 
2 (12)
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Fig. 11. D2D and WID Delay variation impacts on V th for Sobel benchmark for various NABs. 

Fig. 12. PSNR of different adders in Sobel edge detection application for various NAB values (without variation and with D2D variation). 

 

 

 

 

 

 

 

 

 

 

 

 

Peak Signal to Noise Ratio (PSNR): 

P SNR = 10 Log 
255 

2 

MSE 
(13) 

Mean Structural SIMilarity Index (MSSIM): 

MSSIM = 

1 

n × m 

m ∑ 

i =1 

n ∑ 

j=1 

S S IM(P i, j , ̂
 P i, j ) (14) 

In the above equations, P i,j expresses the exact pixel value in the i th row and j th column of the produced exact image;

whereas ̂ P i, j expresses the approximate pixel value in the i th row and j th column of the produced approximate image. m

and n are the size of row and column of the image, respectively. 

Again, to compare approximate full addersâ errors in Sobel algorithm, ten 512x512 images are used and their average

PSNR and MSSIM are presented as the error of each full adder. To evaluate variability effects on PSNR and MSSIM in Sobel

algorithm, we have used D2D delay variations (see Fig. 11 ). Figs. 12 and 13 illustrate the average PSNR and MSSIM in the

absence and presence of D2D variation. According to Fig. 12 , for all approximate RCAs and different NABs, D2D variations

reduce PSNR by 9.8% in average. The least PSNR reduction in average belongs to AFAs family (4.5%) and the most increase

in average belongs to InAXs family (21%). AFA3 has the least average (2.5%), whereas InAX2 has the most average (21.7%)

PSNR reductions. According to Fig. 13 , for all approximate RCAs and different NABs, D2D variations reduce MSSIM by 3.5%

in average. The least MSSIM reduction in average belongs to AFAs family (2.3%) and the most increase in average belongs to

InAXs family (5.7%). AFA2 has the least average (1.2%), whereas InAX2 has the most average (6.1%) MSSIM reductions. 

Figs. 12 and 13 show AMA1 and BestAFA always exhibit the highest PSNR and MSSIM in Sobel algorithm. With or without

variability, BestAFA for NAB = 2, 3, and AMA1 for NAB = 1, 4 have the highest PSNR and MSSIM. According to Table 5 , BestAFA
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Fig. 13. MSSIM of different adders in Sobel edge detection application for various NAB values (without variation and with D2D variation). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

is better than AMA1 in terms of power, delay, PDP and area. Therefore overall, BestAFA is the best implementation choice

for the Sobel algorithm. 

6. Conclusion 

We analyzed D2D and WID V th variation impacts for seven approximate full adders, and proposed three new approximate

full adders, namely AFA1, AFA2 and AFA3. Also, we proposed a new approximate RCA, BestAFA, based on AFA1 and AFA3.

According to Monte Carlo simulation results, all CMOS approximate full adders have shown less variability, whereas full

adders based on pass transistors are very sensitive to variations. In Sobel algorithm, BestAFA is among the best adders with

regard to PSNR and MSSIM, and D2D and WID variations. We have concluded that overall BestAFA presents the best trade-

off in terms of power, delay, PDP, area and PSNR in presence or absence of variations. As a future work, we can use the

existing methods to reduce the variation effects on the approximate adders. 
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