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Abstract
In reinforcement learning, very low and even lack of spatial generalization capability result in slow learning. Exploiting pos-
sible experience generalization in subspaces, a sub-dimension of the original state representation, is one approach to speed 
up learning in terms of required interactions. The target of this paper is to alleviate the detriment of the perceptual aliasing 
in the subspaces further to enhance the benefit of their generalization. We augment an extra dimension to the subspaces 
coming from a clustering process on the state-space. Through this framework, called Clustered-Model Based Learning with 
Subspaces (C-MoBLeS), states with similar policies are categorized to the same cluster and the agent can exploit the gener-
alization of the subspace learning more by this localization. Therefore, the agent uses generalization of the subspaces which 
are in the cluster of the agent’s state. Several experiments show that C-MoBLeS increases the learning speed effectively.

Keywords  Model-based reinforcement learning · Experience generalization · Clustering space

1  Introduction

Reinforcement learning (RL) provides a learning framework 
to attain an autonomous agent that interact with environment 
to learn an optimal policy. It has been demonstrated that 
excellent performance in many applications can be obtained 
through employing RL framework, including real problems 
(e.g. helicopter flight Ng et al. 2006, quadrupedal locomo-
tion Kohl and Stone 2004, and spoken dialog system Singh 
et al. 2002), game playing with various genres and diffi-
culties (e.g. TD-Gammon Tesauro 1995, Atari 2600 video 
games Mnih et al. 2015; Oh et al. 2015; Hausknecht and 
Stone 2015; Schulman et al. 2015; Stadie et al. 2015; Mnih 
et al. 2016, StarCrafts Vinyals et al. 2017; Synnaeve et al. 
2016, chess Lai 2015, and Go Silver et al. 2016) and robotics 

(e.g. robotic manipulation Gu et al. 2017; Rajeswaran et al. 
2017; Popov et al. 2017, robots navigation Zhu et al. 2017; 
Bruce et al. 2017, assistive robots to learn social behav-
ior Hemminghaus and Kopp 2017, and human-robot to learn 
complex motion sequences Li et al. 2018; Modares et al. 
2017).

Although RL has a variety range of applicability among 
interactions learning methods, in its basic incarnation it has 
a fundamental limitation which is the number of required 
interactions for learning. To attain an optimal policy, the RL 
agent needs performing interactions in an order that is over 
linearly related to the size of the learning environment. In 
huge domains especially when there is curse of dimensional-
ity, this issue results in very slow learning and high regret. 
A successful approach for solving this problem is experi-
ence generalization (Sutton and Barto 2018) from one part 
to a larger part of the environment. There are many methods 
for experience generalization such as state coding (Sutton 
1995), hierarchical learning (Kulkarni et al. 2016), skill 
acquisition (Gupta et al. 2017; Shoeleh and Asadpour 2017), 
multi agent learning (Wang et al. 2018; Stone and Veloso 
2000), using neural networks (Ackley and Littman 1990) 
and deep reinforcement learning (Arulkumaran et al. 2017). 
Each of these methods has its own constrain and is suitable 
for a specific domain.
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Using generalization in subspaces is another successful 
approach for experience generalization. This framework 
was used in Daee et al. (2014) for accelerating single-
step learning and in Hashemzadeh et al. (2018) for multi-
step learning. In the method proposed in Hashemzadeh 
et  al. (2018) called MoBLeS, the agent uses multiple 
model-based learning corresponding to each subspace. 
Each subspace corresponds to a mapping from the origi-
nal state-space to a lower dimensional state-space. Then 
through decision making phase, the agent relies more on a 
subspace which has more consistent experiences with the 
original task. The main idea behind this frameworks is that 
learning in simpler tasks is faster than a complex task and 
each subspace is a simpler task than the original. There-
fore, the framework tries to generalize experiences in the 
subspaces by mapping learning in the simpler tasks to the 
original to expedite learning. Previous results showed that 
this approach can increase the learning speed in multi-step 
learning in terms of required experiences, especially in the 
early trials which the agent has not enough experiences in 
all states (Hashemzadeh et al. 2018).

In the aforementioned framework, several states of the 
original learning task is mapped to one state of a subspace 
that results in perceptual aliasing (Chrisman 1992) in the 
subspaces. In this framework, careful integration of the 
original task model and the models of the subspaces led to 
reduce detriment of perceptual aliasing (PA) and increase 
benefit of the generalization of the subspaces (Hashemzadeh 
et al. 2018). But there, many-to-one mapping from states of 
the original learning task to a state of a subspace is not local 
and the detriment of PA still affects the learning speed.

In this paper we decrease PA issue in the subspaces, 
existing in the MoBLeS method, further by localizing their 
generalization. We first cluster state-space into some clus-
ters and then calculate generalization of experiences in each 
subspace-cluster separately. In the decision making phase, 
the agent utilizes learning of the subspaces from the cluster 
of the current state.

The approach for estimating models of different spaces 
and integrating the policies explained in the Sects. 3.1.2 and 
3.1.3 is similar to that of MoBLeS framework. The main 
contribution of this paper is introducing clustered subspaces 
as a way to overcome the PA issue of the subspaces.

To summarize, the main contributions of this paper in 
compare to the MoBLeS framework proposed in Hashemza-
deh et al. (2018) are:

–	 We illustrate through an example that PA problem in the 
subspaces can be resolved by clustering the subspaces. 
This part is explained in the beginning part of Sect. 3.

–	 We propose C-MoBLeS algorithm in Sect. 3.1 for using 
clustering in the subspaces. The main part of this algo-
rithm, which is different that the MoBLeS algorithm, is 

introducing clustering and proposing a method to solve 
it explained in Sect. 3.1.1.

–	 Through several experiments on the simulated and real 
data sets, we show the efficacy of the proposed method. 
The results show significant improvement over the 
MoBLeS algorithm.

The rest of the paper is organized as follows. First, we give 
an overview of the generalization in the subspaces and uti-
lizing it for accelerating model-based learning as explained 
in Hashemzadeh et al. (2018). Next, we introduce the pro-
posed method and how clustering can help to enhance the 
generalization in the subspaces. Afterwards, we assess the 
performance of the framework in several 2D environments. 
We finalized the paper by a discussion and giving several 
ideas for future works.

1.1 � Assumption and key definitions

We assume the tasks are static and they are finite discrete-
time Markov Decision Process (MDP) with discrete state-
action. The agent does not know MDP model, but the length 
of the reward interval is known as a prior knowledge.

In the following, we define some phrases used throughout 
the paper:

Markov decision process    It comprises of a tuple 
{S,A(.), p(., ., .),R(., .)} , where S is a finite state set, A(s) is a 
finite action set available in the state s, p(s, a, s�) is the transi-
tion probability from state s to state s′ by taking action a, and 
R(s, a) is the immediate reward by doing a in s.

State-space  It is the state space whose states contain all 
features of the task observable by the agent. If the feature set 
contains k features F = {F1,F2,… ,Fk} , then the state-space 
is the Cartesian product of all k features. This space is shown 
by S and sj denotes a state of this space.

Subspace  It is the space for which the dimensionality 
of each state is less than the number of all features of the 
original task. In fact, the Cartesian product of each subset 
of the feature set can be a subspace.

Clustered subspace  It is the state space in which a new 
discrete element is added to the features of a subspace. 
Adding this new element can be seen as assigning a cluster 
label to each state. The states of each clustered-subspace are 
denoted by two indices s(x,c) , the first index x denotes a state 
in the subspace X and the second index c denotes the cluster 
label of that state.

Learning spaces  It is the union of spaces used in the 
learning procedure. A learning space can be the state-space, 
one of the subspaces or one of the clustered-subspaces.
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2 � Overview of model based learning 
in the subspaces

The idea behind the generalization of the subspaces is 
illustrated in Fig. 1. The task has only two features, {F1} 
and {F2} corresponding to x and y positions. Therefore a 
subspace could be x position or y position. According to 
the goal location, if the agent learns that action right in 
subspace X or up in subspace Y are preferable, then it can 
use this knowledge when goes to a new state. MoBLeS 
tries to utilize this information by mapping the experi-
ments of the states in the subspaces to the corresponding 
state in the original space.

Due to many to one mapping between the states of the 
original state-space and a state of a subspace, some infor-
mation is lost for the subspaces and therefore the sub-
spaces are partially observable to the task. This results 
in two consequents, the first one is faster learning in the 
subspaces due to their lower dimensions in comparison to 

the state-space and the second one is the PA issue in the 
states of the subspaces. MoBLeS uses uncertainties of the 
Q-values as a measure to determine how much the agent 
can rely on the subspaces experiences.

Figure 2 shows a schematic view of MoBLeS frame-
work (Hashemzadeh et al. 2018). Based on the environ-
mental feedbacks, the parameters of the MDPs of the state-
space and subspaces are updated and the Q-values of all 
the states are calculated according to the Bellman equa-
tion. Then the upper bound and lower bound of the states 
are calculated to express the uncertainty over Q-values. 
Confidence Degree Model (CDM) is a measure in order 
to show the reliability of each subspace for the current 
state which is computed based on the q-values and their 
uncertainties.

The results show this framework can increase the learning 
speed in the early trials (Hashemzadeh et al. 2018). This is 
important, since many tasks are constrained in the number of 
the interactions and it is vital for them to decrease the num-
ber effectively. But it is not enough for later episodes. After 

Fig. 1   A 5 × 5 maze for 
showing generalization in the 
subspaces. It has two subspaces 
according to two features {F1} 
and {F2} . The agent can go up, 
down, right, or left to achieve 
the goal specified by “G”. 
According to the goal location, 
if the agent learns the action 
right is the more preferable 
action in the columns, the learn-
ing speed can boost (Hashemza-
deh et al. 2018)

Fig. 2   A schematic over-
view of the MoBLeS frame-
work (Hashemzadeh et al. 
2018). The parameters of MDPs 
for both subspaces and state-
space are updated. Then the 
Q-values and their uncertain-
ties are calculated. Based on 
the Q-values and uncertainties, 
a weight is assigned to each 
subspaces and the state-space 
to determine their reliability 
which is used to choose more 
beneficial action
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some episodes the effect of the PA issue increases whereas 
the impact of the generalization decreases.

3 � Method

The PA issue is the main limitation for using learning expe-
riences in the subspaces. In fact, the generalization of the 
experiences in the subspaces is helpful as long as they do 
not misguide the agent from learning the optimal policy of 
the task. In MoBLeS, a state of a subspace corresponds to a 
number of states in the state-space without considering the 
policies of these states. Therefore, generalization of the sub-
spaces usually is not very reliable and MoBLeS framework 
increases the speed usually in the early trials. To tackle this 
problem and to improve the generalization, we propose a 
framework for localizing the generalization of the subspaces 
by incorporating the policies of the states. The localization 
of the generalization can decrease the effect of the PA issue 
and the agent can rely more on the localized subspaces. This 
results in increasing the learning speed in compare to regular 
MoBLeS.

As an illustrative example of the aforementioned limita-
tion, consider a simple maze environment of Fig. 3. This envi-
ronment has two subspaces corresponding to its two features 
F1 and F2 . Each state in the subspace {F1} presents a column 
in this maze, that means the whole column maps to a state in 
this subspace. As mentioned, the limitation of using subspaces 
in MoBLeS is caused by the disagreement of the optimal poli-
cies of states mapped to a state in a subspace. For example in 

the column with F1 = 7 , the appropriate actions in the green 
region are either going up or left, while the favorable actions 
in the blue region are either going down or right. Though 
the appropriate policies in these two regions are different, the 
subspace {F1} has only one optimal policy because all states 
in that column are mapped to one state in the subspace. For 
example, assume an agent has visited the states in the green 
region more often than the states in the blue region. If the 
agent go to the state in the blue region like the state (7, 2) the 
preferred actions based on the previous experiences are up or 
left which is the worse actions in this state.

To alleviate this limitation, we augment an extra dimen-
sion to the subspaces. This dimension is arisen from a clus-
tering process on the state-space such that the states with 
similar policies go to the same cluster. Figure 4a shows that 
clustering can lead to more localized subspaces. In MoBLeS 
framework the whole column of a maze corresponds to a 
state of a subspace, while in the new framework each part of 
the column that corresponds to one cluster maps to one state 
in the subspace as shown with different colors in Fig. 4a.

Since only those states in the state-space that are in the 
same cluster maps to a state in the subspace, the PA issue 
becomes less if the states that go to one cluster have similar 
policies. Assume the maze of Fig. 3 is divided into several 
clusters as shown in Fig. 4b. It can be seen that the states 
of the 7th column are divided into three clusters as shown 
in Fig. 4c. We explained beforehand that in the MoBLeS 
framework, the subspace policy of the state (7, 2) is not 
reliable. This is not the case in the localized subspaces in 
the new framework. Because the preferred action of the state 
(7, 2) is based on the previous experiences of the blue region 
which has a consistent policy with the current state.

The previous example showed that if a good clustering is 
available, this can be incorporated in the localized subspaces to 
solve the limitation of the MoBLeS framework. A good clus-
tering, however, is not known a priori and a strategy is needed 
to crease good subspaces based on the previous experiences. 
This strategy is explained in the remainder of this section.

3.1 � C‑MoBLeS algorithm

The algorithm of the new framework is called C-MoBLeS 
stemmed from the fact that the algorithm uses MoBLeS but 
for localized subspaces given by a clustering of the states in 
the state-space. The algorithm has three phases explained 
below. The description of these phases are given in details 
afterwards in different sections:

1.	 Clustering state-space states  In this phase, a vector is 
assigned to each state of the state-space based on the 
previous experiences. Then, a clustering algorithm is 
applied on these vectors to cluster the states.

Fig. 3   A 10 × 10 maze having two features F1 and F2 and each of 
these features can be used as a subspace. Each column is a state of 
subspace {F1} and each row is a state of subspace {F2} . The optimal 
policies of the states mapping to one state in a subspace are not nec-
essarily similar. For example, consider the states of the 7th column 
that map to one state in the subspace {F1} . The optimal policy of the 
blue part is apparently different from the optimal policy of the green 
part
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2.	 Estimating MDPs, Q-values and their confidence inter-
vals   In this phase, the Q-values and the confidence 
interval of the Q-values is estimated for the state-space 
and the clustered-subspaces. The states of the state-
space that map to a state in the clustered-subspace are 
those states that share the same feature of a subspace and 
go to the same cluster.

3.	 Integrating the policies of clustered-subspaces and state-
space  In this phase, a weight is assigned to the policy 
of each clustered-subspace and state-space based on 
their Q-values and uncertainties. This weight is used 
for selecting the best policy between the policies of 
clustered-subspaces or state-space.

3.1.1 � Clustering states of the state‑space

The goal in this step is putting similar states in terms of their 
policies into one cluster, so to obtain generalization by local 
experiences. Since we assume the agent does not have any 
prior knowledge of the task, it does not know a priori which 
states have similar policies to put them in one cluster. For 
this purpose, we propose an approach to cluster the states 
based on their previous experiences. Since at the beginning 
of learning the agent has little experience, the clusters are 
inaccurate. By gaining more experience, the clusters gradu-
ally will be more accurate.

For the clustering approach a representing vector is 
assigned to each state to measure the similarity. It contains 
features of the state and some extra values. For obtaining 
these extra values, the actions of a state are first ranked 

based on their estimated Q-values. The extra values are then 
just the ranks of each action.

The representing vector of a given state is given by

where f i is the value of the feature Fi and �i is the rank of 
the ith action.

The first part of the representing vector v forces adja-
cent states to go to one cluster, because we expect adjacent 
states to have similar policies. Second part of the v contains 
information of policies of each state and it encourages the 
states with similar policies to go to the same cluster. In fact, 
the second part is what we are are actually care about, but 
we use the first part as well to alleviate the lack of enough 
experiences at the early trials.

In the beginning of the learning, the clustering does not 
work well because we have little experience and the poli-
cies are far from optimal. By gaining more experience, the 
clustering approach does a better job in assigning states with 
similar policies to the same cluster. This is not a limiting fac-
tor for the proposed method for improving the performance 
of the MoBLeS framework. The main limitation of MoBLeS 
framework is the PA issue in the later stages, because in 
the beginning when the experiences is little, a good sub-
optimal policy is valuable and MoBLeS works well at the 
early stages due to generalization in the subspaces even in 
the face of the PA issue. Our proposed framework solves the 
problem of PA issue in later stages, because by gaining more 
experiences the states with similar policies are grouped and 

(1)v =
[
f 1 f 2 … f k �1 �2 … �|A|

]T
,

Fig. 4   Decreasing the effect of the PA issue in the subspaces by clus-
tering states and using clustered-subspaces. a The states of the state-
space mapping to one state in a subspace is shown in the right. These 
states now maps to three states in the clustered-subspace as shown 
in the left. Different colors correspond to different clusters, and the 
states in the same cluster and the same subspace maps to one state in 
the clustered-subspace. b An ideal clustering of the states in the maze 
of Fig.  3 such that states with similar optimal policies are assigned 

to one cluster. c Depicting the policies of the 7th column depend on 
its cluster. If the agent is in the state (7, 2), the policy suggested by 
the clustered-subspace is more useful than the normal subspace. It is 
because of the consistency of the policies in the blue partition that 
makes the policy suggested by the clustered-subspace nearly optimal. 
While the policy of the yellow part is completely converse and detri-
mental
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this leads to performance improvement in compare to the 
MoBLeS framework.

3.1.2 � Estimating MDPs, Q‑values and their confidence 
intervals

As explained beforehand, each learning space is an MDP 
space. The parameters of the state-space is updated like an 
usual MDP model. The states for the subspaces is enumer-
ated by two terms, one is the index of the subspace and 
the other is the cluster value. Based on this definition of 
states, the parameters of the MDP model of the subspaces 
are updated using the common approaches used in model-
based learning. Assume the agent is in s(x,c) and by perform-
ing action a goes to state s(x�,c�) , then the approximation of 
the transition probability p̂(s(x,c), a, s(x�,c�)) and the expected 
reward R̂(s(x,c), a) in the clustered-subspaces are updated by:

where n(s(x,c)) is the number of times when the agent visits 
s(x,c) and n(s(x,c), a, s(x�,c�)) is the number of times which the 
agent goes from s(x,c) to s(x�,c�) by taking the action a. The 
parameter ri indicates the immediate reward through the 
transition.

Based on the estimated parameters of each MDP, the 
Q-values are estimated using policy evaluation (PE) algo-
rithm (Puterman 1994). PE algorithm updates the value of 
Q̂�(s(x,c), a) using the neighboring states by the Bellman 
equation:

For computing the upper and the lower bounds on the Q-val-
ues, the confidence intervals of the R̂(.) and p̂(.) are needed. 
These confidence intervals are computed using Hoef-
fding (Hoeffding 1963) and Weissman inequalities (Weiss-
man et al. 2003), respectively.

Then the upper and lower bounds are estimated by 
UCRL-2 algorithm of Auer et al. (2009) (see also Algorithm 1 
in Hashemzadeh et al. (2018) for the description of the algo-
rithm with the notations similar to those used in the current 
paper). The algorithm solves the following equations for find-
ing the upper Qu and lower Ql bounds:

(2)p̂
(
s(x,c), a, s(x�,c�)

)
=

n
(
s(x,c), a, s(x�,c�)

)
+ 1

n
(
s(x,c), a

)
+ 1

,

(3)R̂(s(x,c), a) =
R̂
(
s(x,c), a

)
× n

(
s(x,c), a

)
+ ri

n
(
s(x,c), a

)
+ 1

,

(4)

Q̂�(s(x,c), a)

= R̂(s(x,c), a) +
∑

x�

∑

c�

p̂(s(x,c), a, s(x�,c�))
[
� max

a�
Q̂�(s(x�,c�), a

�)
]
.

 where �R is the half of the confidence interval of the esti-
mated reward R̂(s(x,c), a) , CIp is the confidence interval of 
the estimated transition probability p̂(s(x,c), a, s(x,c)� ) . Param-
eter p̃(s(x,c), a, s(x�,c�)) is an element of the probability vector 
P̃(s(x,c), a).

3.1.3 � Integrating policies

Confidence degree model is a method developed 
in Hashemzadeh et al. (2018) for integrating the policies 
of the subspaces and the state-space. Very similar confi-
dence degree model (CDM) is also used in this paper with a 
difference that instead of the subspaces we have clustered-
subspaces here. The details of the CDM is explained in the 
following.

The goal of the CDM algorithm is to assign a weight 
to each clustered-subspace showing the reliability of that 
clustered-subspace for decision making. Finally, the policy 
of the clustered-subspace with the highest weight is selected 
at the current stage of the learning process if the weight is 
larger than one; otherwise, the decision of the state-space is 
chosen. This chosen policy is then used in an algorithm like 
�-greedy for further exploring the state-space. The weight of 
each learning space called confidence degree (CD) is com-
puted by the following equation:

where |CI(sj, a)| is the length of the confidence interval of 
Q̂(sj, a) and |CI(s(x,c), a)| is the length of the confidence inter-
val of the Q̂(s(x,c), a) and f(.) is an increasing function. The 
length quantity measures the ratio of the uncertainties in 

(5)

Qu(s(x,c), a)

=
(
R̂(s(x,c), a) + �R

)

+ max
P̃(s(x,c),a)∈CIp

∑

x�

∑

c�

p̃(s(x,c), a, s(x�,c�))
(
� max

a�
Q̂u(s(x�,c�), a

�)
)
,

(6)

Ql(s(x,c), a)

=
(
R̂(s(x,c), a) − �R

)

+ min
P̃(s(x,c),a)∈CIp

∑

x�

∑

c�

p̃(s(x,c), a, s(x�,c�))
(
� max

a�
Q̂l(s(x�,c�), a

�)
)
,

(7)

CD(s(x,c), a) = f

( |CI(sj, a)|
|CI(s(x,c), a)|

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Length Quantity

× g

(
|Q̂�(sj, a) − Q̂�(s(x,c), a)|
|CI(sj, a) ∩ CI(s(x,c), a)|

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Overlap-distance Quantity

,
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the estimated Q-values in the state-space and the clustered-
subspaces. The more certain Q-value of a clustered-subspace 
suggests the more reliable policy.

The overlap-distance quantity assesses the consistency of 
the experiences in the clustered-subspaces with the experi-
ences in state-space. If the intersection of the confidence 
intervals is large, we can conclude the agent has more com-
mon experiences in the s(x,c) and the sj . The numerator of 
the overlap-distance quantity shows the difference between 
the estimated Q-values of a clustered-subspace state and its 
corresponding state in the state-space. So, smaller difference 
in the Q-values and large intersection in their confidence 
intervals shows the reliability of that clustered-subspace sug-
gestion through decision making.

Therefore the CD of each clustered-subspace specifies the 
degree of the reliability to the current policy of each space. 

When the agent wants to choose an action, it assigns a prob-
ability to each action based on the CDM. The unnormalized 
probability in the CDM for the action a in sj is given by:

where �(sj, a) = argmaxx∈Sj CD(s(x,c), a) , wherein Sj is the 
set of all subspaces and c is the cluster of the sj . The param-
eter p�(., a) is the probability of choosing the action a based 
on the decision policy � in the corresponding states.

The Algorithm 1 shows an overview of the C-MoBLeS 
approach.

(8)Pr(sj, a) =

{
p𝜋(s𝛼(sj,a), a) if CD(s𝛼(sj,a), a) > 1

p𝜋(sj, a) if CD(s𝛼(sj,a), a) ≤ 1,
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4 � Experimental results

The thorough performance comparison between MoBLeS 
and other experience generalization techniques was done 
in Hashemzadeh et al. (2018). It was reported there that 
the model-free methods are slower than the model-based 
ones. Since this paper is on improving the performance of 
MoBLes and to avoid unnecessary clutter, we concentrate of 
comparing the performance of C-MoBLeS against MoBLeS, 
an incorporation of MoBleS in R-Max (R-Max + MoBLeS) 
and pure Model-Based framework (MB).1

Average accumulated reward after each episode is 
reported as a measure of learning speed for different meth-
ods. The policy of the agent is �-greedy with constant � . 
The parameter � is the discounting factor for updating the 
Q-values in the Bellman equations. The confidence coef-
ficients 1 − �R and 1 − �p are needed for computing the con-
fidence intervals in MoBLeS and C-MoBLeS. The values 
of the parameters are set according to the Table 1. In the 
simulations, the results with the best set of the parameters 
are shown. Also, the f and g functions of Eq. (7) are defined 
as the following:

where f is an increasing function and g is a decreasing func-
tion wherein erfinv is the inverse error function.

4.1 � Experimental tasks

We assessed the performance of the C-MoBLeS in two types 
of tasks. The first set is some 2D maze environments and the 
second set is two environments of Real-Time Strategy Game 
StarCraft:Broodwar (SC:BW).

(9)f (t) =

{
0 t ≤ 1

t t > 1
,

(10)g(t) =

{
-erfinv(2t − 1) t ≤ 1∕2

0 t > 1∕2,

2D maze environments  The first set is some 2D maze 
environments with different locations of barriers as shown 
in Fig. 5. In each state, the agent can go either up, right, left, 
or down. All of the examples are stochastic: if the agent 
performs an action it goes to the expected state by the prob-
ability of 0.9 and it goes to a random neighboring state by 
the probability of 0.1. After doing an action, the agent takes 
an immediate reward coming from the truncated Gaussian 
mixture densities of Table 2. If the agent collides with an 
obstacle its position is not changed. The episode of learn-
ing ends when either the agent goes to the goal state or the 
number of the steps reaches a threshold number.

As it can be seen in Fig. 5, all environments are room-like 
and some environments have additional obstacles for accen-
tuating the problem of PA issue. These additional obstacles 
in the environment 3 are semi-random and in the environ-
ment 4 are vertical walls. Additionally, the environment 4 
has two goals for making the task more difficult.

Real-time strategy game StarCraft:BroodWar  The sec-
ond set of tasks is two environments of SC:BW as shown in 
Fig. 6. For this task we used the simulated combat maneu-
vering model of SC:BW of Hashemzadeh et al. (2018). 
There are two examples of SC:BW, a RL agent against one 
enemy and a RL agent against three enemies. In this case the 
state-space comprises of the locations of all of the agents 
in a 2D grid space, their hit points and weapon ranges. The 
game is continued until either the hit points of the RL agent 
or the hit points of all the enemies become zero. Otherwise, 
an episode ends up when the number of the steps meets the 
threshold. The action space for the RL agent is shooting to a 
target enemy, moving toward a target enemy, or retreating. 
If the RL agent goes to the weapon range of an enemy, its 
hit points decrease by one number. The reward function is 
according to Table 3, where HPi

t
 and HPi

t+1
 are the hit points 

of the ith enemy and HPt and HPt+1 are the agent hit points 
at time step t and t + 1 , respectively. ra corresponds to the 
reward of one of the possible cases.

4.2 � Results of the clustering approach

The clustering approach used in this paper is an agglomera-
tive hierarchical clustering called UPGMA (unweighted Pair 

Table 1   Values of the required parameters for algorithms

Parameter Value Parameter description

� 0.9 Discount factor
� 0.1 � in the � − greedy policy
� 0.01

1+log (#episode)
Stopping criterion of the PE algorithm and the algorithms for computing the upper and lower 

bounds of the Q-values
1 − �R 0.9 Confidence coefficient of the estimated rewards in the state-space and subspaces
1 − �p 0.9 Confidence coefficient of the estimated transition probabilities in the state-space and subspaces

1  The codes for reproducing the results of this section can be down-
loaded from https​://githu​b.com/MHash​emzad​eh/C-MoBLe​S.git.

https://github.com/MHashemzadeh/C-MoBLeS.git
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Group Method with Arithmetic Mean) with Euclidean dis-
tance as its metric (Michener and Sokal 1957). The clustered 
learning space is constructed as explained in Sect. 3.1.1. 
Before applying the clustering, each feature is normalized 
by dividing to its maximum value.

Clustering is performed only after each learning epi-
sode. Agglomerative clustering approaches start with sin-
gle states as clusters and consequently merges clusters to 
construct larger clusters. Merging clusters stops if the dis-
tance between clusters is bigger than a threshold. To deter-
mine this threshold, we run the clustering approach until all 

states go to one cluster and the half of the maximum distance 
between merged clusters is used as the threshold.

The unvisited states are assigned to a cluster called unvis-
ited cluster. The result of the clustering approach for the first 
and third environments after 10, 20, 50, and 100 episodes are 
shown in Figs. 7 and 8, respectively. Each color in the figures 
depicts the states belonging to a particular cluster. As it can 
be seen in the figures, the clustering approach approximately 
puts those states in one cluster that have similar policies.

(a) (b)

(c) (d)

Fig. 5   Four different maze environments. The goal is determined by red “G” in the figures. The agent learns the average shortest path from start-
ing state to the goal. Also the starting state is selected randomly in the environments. The agent can go either up, down, right or left
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4.3 � Performance results

The left plots of the Figs. 9 and 10 show the average accu-
mulated rewards of C-MoBLeS and the other three methods 
for the Figs. 5a and 6 with one enemy respectively. The right 
plot shows the normalized weights of each learning spaces 
for both of the C-MoBLeS and MoBLeS methods. As it 
can be seen, C-MoBLeS receives more rewards after several 
episodes and can achieve higher accumulated rewards than 
MoBLeS.

In complex environments the PA issue is more prob-
lematic. In fact after some trials in MoBLeS the detriment 
of PA issue outweighs the benefit of the generalization 
and then it cannot work effectively. But the additional 
dimension in C-MoBLeS localizes the generalization 
of the subspaces resulting in clustering state-space into 
categories which contain states with similar policies. 

The right plot shows the weights of the subspaces in 
C-MoBLeS are more than corresponding weights in 
MoBLeS. The weights determine that the agent relies 
on the subspaces more than the state-space not only in 
the beginning of the learning, but also in later while in 
MoBLeS the weights of the subspaces decay very soon.

In Tables 4 and 5, the performance of C-MoBLeS for 
the maze and SC:BW environments are shown respec-
tively. As shown in these tables, C-MoBLeS can weaken 
the negative effect of the PA issue on the learning and 
boost the benefit of the generalization. Therefore, the 
proposed C-MoBLeS algorithm attains much better 
results than the approaches without clustering, that is 
R-Max + MoBLeS and MoBLeS.

5 � Discussion and conclusion 

C-MoBLeS framework is a model-based reinforcement 
learning exploiting the generalization of the learning expe-
riences by taking use of both subspaces learning and a 
clustering approach. The proposed method tries boosting 
learning speed more than MoBLeS (Hashemzadeh et al. 
2018) in terms of required experiences. The main purpose 
of C-MoBLeS framework is reducing the disadvantageous of 
the PA issue and increasing the advantageous of the gener-
alization of learning in the subspaces more than before. For 
doing so, we employ a clustering approach in the state-space 
in order to categorize states with similar policies in one 
cluster. When the agent wants to choose an action, only the 
experiences of those states in a subspace that are in the same 
cluster as the current state are taken into account. In fact by 
this approach, we localize the experiences in the subspaces.

We demonstrated the performance of C-MoBLeS on two 
tasks, four mazes with different structures of barriers and 
two environments of combat maneuvering model of SC:BW 
which is a complex benchmark in reinforcement learning. 

Fig. 6   Real-Time Strategy Game StarCraft:Broodwar (SC:BW) envi-
ronment (Hashemzadeh et al. 2018). It is an abstract combat maneu-
vering model of SC:BW between a RL agent unit and some enemy 
units

Table 2   Functions of the 
immediate rewards

Reward description Value

Colliding with a wall ∼
1

3
N(−11.5, 0.2) +

2

3
N(−10.5, 0.3), ∈ [−12,−10]

Reaching the goal ∼ N(+10, 0.02), ∈ [9.5, 11.5]

Each step reward ∼
1

3
N(−1.5, 0.2) +

2

3
N(−0.5, 0.3), ∈ [−2, 0]

Table 3   Distribution of rewards 
for SC:BW tasks

Reward description Value

Shooting to a killed enemy ∼ N(−10, 0.1), ∈ [−11,−9]

Colliding with obstacles ∼
1

3
N(−1.5, 0.2) +

2

3
N(−0.5, 0.3), ∈ [−2, 0]

Reaching the goal ∼
1

3
N(97, 0.2) +

2

3
N(100, 0.15), ∈ [95, 105]

Each step reward ∼ 10 ×
�∑#enemies

i=1

�
HPi

t
− HPi

t+1

�
−
�
HPt − HPt+1

��
+ ra − 1
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The results showed learning in C-MoBLeS is faster than 
MoBLeS after beginning stages. Even in the complex task, 
it works dramatically well with a significant difference in 
the learning rate of the other methods. Although MoBLeS 
is able to increase the learning speed in the early stages of 
learning but it is unable to keep this later in the learning, 
while C-MoBLeS tries to keep higher learning rate not only 
in the first trials but also after that.

In the proposed framework, Cartesian product of each 
subspace and clustering index constitutes an MDP. The 
number of the parameters in MDPs grows linearly with the 
number of the clusters. Since the dimensionality   of the 
subspaces is smaller than the state-space, the number of 
their states is also smaller and consequently their memory 
and computational complexity is lower. In the C-MoBLeS 
framework these complexities are multiplied by the number 
of the clusters and is higher than no clustering is used in 
MoBLeS.

An interesting point was in the simulations that we saw 
after a number of trials, clusters are not changed. This means 
that the policy in each cluster is approximately stable and 
cannot help the agent further. That can be a clue to stop 
using generalization in the subspaces and can be a good time 
to learn only based on the state-space.

In dynamic tasks when the goal changes, the clusters and 
policies should change when the goal changes. We think that 
in such tasks, our approach should also show some benefits, 
because the subspaces are lower-dimensional  and can adapt 
to new changes of the environment faster.

There are some approaches one can continue in the 
future:

•	 Representing vector for clustering can be specialized for 
each subspace. In this work we employ a common set of 
elements to all subspaces. But according to the properties 

(a) (b)

(c) (d)

Fig. 7   Clustered states of the first environment after 10, 20, 50, and 
100 episodes. Each cluster is depicted by a specific color. The white 
color displays unvisited cluster. After several episodes, the primary 

clusters are extended and transformed. In the later episodes, states 
with approximately similar policy are gathered into a cluster
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of each subspace, we can extract some more informative 
elements for its clustering.

•	 C-MoBLeS is a model-based learning and can be 
extended to model-free learning which has lower mem-
ory and computational complexity.

•	 In order to reduce the demand of memory and computa-
tional complexity, a procedure can be devised to elimi-
nate the less informative subspaces and just continue 
learning by more helpful subspaces.

•	 C-MoBLeS can be adapted for learning in tasks with 
noisy sensors. Through this framework the agent can rely 
more on more accurate sensors.

•	 C-MoBLeS can be developed for continuous reinforce-
ment learning.

•	 One can incorporate deep learning architectures in the 
proposed method for very complex tasks with large num-
ber of states.

•	 One potential approach instead of clustering over the sub-
spaces is to use evolving fuzzy systems (Angelov 2014; 
Angelov and Kasabov 2005). Then the value of the con-
fidence degree is calculated with respect to the fuzziness 
of the states.

•	 The clustering approach in C-MoBLeS can be enhanced 
with evolving clustering (Hyde et al. 2017; Baruah and 
Angelov 2012, 2013).

(a) (b)

(c) (d)

Fig. 8   Clustered states of the second environment after 10, 20, 50, and 100 episodes
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Fig. 9   Average accumulated rewards of C-MoBLeS, MoBLeS, 
R-Max + MoBLeS and MB in the first environment. Left plot shows 
average accumulated rewards as a function of the number of the epi-

sodes. The shaded area are the standard error of each plot. Right plots 
show normalized weights of each space in C-MoBLeS and MoBLeS. 
These weights are smoothed by rectangular window of length 5

Fig. 10   Result of the first environment for SC:BW combat between the RL agent and an enemy. The description of the plots are the same as 
Fig. 9
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