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Abstract—Pose graph optimization (PGO), or equivalently pose
synchronization, that is synchronizing rotations and positions, is
the state-of-the-art formulation for simultaneous localization and
mapping in robotics. In this article, we first present a new manifold
Gauss–Newton method for solving the rotation synchronization
problem. In this article, we derive an efficient implementation of
the method and develop a convergence theory thereof. A structural
parameter appears in the proof, which has a significant influence on
the convergence basin. In this article, we show that this structural
parameter is the norm of the inverse of the reduced graph Laplacian
and obtains the explicit relation of this parameter for special graph
structures. We also present another method that directly solves the
pose synchronization using both relative rotation and translation
observations. Experimental results show that our rotation syn-
chronization method can be successfully used to initialize iterative
PGO solvers. Furthermore, we show that our pose synchronization
algorithm outperforms state-of-the-art solvers in high-noise cases.

Index Terms—Gauss–Newton, initialization, pose graph
optimization (PGO), 3-D simultaneous localization and mapping
(SLAM).

I. INTRODUCTION

POSE graph optimization (PGO) is the problem of esti-
mating a set of unknown poses1 so that relative poses

best match a collection of pairwise relative measurements. It
is the most applied formulation of simultaneous localization
and mapping (SLAM) [1] in robotics and also known as SE(d)-
synchronization or pose synchronization (PS) in many other
fields. Similar formulations arise in sensor network localization
[2] and structure from motion [3].

The PGO problem is a nonconvex optimization problem and
hard to solve in general. Well-known iterative numerical meth-
ods were used to solve the PGO problem, such as Gauss–Newton
[4]–[6], Levenberg–Marquardt [7], and trust region [8], [9]. The
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1A pose comprises a position and an orientation.

nonconvexity of the PGO problem and the convergence behavior
of iterative methods were investigated in the literature [10]–[13],
and it was shown that depending on the pose graph structure and
the noise level of measurements, the problem may have different
local minima that are far from the global minimum. Grisetti et al.
[14] proposed a method that has larger basins of convergence.
But Carlone et al. [15], [16] and Rosen et al. [17] showed that
state-of-the-art algorithms are entangled in local minima and fail
to converge to the global optimum in some cases.

Various attempts have been made to solve this problem in the
literature. Convex relaxation was adopted by a line of research
[18], [19]. The main idea is to find the global optimum of a
semidefinite programming relaxation of the PGO (or its dual)
problem. It has been shown experimentally that the convex
relaxation, in many practical problems in which the amount of
noise is limited, is exact and the duality gap is zero [19]. Similar
ideas were used to verify the optimality of a given solution
[20]–[22].

Aloise and Grisetti [23] proposed an alternative error function
based on chordal distance introduced in [17] and [21] for the 3-D
PGO problem to reduce the nonlinearity of the problem. They
consequently obtained a larger basin of convergence and better
numerical stability for their proposed algorithm.

Another set of efforts aimed at finding good initial points
for iterative solvers for improving the convergence speed and
reducing the risk of convergence to a local minimum. Many
initialization methods took advantage of the fact that one part
of the PGO cost function related to rotation measurements is
independent of the positions, and can be solved separately [3],
[15], [16], [24]. Then, the orientations are fixed and the positions
are calculated from the other part of the cost function giving a
simple least squares problem for the positions. This solution is
then used as the initializer to bootstrap iterative methods.

In our earlier work [25], we proposed a method to find an
initial estimation of the rotations. In this article, it is referred to
as rotation synchronization (RS) algorithm. It was shown that
this method outperforms the well-known chordal initialization
method and can be successfully used to initialize iterative PGO
solvers. The current work goes beyond our previous work in
several important aspects. The major additions are as follows.

1) We give a convergence analysis of RS which was origi-
nally introduced in ICRA2018 [25]. We show that close
enough to the global optimum solution, our algorithm gets
closer to the optimum up to a certain bound.

2) We propose a more powerful method, PS, which takes into
account both rotations and positions.
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3) We introduce a structural parameter that affects the basin
of convergence. We give its analytical expression and its
relation to the reduced Laplacian matrix for complete pose
graphs.

The simulation results for evaluating the RS initialization
method go beyond those of our conference paper [25]. These
results reaffirm the convergence analysis and show that our RS
algorithm has a wider convergence basin in comparison to the
existing iterative solvers. We show in the experiments that by
using our RS algorithm as an initializer and our PS algorithm as
a solver, we obtain a method that outperforms the state-of-the-art
SE-Sync method in high-noise datasets.

In the following, we will first provide an overview of the
related literature in Section II. Then, we explain the basic
mathematic notations and preliminaries in Section III. The
method of our conference paper [25] is reviewed in Section IV.
The convergence analysis is then given for noise-free (see
Section V-A) and noisy measurements (Section V-B). In Sec-
tion VI, the structural parameter is calculated for complete
graphs2 and the obtained convergence bound is compared to
an existing bound in the literature. The second algorithm, PS,
which uses both rotations and positions, is presented in Sec-
tion VII. Finally, in Section VIII, through several experiments
on a benchmark dataset and noisy versions of the same dataset,
the performance of the proposed algorithms against the current
state-of-the-art methods is investigated.

II. RELATED WORKS

In the efficient and robust implementations of Gauss–Newton
and Levenberg–Marquardt methods, available in G2o [26] and
GTSAM [27], a minimal representation for increments in lo-
cal Euclidean space was proposed and an update method was
defined that accumulates the increments in a non-Euclidean
manifold geometry. These methods can get stuck in the local
minima of the cost function, and it has been shown that a proper
initialization is important to obtain a good accuracy in these
methods [28].

Carlone et al. [28] reviewed and compared several initializa-
tion methods [3], [29]–[32] and showed that using the chordal
method as an initializer and GTSAM as a solver is the best
combination for iteratively solving the problem. All of these
initialization methods give a rough estimate for the rotation part
of the PGO problem. Nasiri et al. [25] showed that RS, which
solves the rotation part of the PGO problem, outperforms the
chordal initialization method and can help iterative solvers to
attain a more reliable solution.

In several recent works, convex relaxations of the PGO prob-
lem were proposed to overcome the nonconvexity of the problem
and dependence of available iterative solvers on the initialization
[17], [33], [34]. Some of these methods employ Lagrangian
duality to obtain and verify the global optimality of the solution
in planar [18], [21] and 3-D SLAM [19], [20], [22]. These
methods can retrieval the global optimal solution of the original
problem if the duality gap is zero. Rosen et al. [19] stated that

2A graph in which every pair of distinct vertices is connected.

there exists an upper bound for the noise level under which their
method, SE-Sync, guarantees the optimality of the solution. The
bound was not calculated theoretically, but the authors showed
empirically that the bound is greater than typical noise levels
encountered in robotic tasks. We show in the experiments that
for high-noise levels, our proposed algorithm, PS, outperforms
the SE-Sync method.

All of the abovementioned certifiable algorithms use a specific
form of the cost function in which the rotation and translation
measurements are considered to be independent and also have
the same uncertainty in all directions. However, in a recent
work [35], the planar PGO problem is formulated as a convex
polynomial optimization program for a more general form of
the measurement noise relaxing the assumption of the same
uncertainty in all directions. The method of [35] can find the
global optimal solution regardless of the noise level.

The rotation part of the PGO problem is known as rotation
averaging [30] or attitude synchronization [36] in computer
vision. Various algorithms were presented to solve this problem
in recent years [37]–[39]. In a recent work, Eriksson et al.
[40] utilized the spectral graph theory to present a theoretical
analysis of the Lagrangian duality in the rotation averaging. They
analytically specified an error bound for the noise levels that
ensures there is no duality gap, and consequently their proposed
algorithm converges to the optimal solution. Section VI gives a
comparison between the maximum error bound needed for the
convergence of our RS algorithm and the bound obtained in [40].
We see experimentally that the convergence behavior of other
solvers also depend on the pose graph structure.

The role of graph structure on the convergence of various
solvers and the number of local minima were investigated in the
literature [10], [41], [42]. Khosoussi et al. [43] investigated the
role of graph structure in the accuracy of maximum-likelihood
(ML) estimation in SLAM. They theoretically analyzed the
impact of average vertex degree3 on the reliability of the ML
estimation, the impact that was observed experimentally in [41].
They also explored the relations between the Cramer–Rao lower
bound and some structural features of the pose graph for two
special classes of 2-D SLAM, that is compass-SLAM and linear
sensor network, and extended their analysis to planar SLAM in
[44] and [45].

III. NOTATIONS AND PRELIMINARIES

A. PGO and Graph Topology

A set of poses in 3-D space is denoted by n+ 1 posi-
tions p0, ...,pn ∈ R3 and n+ 1 rotation matrices R0, ..., Rn ∈
SO(3). The relative noisy displacement and rotation measure-
ments from pose i to pose j are denoted by dij and Zj

i ,
respectively. PGO is the problem of estimating poses, i.e., pis
and Ris, from m relative noisy observations between poses. We
can consider poses and relative observations between poses as
a directed graph G = (V,E), where V = {v0, v1, ..., vn} is a
set of n+ 1 vertices representing poses and E = {e1, ..., em}
is a set of edges representing relative measurements between

3The number of edges incident to the vertex.



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

NASIRI et al.: NOVEL PARAMETERIZATION FOR GAUSS–NEWTON METHODS IN 3-D POSE GRAPH OPTIMIZATION 3

poses. The relative position and rotation measurements between
vertices i and j are represented by

Zj
i = Rj

iRnoise = RT
j RiRnoise (1)

dij = RT
i (pj − pi) + dnoise. (2)

The direction of the edge ek = (i, j), k ∈ {1, . . . ,m}, indicates
that the relative observation is from vertex i to vertex j.

The incidence matrix Ā of the aforementioned directed graph
is an m× (n+ 1) matrix in which the kth row is related to the
edge ek = (i, j). There are two nonzero entries in the kth row of
Ā, a “+1” in the jth column, and a “−1” in the ith column. Since
all measurements in PGO are relative, without loss of generality,
we can assume that v0 is the origin, i.e., p0 = [0, 0, 0]T and
R0 = I3. This operation is usually known as anchoring in the
literature [20], [22]. Anchored reduced incidence matrix A is
formed by eliminating the first column of Ā [19], [40], [46].
A ∈ Rm×n is a full column rank matrix for connected graphs
[47].

B. Operators

In this article, Sym(X) extracts the symmetric part of matrix
X ∈ R3×3 and Skew(X) extracts the skew-symmetric part of
matrix X . Let aT = (ax, ay, az) be a 3-vector. [a]× denotes the
skew-symmetric matrix generated by a

[a]× =

⎡
⎢⎣ 0 −az ay

az 0 −ax
−ay ax 0

⎤
⎥⎦ . (3)

Assume that vector a can represent the skew-symmetric part
of matrixA, i.e., Skew(A) = [a]×. The operator s : R3×3 → R3

receives matrixA and returns the 3-vector representing the skew-
symmetric part of the matrix

s(A) = a. (4)

C. Rodrigues’ Formula

Rodrigues’ rotation formula is a method for computing a
rotation matrix from a rotation axis and a rotation angle. Assume
that a is the normalized vector of the rotation axis and θ is the
rotation angle. According to the Rodrigues’ rotation formula,
the rotation matrix is obtained by

R = I + J sin θ + J2(1− cos θ) (5)

where I is a 3× 3 identity matrix and J = [a]×.
We define the rotation vector as

δ = a sin θ (6)

corresponding to the rotation matrix R, then the Rodrigues’
formula for the rotation matrix can be re-expressed by

R = I + [δ]× + β(�δ�)[δ]2× (7)

where

β(�δ�) =
�
1−	

1− �δ�2
�δ�2



=

�
1− cos θ

sin2 θ

�
. (8)

Since [δ]× is a skew-symmetric matrix, [δ]2× is symmetric and
therefore

R−1 = RT = I − [δ]× + β(�δ�)[δ]2×. (9)

D. Distance Metrics in SO(3)

Given two rotation matrices, R1 and R2, the following two
metrics are used in this article.

1) Chordal distance: The Frobenius norm of the matrix R1 −
R2, that is dchord(R1, R2) = �R1 −R2�F .

2) Angular distance: The rotation angle of RT
2 R1, that is

dang(R1, R2) = sin−1 �� = |θ|, wherein δ is the rotation
vector ()orresponding to the rotation matrix RT

2 R1.

E. PGO Formulation

Assume noisy measurements, dij (2), and Zj
i (1), of a di-

rected pose graph G(V,E), are given, PGO is the problem of
finding poses from these noisy measurements [5]. For some
measurement noises commonly assumed by various works in
the literature,4 the ML estimation of the graph vertices, i.e.,
pi, Ri, i ∈ {1, ..., n}, becomes the solution of the following
optimization problem [19], [22]:

min
Ri∈SO(3)
pi∈R3



ek={i,j}∈E

λk

��dij −RT
i (pj − pi)

��2

+ ωk

���Zj
i −RT

j Ri

���2
F
. (10)

Let R∗i , i = {1, ..., n}, be the optimal rotations given by the
solution of (10). Then, the optimal positions are the solution of
the translation part of the problem (10) given by [15]

{p∗i} = argmin
pi∈R3



ek={i,j}∈E

λk

���dij −R∗i
T (pj − pi)

���2 . (11)

The second part of (10) as given below, called the RS problem,
is independent of the positions, and can be minimized, separately

{R�
i } = argmin

Ri∈SO(3)



ek={i,j}∈E

ωk

���Zj
i −RT

j Ri

���2
F
. (12)

It is clear that the solutions of (12) are not exactly the optimal
rotations of (10), but they can be used as initialization for gra-
dient solvers as is the case for the famous chordal initialization
method [3].

The problem (11) is a linear least squares problem and has
the following closed form solution:

P ∗ = (ATΛA)−1ATΛD (13)

4The assumptions are the independence of the rotation and position measure-
ments, zero-mean isotropic Gaussian distributed noises for the positions, and
isotropic Langevin distributed noises with the identity mode for the rotations.
These assumptions are not essential for developing our methods, but we make
such assumptions in this article to simplify the formulas, to develop theoretical
convergence results, and to make it possible to compare our method with a
method, such as SE-Sync, which needs such assumptions. The development of
our method, which can be used with other cost functions with a relaxed isotropic
assumption, is briefly described in Appendix A.
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where P ∗n×3 = [p∗1 . . .p
∗
n]

T is the matrix of positions, Am×n
is the reduced incidence matrix, Λm×m = diag([λ1 . . . λm]) is
the diagonal matrix of weights, and Dm×3 is the matrix of all
relative displacement measurements in the reference coordinate
system, i.e., the kth row of D is dTijR

T
i where ek = (i, j) ∈ E.

IV. RS ALGORITHM

In this section, we propose our RS algorithm for solving
the RS problem (12). The proposed algorithm is a manifold
Gauss–Newton method that starts from some initial rotations and
iteratively refines the estimates of rotations. Suppose R̂i(t), i ∈
{1, ..., n}, are estimates for the rotations at time step t. Assume
the following change of variables forRis in the RS problem (12):

Ri = Ψi(t)R̂i(t) (14)

for Ψi(t), i ∈ {1, ..., n}. To avoid clutter, we omit the time step
t in the rest of this section. Using Rodrigues’ formula, Ψi can
be written as

Ψi = I + [δi]× + βi(�δi�)[δi]2×. (15)

Substituting (14) and (15) in the RS problem (12), the ar-
guments of the cost function are changed to δi, i ∈ {1, ..., n}.
Thus, the problem can be rewritten as follows:

argmin
R1,...,Rn



ek={i,j}∈E

ωk

���Zj
i −RT

j Ri

���2
F

≡ argmin
Ψ1 ...,Ψn



ek={i,j}∈E

ωk

���Zj
i − R̂T

j Ψ
T
j ΨiR̂i

���2
F

≡ argmin
Ψ1,...,Ψn



ek={i,j}∈E

ωk

���R̂jZ
j
i R̂

T
i −ΨT

j Ψi

���2
F

≡ argmin
δ1,...,δn



ek={i,j}∈E

ωk

���R̂jZ
j
i R̂

T
i − I + [δj ]× − [δi]×

+ S2(δi, δj)
���2
F

(16)

where S2(δi, δj) contains all terms with multiplication of at
least two skew-symmetric terms, [δi]× or [δj ]×, which makes it
negligible compared to the other terms in (16) for small δi and
δj

S2(δi, δj) = [δj ]×[δi]× + [δj ]×βi[δi]
2
× − βj [δj ]

2
×[δi]×

− βj [δj ]
2
×βi[δi]

2
× − βj [δj ]

2
× − βi[δi]

2
×. (17)

By removing S2(δi, δj) from (16), the RS problem can be
approximated by

argmin
δ1,...,δn



ek={i,j}∈E

ωk �[δj ]× − [δi]× −Bk�2F (18)

where Bk � I − R̂jZ
j
i R̂

T
i . We use the following trivial propo-

sition to further simplify the cost function of (18).
Proposition 1: Let An×n be an arbitrary squared matrix, then

�A�2F = �Skew(A)�2F + �Sym(A)�2F .
(Proved in [25].)

According to Proposition 1, we have

argmin
δ1,...,δn



ek={i,j}∈E

ωk �[δj ]× − [δi]× −Bk�2F

= argmin
δ1,...,δn



ek={i,j}∈E

ωk �Skew ([δj ]× − [δi]× −Bk)�2F

+ ωk �Sym ([δj ]× − [δi]× −Bk)�2F
= argmin

δ1,...,δn



ek={i,j}∈E

ωk �Skew ([δj ]× − [δi]× −Bk)�2F

+ ωk �Sym (−Bk)�2F
= argmin

δ1,...,δn



ek={i,j}∈E

ωk �Skew ([δj ]× − [δi]× −Bk)�2F

= argmin
δ1,...,δn



ek={i,j}∈E

ωk �δj − δi − s(Bk)�2 .

Therefore, we get the following optimization problem for each
time step t:

Δ̂(t) = argmin
Δ

�
tr
�
(AΔ−B(t))TΩ(AΔ−B(t))

��
(19)

whereAm×n is the reduced incidence matrix,Ω is a fixed matrix

Ω = diag
� �

ω1 . . . ωm

� �
, and

B(t) =

⎡
⎢⎢⎣
s(B1(t))

T

...

s(Bm(t))T

⎤
⎥⎥⎦ , Δ̂(t) =

⎡
⎢⎢⎣
δ̂
T

1 (t)
...

δ̂
T

n (t)

⎤
⎥⎥⎦ . (20)

The problem (19) has the following closed-form solution:

Δ̂(t) = A‡B(t) (21)

where

A‡ =
�
ATΩA

�−1
ATΩ. (22)

The ith row of Δ̂(t) is a rotation vector δ̂i(t) and its corre-
sponding rotation matrix is Ψ̂i(t). According to (6), the 3-vector
δ̂i(t) has the constraint �δ̂i(t)� ≤ 1, so one way to fulfill this
condition is projecting δ̂i(t) into the unit sphere if it violates the
constraint.

Equation (21) takes a Gauss–Newton step for the problem
(16). To update the estimated rotations, R̂i(t)s, a mapping is
needed to find the rotation matrices on the SO(3) manifold from
δ̂i(t)s, which are on the tangent space. To this aim, we propose
to use (14) to implement the retraction5 as follows:

R̂i(t+ 1)← Ψ̂i(t)R̂i(t)

=
�
I + [δ̂i(t)]× + βi(�δ̂i(t)�)[δ̂i(t)]2×

�
R̂i(t). (23)

This gives an iterative algorithm for finding the vertices ro-
tations summarized in Algorithm 1. The algorithm needs initial

5Retraction is a mapping from the tangent space to the manifold space. See
[48] for more information.
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Algorithm 1: RS: Rotation Synchronization Algorithm.

Input: edges of pose graph (Zj
i ,dij , ∀ek = {i, j} ∈ E),

stopping criteria δth and itrmax, and matrix of weights Ω
from (20)

Output: estimated poses of vertices
(Ri,pi, i ∈ {1, . . . , n})

1: t← 1
2: R̂i(t)← chordal initialization
3: repeat
4: bk ← s(I − R̂j(t)Z

j
i R̂

T
i (t)), ∀ek = {i, j} ∈ E

5: B(t)← [b1, . . . ,bm]T

6: Δ̂(t)← (ATΩA)−1ATΩB(t)
7: for i ∈ {1, . . . , n} do
8: δ̂i(t)

T ← ith row of Δ̂(t)

9: if �δ̂i(t)� > 1 then δi(t)← δi(t)/�δi(t)�
10: Ψ̂i(t)← I + [δ̂i(t)]× + βi(�δ̂i(t)�)[δ̂i(t)]2×
11: R̂i(t+ 1)← Ψ̂i(t)R̂i(t)
12: end for
13: t← t+ 1;
14: until maxi �δ̂i� > δth & t < itrmax

15: Ri ← R̂i(t), ∀i ∈ {1, . . . , n}
16: return Ri, ∀i ∈ {1, . . . , n}

estimates of the rotations that is calculated by the chordal method
of Martinec and Pajdla [3]. It is worth mentioning that with our
proposed parameterization δ in (6), the problem (18) is more
tighter approximation of (16) in comparison to the common
method of using the canonical rotation angle vector, i.e., δ = aθ.
We observed experimentally that using the canonical rotation
angle vector has slower convergence and is more entangled in
local minima.

V. CONVERGENCE ANALYSIS

To make the convergence analysis more understandable, we
first analyze the noise-free cases and prove the optimality of the
solution. Then, the analysis is presented for noisy cases. Note
that, the convergence proof of the method in noise-free cases is
not important by itself. But, it can clarify the proof for noisy
cases and makes this article easy to follow.

A. Noise-Free Cases

Assume R�
i , i ∈ {1, . . . , n}, are the optimal solutions of RS

(12). Matrices Ψ�
i (t) align the estimated rotation matrices R̂i(t)

to the optimal solutions R�
i

R�
i = Ψ�

i (t)R̂i(t). (24)

Suppose that δ�i (t) is the rotation vector (6) corresponding
to the matrix Ψ�

i (t). In order to prove the convergence of the
algorithm to the optimal solution, i.e., R̂i(t)→ R�

i , i ∈ 1, ..., n,
it should be shown that in each step, Ψ�

i (t) comes closer to the
identity matrix or equally �δ�i (t)� → 0. We define the following
key parameter appearing in the convergence proof.

Fig. 1. Value of c̄(t) (27) with respect to the norm of maximum optimal
rotation vector of the RS problem �δ�

k̄
(t)�.

Definition 1: The structural parameter ā is the maximum
magnitude of a‡k

ā = max
k

���a‡k��� (25)

in which a‡k represents the kth row of A‡ given in (22).
It is worth noting that the magnitude of a‡k, k ∈ 1, ..., n,

depends on the pose graph topology and is usually small (less
than 2 for torus, sphere-a, and cube in [28] datasets).

The following lemma gives a bound between the rotation
vectors δ�i (t) and rotation vectors that are the solutions of
the synchronization problem (18). This bound is used in the
convergence proof of Theorem 1.

Lemma 1: The magnitude of difference between the rotation
vector δ�k(t), the optimal solution of (16) for the kth rotation,
and δ̂k(t), the kth row of Δ̂(t) in RS, is bounded by āc̄(t)���δ�k(t)− δ̂k(t)

��� ≤ āc̄(t) (26)

where
c̄(t) =

��s �−S2(δ
�
k̄(t),−δ�k̄(t))

��� (27)

wherein k̄ = argmaxk �δ�k(t)�. The value of c̄(t) with respect
to δ�

k̄
is depicted in Fig. 1.

Proof: According to the definition, δ�i s are the minimizers of
the cost function (16)

{δ�1(t), . . . , δ�n(t)}

= argmin
δ1,...,δn



ek={i,j}∈E

ωk

���R̂j(t)Z
j
i R̂

T
i (t)− I

+ [δj ]× − [δi]× + S2(δi, δj)
���2
F
. (28)

Due to the noise-free assumption, Zj
i = Rj

i , therefore, the
minimum value of the cost function is zero. So, a new relation
for δ�i (t)s can be given by the following equation:

{δ�1(t), . . . , δ�n(t)}

= argmin
δ1,...,δn



ek={i,j}∈E

ωk

���R̂j(t)R
j
i R̂

T
i (t)− I

+ [δj ]× − [δi]× + S2(δ
�
i (t), δ

�
j (t))

���2
F
. (29)
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Fig. 2. Magnitude of difference between the kth optimal rotation vector δ�k(t)
and the solution of the approximated problem by removing higher order terms
δ̂k(t) is smaller or equal to āc̄(t), where ā is the structural parameter and c̄(t)
is an upper bound of �ck(t)� described in (27).

Using the same strategy for deriving (19), the solution of (29)
can be obtained as follows:

Δ�(t) = argmin
Δ

�
tr
�
(AΔ− (B(t) + C(t)))TΩ

× (AΔ− (B(t) + C(t))))} (30)

where

Δ�(t)T = [δ�1(t), . . . , δ
�
n(t)] (31)

C(t)T = [c1(t), . . . , cm(t)] (32)

and for each ek = {i, j} ∈ E

ck(t) = s
�−S2

�
δ�i (t), δ

�
j (t)

��
. (33)

Problems (19) and (30) are standard linear least squares
problems. Hence, their solutions are as follows:

Δ̂(t) = A‡(B(t)) (34)

Δ�(t) = A‡(B(t) + C(t)). (35)

Therefore, the difference between the solutions is

Δ�(t)− Δ̂(t) = A‡C(t) (36)

and, therefore

δ�k(t)− δ̂k(t) = a‡kC(t), k ∈ {1, . . . , n} (37)

where a‡k represents the kth row of A‡.
It can be shown that the magnitude of ck(t) is bounded to

c̄(t). See Appendix B for more details. Therefore

�ck(t)� ≤ c̄(t) ∀k ∈ {1, . . . , n}. (38)

According to (37) and (38) and the definition of ā in (25), the
following bound can be obtained:���δ�k(t)− δ̂k(t)

��� ≤ ���a‡k���max
k

�ck
(t)� ≤ āc̄(t). (39)

Fig. 2 gives a geometrical view of the bound given in (39). �
The following theorem proves a convergence basin of the RS

algorithm in terms of the structural parameter.
Theorem 1: If the maximum angular distance between the

initial and optimal rotations is less than a threshold for the given
structural parameter ā shown in Fig. 3, then RS converges to the
optimal solution.

Fig. 3. Convergence basin, i.e., the maximum angular distance between the
initial and optimal rotations, as a function of the structural parameter ā.

Proof: We first investigate the convergence behavior for
ā = 1. Then, the effect of ā on the obtained convergence area is
investigated. By substituting (23) into (24), we obtain

R�
k = Ψ�

k(t)Ψ̂
T
k (t)R̂k(t+ 1). (40)

Thus, based on (24) and (40), it is easy to see

Ψ�
k(t+ 1) = Ψ�

k(t)Ψ̂
T
k (t). (41)

Given δ̂k(t) and δ�k(t), the vector δ�k(t+ 1) can be obtained by
(41). The maximum magnitude of δ�k(t+ 1) occurs when δ�k(t)

and δ̂k(t) are in the same direction and δ̂k(t) takes its maximum
value in the bound of (39) (see Appendix C for detailed proof of
this). By increasing δ�k(t), the upper bound is increased, therefore
δ�k(t+ 1) is bounded by

�δ�k̄(t+ 1)� ≥ �δ�k(t+ 1)� ∀k ∈ {1, . . . , n} (42)

where k̄ = argmaxk �δ�k(t)�. Hence, the maximum bound of
�δ�k(t+ 1)� can be obtained as a function of the maximum value
of �δ�k(t)�, which is shown in Fig. 4. The function is below the
bisector of the first quadrant up to a certain value. It means that,
if �δ�k(t)� is less than a certain value, �δ�k(t+ 1)� will always
be smaller than �δ�k(t)�, and therefore the algorithm converges
to the optimal solution.

Different values of ā change the radius of the red circle
in Fig. 2. The bigger ā, the larger radius for the geometric
location of δ̂k(t), consequently results in a larger δ�k(t+ 1).
Finally, it results in a smaller convergence area. Fig. 3 shows the
effect of ā on the convergence area. In this figure, the vertical
axis is the maximum initial estimation error that ensures the
convergence. The estimation error is the angle of rotation in
degrees. Each point on this curve corresponds to a case in which
max �δ�k(t)� = max �δ�k(t+ 1)� for different values of ā. Since
these points are calculated through (15), (17), (27), (39), and
(41), there is no clear closed-form solution. Thus, the analytical
expression is excluded and the relation is shown as a curve in
Fig. 3. �
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Fig. 4. Bound for the maximum magnitude of δ�k(t+ 1) with respect to the
maximum magnitude of δ�k(t) assuming ā = 1 (blue solid line), and the bisector
of the first quadrant (red dashed line). Being on the curve below the bisector
line means that the maximum bound of �δ�k(t+ 1)� will be smaller than the
maximum bound of �δ�k(t)� and the algorithm will converge. Therefore, the con-
vergence basin will be up to a point where max �δ�k(t+ 1)� = max �δ�k(t)�.

B. Noisy Cases

Similar to the noiseless case, we assume that Ψ�
k(t) rotates

the current rotation estimation R̂k(t) to the real rotation matrix
R�

k. Again, we first prove a lemma for bounding the difference
between the rotation vectors δ�k(t) and δ̂k(t). Because of noise,
an extra term appears in the bound depending on the amount of
noise in the measurements.

Lemma 2: The magnitude of the difference between the ro-
tation vectors δ�k(t) and δ̂k(t) is bounded by ā(c̄(t) + ē)���δ�k(t)− δ̂k(t)

��� ≤ ā (c̄(t) + ē) (43)

where c̄ is defined in (27) and

ē = max
{i,j}∈E

���s(Φj
i )
��� (44)

wherein Φj
i is the difference between the real relative rotation

Rj
i and the noisy measurement Zj

i , i.e.,

Φj
i � Rj

i − Zj
i . (45)

The proof of Lemma 2 is similar to the proof of Lemma 1 and
is explained in Appendix D.

Equation (43) says that the geometric location of δ̂k(t) falls
within the circle with the radius of āc̄(t) + āē as illustrated in
Fig. 5. Fig. 6 shows the magnitude of ek with respect to the rela-
tive rotation measurement noise. In this figure, the measurement
noise is represented by the angle of rotation in degrees. Now, we
are ready to prove the main convergence theorem below. The
proof obtains the convergence basin as a function of the key
parameter ā and the rotation measurement noise. This theorem
also gives the least accuracy of RS in noisy cases.

Theorem 2: If the initial error (the maximum angular distance
between the initial and optimal rotations) is less than a threshold
for a given structural parameter ā and given measurement noise

Fig. 5. Radius of geometric location of δ̂k(t) as in Fig. 2. Here, we have larger
radius because of noise manifested as extra āē term on the radius.

Fig. 6. Assuming rotation measurement noise of (1), the magnitude of ek will
only be a function of noise rotation angle.

Fig. 7. Convergence basin (solid lines), i.e., the maximum initial rotation
estimation error, and the least accuracy of RS (dashed lines), as a function of ē
(the maximum value of �ek� shown in Fig. 6) and ā (the structural parameter).

upper bound ē, then each iteration of RS reduces the errors up
to the bound depicted in Fig. 7.

Proof: The magnitude of δ�k(t+ 1) is obtained by (41). Like
the noise-free condition, the largest value for the magnitude
of δ�k(t+ 1) is obtained when k = argmaxl �δ�l (t)� and δ�k(t)

and δ̂k(t) are in the same direction. In noisy cases, the radius
of geometric location of δ̂k(t) is larger by the extra value āē.
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Fig. 8. Bound for the maximum magnitude of δ�k(t+ 1) with respect to the
maximum magnitude of δ�k(t) (blue solid line), assuming ā = 1 and ē = 0.05,
and the bisector of the first quadrant (red dashed line).

Therefore, �δ̂k(t)� can take larger values, which results in larger
�δ�k(t+ 1)�. Similar to noise-free condition, maxk �δ�k(t+ 1)�
is bounded by a function ofmaxk �δ�k(t)� for a given ā and ē. As
an example, see Fig. 8 for a value of ē. Again, ifmaxk �δ�k(t)� is
less than a certain value, the function will be under the bisector
of the first quadrant and consequently maxk �δ�k(t+ 1)�will be
less than maxk �δ�k(t)�.

The effect of ē and ā on the maximum initial error and the
final solution accuracy, i.e., the difference between the estimated
values and true values, are shown in Fig. 7. �

VI. STRUCTURAL PARAMETER AND BOUNDS

In this section, we first show that the structural parameter is
actually the norm of the inverse reduced graph Laplacian. Inverse
reduced graph Laplacian is an important entity for the PGO
problem and was shown to be proportional to the Cramer–Rao
bound for 2-D SLAM [43]. Then, we give an explicit relation
for the convergence bound of complete graphs, the case where
the structural parameter can be computed analytically.

A. Structural Parameter and Graph Laplacian

According to Definition 1, the structural parameter ā can be
equivalently defined as

ā =
�
max [diag(A‡A‡T )]. (46)

Assuming equal noise variance for all measurements and sub-
sequently equal weights for all rotation measurements, i.e.,
Ω = ωI , we have

A‡A‡T = (ATωA)−1ATω2A(ATωA)−T

= (ATA)−1ATA(ATA)−T

= (ATA)−1 = L−1 (47)

where L is the reduced graph Laplacian matrix [40], [46].
Remark 1: The [inverse] reduced Laplacian matrix of a con-

nected graph is a positive definite matrix.

Fig. 9. Convergence basin as a function of the maximum rotation angle of the
measurement noise, for a complete graph with n vertices.

Proof: Any connected graph has got at least one spanning
tree, and by Kirchhoff’s theorem [46], any cofactor of its Lapla-
cian matrix is positive. Therefore, det(L) > 0, and subsequently
det(L−1) > 0. �

Proposition 2: The maximum value on the diagonal entries
of a positive definite matrix is also its max norm. (Proved in
Appendix E.)

According to the above-mentioned remarks, (46) and (47),
the structural parameter is the max norm of the inverse reduced
Laplacian matrix.

B. Structural Parameter of a Complete Graph

For a complete graph with n vertices, the reduced Laplacian
matrix has the following simple structure:

Ln×n = nIn×n − 1n×n. (48)

Its inverse is

L−1 =
1

n+ 1
(In×n + 1n×n) . (49)

Therefore, for a complete graph and for the aforementioned
equal noise variance assumption, the structural parameter is
obtained by

ā =

�
2

(n+ 1)
. (50)

It is easy to show that removing an edge from the graph
increases the structural parameter. The mathematical develop-
ments and proofs are available in Appendix F.

Fig. 9 depicts the convergence basin obtained in Section V
for a complete graph with different number of vertices. As it
can be seen in the figure, for a complete graph with 40 vertices
and initial estimation error, i.e., angular distance between initial
estimations and real rotations, less than 35◦, RS converges if the
maximum rotation angle of measurement noise is less than 40◦.
The convergence basin is increased by increasing the number of
vertices.

In a recent related work Eriksson et al. [40], obtained a bound
for the maximum angular residual, i.e., angular distance between
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optimal relative rotations Rj
i and observations Zj

i , for which
there is no duality gap. No duality gap implies that the solution
of Lagrangian dual formulation is also an optimal solution of
the primal problem. According to their analysis, for a complete
graph withn vertices, the solution is optimal when the maximum
angular residual is less than αmax, which is given as follows:

αmax = 2arcsin

��
1

4
− n

2(n− 1)
− 1

2



. (51)

This implies that the maximum angular residual for a com-
plete graph with n = 40 is about 43.8◦. The maximum angular
residual is decreased by increasing the number of vertices.
Note that the maximum angular residual can be larger than the
measurement noise angle. For instance, in a complete graph with
n = 40vertices and40◦ rotation angle of the measurement noise,
the maximum angular residual can be more than 58◦. We saw
experimentally (see Appendix G) that the convergence basin of
our method is not only much wider than what is suggested by the
theory, but it is also wider than the convergence basin obtained
by the Lagrange duality method [40] given in (51).

VII. PS ALGORITHM

The RS algorithm uses only relative rotation observations to
estimate vertices rotations. In this part, we propose the PS algo-
rithm that uses both relative rotation and position observations to
estimate the rotations. Similar to RS, Rodrigues rotation formula
is employed. Substituting (14) and (15) into the PGO problem
(10) and removing the second-order terms, we obtain

min
δi,pi



ek∈E

λij

���pj − pi − R̂idij − [δi]×R̂idij

���2

+ ωij

���R̂jZ
j
i R̂

T
i − I + [δj ]× − [δi]×

���2
F

≡ min
δi,pi



ek∈E

λij

���pj − pi − R̂idij +
�
R̂idij

�
×
δi

���2

+ 2ωij

���δj − δi − s
�
I − R̂jZ

j
i R̂

T
i

����2 . (52)

The optimization problem can be rewritten in the following
matrix form:

min
δi,pi

�����
�
(
√
2ΩA)⊗ I O

M (
√
ΛA)⊗ I

��
δT

pT

�
−
�
ZΩ

Dλ

������
2

(53)

in which ⊗ represents the Kronecker product and

δT =

⎡
⎢⎢⎣
δ1
...

δn

⎤
⎥⎥⎦ , pT =

⎡
⎢⎢⎣
p1

...

pn

⎤
⎥⎥⎦ , ZΩ =

⎡
⎢⎢⎣
z1
...

zm

⎤
⎥⎥⎦ , Dλ =

⎡
⎢⎢⎣
l1
...

lm

⎤
⎥⎥⎦ (54)

and for each ek = {i, j} ∈ E

zk =
	

2ωijs
�
I − R̂jZ

j
i R̂

T
i

�
, lk =

	
λijR̂idij . (55)

Algorithm 2: PS: Pose Synchronization Algorithm.

Input: edges of pose graph (Zj
i ,dij , ∀ek = {i, j} ∈ E),

stopping criteria δth, costth, and itrmax, and weights
Ω = diag([ω1 . . . ωm]) and Λm×m = diag([λ1 . . . λm])

Output: estimated poses of vertices
(Ri,pi, i ∈ {1, . . . , n})

1: t← 1
2: R̂i(t)← chordal initialization
3: repeat
4: for ek = {i, j} ∈ E do

5: Mk← [03×3, . . . , 03×3,

ithcolumn-block� �� �
[R̂i(t)dij ]×, 03×3, . . . , 03×3]

6: zk ←
	

2ωijs(I − R̂jZ
j
i R̂

T
i )

7: lk ←
	

λijR̂idij

8: end for
9: M(t)← [MT

1 , . . . ,MT
m]T

10: ZΩ ← [zT1 , . . . , z
T
m]T

11: Dλ ← [lT1 , . . . , l
T
m]T

12: G(t)←
�
(
√
2ΩA)⊗ I O

M (
√
ΛA)⊗ I

�

13: Solve for δT (t) and pT (t) in G

�
δT (t)

pT (t)

�
=

�
ZΩ

Dλ

�

14: f =

�����G
�
δT (t)

pT (t)

�
−
�
ZΩ

Dλ

������
2

15: for i ∈ {1, . . . , n} do
16: δ̂i(t)← (3i)th to (3i+ 3)th row of δT (t)
17: if �δ̂i(t)� > 1 then δi(t)← δi(t)/�δi(t)�
18: Ψ̂i(t)← I + [δ̂i(t)]× + βi(�δ̂i(t)�)[δ̂i(t)]2×
19: R̂i(t+ 1)← Ψ̂i(t)R̂i(t)
20: end for
21: t← t+ 1
22: until maxi �δ̂i� > δth & t < itrmax & Δf/f < costth
23: Ri ← R̂i(t), ∀i ∈ {1, . . . , n}
24: Calculate P from (13)
25: pT

i ← ith row of P, ∀i ∈ {1, . . . , n}
26: return pi, Ri, ∀i ∈ {1, . . . , n}

M is a matrix with m rows and n columns of 3× 3 blocks in
which, for each ek = {i, j} ∈ E, the ith column block in the kth
row block is equal to

	
λij [R̂idij ]× and other terms are zero.

The solution of (53) is obtained by

�
δ∗T
p∗T

�
= G‡

�
ZΩ

Dλ

�
. (56)

The matrix G is a sparse matrix, therefore, sparse solvers can
be used to solve (53). Equation (56) is computationally more
expensive than (21) but leads to more accurate results.

The PS algorithm, which is summarized in Algorithm 2, uses
just the expressed formulations iteratively to solve the PGO
problem.
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Fig. 10. Comparison of RS with an iterative RS solver of GTSAM for different amounts of noise in the initial guess for complete graphs with (a) 60 and (b) 100
number of vertices. The measurements are contaminated by random rotation noises with random axes and random rotation angles up to (a) 50◦ and (b) 30◦. The
figures show the median and positive and negative standard deviations of the final costs of RS and GTSAM (vertical axes) for 100 runs, starting from different
initial guess with different “maximum angular error” (horizontal axes).

VIII. EVALUATION

In this section, the performance of the proposed algorithms
is evaluated through several experiments. The simulations are
twofold. In the first part, the proposed RS algorithm is compared
to state-of-the-art RS solvers. In the next part, the PS algorithm
is compared to the state-of-the-art SE-Sync method for real and
synthetic datasets.

In all experiments, itrmax and δth are 102 and 10−7, respec-
tively, for both RS and PS, and costth is set to 10−7. All exper-
iments are tested using MATLAB 9.1 on a computer with an
Intel Core i7-7700HQ at 2.8 GHz, with 12 GB of memory.6

A. RS Problem

In this part, an experimental study is presented to support
our claim that the proposed RS method for RS has a large
convergence basin and is better than the Gauss–Newton method
of GTSAM. The algorithms are applied to a set of complete
graphs. RS convergence basin for complete graphs is obtained
in Section VI (see Fig. 9). Fig. 10 shows the costs obtained by RS
and GTSAM in complete graphs with (a) 60 and (b) 100 number
of vertices for different amounts of noise in initial guesses. As
it can be seen in Fig. 10, the RS convergence basin is larger
than the GTSAM convergence basin. It is also larger than what
is guaranteed by our theoretical analysis. More experiments are
presented in Appendix H, which compare RS and GTSAM on
different datasets and using Langevin distribution rotation noise.

B. PGO Problem

The evaluations of this part are performed on the common
benchmark datasets [28] and noisy versions of them. To generate
more realistic noises with relatively similar properties of the
noise in the original data, we try to keep original shapes of noise
histograms. This is simply done by multiplying the noise of
the original data by the factor η > 1. To be more concrete, let
us assume that Ri,pi, i ∈ {1, . . . , n}, are the optimal solutions

6Efficient implementation of the proposed algorithms in MATLAB is avail-
able via http://visionlab.ut.ac.ir/resources/pgorls.zip.

TABLE I
MEAN AND STANDARD DEVIATION OF OBSERVATION NOISE IN

DIFFERENT DATASETS

and dk, Zk for all ek = {i, j}, k ∈ {1, . . . ,m}, are the original
observations of a dataset. Using Rodrigues’ formula for the noise
term in (1), we have

Zk = RT
j Ri

�
I + Jk sin θk + J2

k (1− cos θk)
�
. (57)

The noisy observations are generated as follows:

d
k = RT
i (pj − pi) + η

�
dk −RT

i (pj − pi)
�

(58)

Z 
k = RT
j Ri

�
I + Jk sin ηθk + J2

k (1− cos ηθk)
�
. (59)

Table I gives the mean and standard deviation of �dnoise� and
θk for all original datasets. This way of generating noise makes
the experiments and the results reproducible by potential readers.
It is worth mentioning that we tried other (nonmultiplicative)
types of noise and observed the same performance gains.

1) Comparing With SE-Sync on Original Datasets: Table II
compares the results of RS+PS7 and the state-of-the-art method
SE-Sync [19] on the common datasets [28]. In this table, the
number of vertices (n), the number of edges (m), the odometry
cost (fodometry), the optimal cost (f ∗), the number of RS and
PS iterations (itrRS + itrPS), the number of outer and inner
SE-Sync iterations (outer(inner)), and the execution time of the
algorithms (time) and the chordal initialization are presented. As
shown in the table, in most experiments, RS+PS is faster than
SE-Sync. It is worth noting that for sphere-a, garage, cubicle,
and rim, the cost attained by RS+PS is slightly better than that
by SE-Sync (due to small tolerance chosen for RS+PS stopping

7In this article, the phrase method1 + method2 means using the method1 as
initializer and the method2 as the solver. The phrase “chord” means the chordal
initialization.
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TABLE II
COST, NUMBER OF ITERATIONS, AND CPU TIME OF RS+PS AND SE-SYNC METHODS ON DIFFERENT LOW-NOISE DATA

The CPU time of SE-Sync is computed without (with) the time spent for optimality check.

Fig. 11. Optimal solution of the garage original dataset (left), the result of RS+PS (center), and the result of SE-Sync initialized by the chordal method (right) in
garage with noise factor η = 80.

TABLE III
RESULTS OF DIFFERENT METHODS IN DIFFERENT DATASETS WITH DIFFERENT

NOISE FACTORS

criterion). The difference between the costs for torus and cube
is smaller than 10−3.

2) Comparing With SE-Sync in Challenging Datasets: To
compare the methods in more challenging datasets, we added

noise to relative rotation and translation observations in all
benchmark datasets. Table III compares the results of different
methods for different noise factors. In almost all datasets, RS+PS
outperforms chord+SE-Sync when the noise factors increases.
Fig. 11 illustrates the results of RS+PS and chord+SE-Sync in
garage with the noise factor η = 80. As it can be seen in Table I,
the garage original dataset has a very low observation noise and
the noise factor η = 80 gives an amount of noise almost equal to
the sphere-a original observation noise. More experiments can
be found in Appendixes I and J.

IX. CONCLUSION

In this article, new manifold Gauss–Newton methods, RS and
PS, were introduced to solve the RS and PGO problems, respec-
tively. It was shown in the experiments that RS outperformed
the chordal initialization method and offered better starting point
for iterative techniques resulting in escaping from local minima.
We also compared our RS as an initializer and PS as a solver
to the state-of-the-art method that used a chordal initialization
and SE-Sync as a solver. The experiments showed that our
algorithm was faster than SE-Sync in low-noise datasets and
resulted in better solution in high-noise cases. A convergence
analysis was developed for RS and a bound was given in which
each iteration of our algorithm get closer to the global minimum.
It was observed in the experiments that the convergence area was
much larger than the area proved in Section V. A future direction
of research is proving a better basin of convergence.

It was displayed that the basin of convergence depended on
the structural parameter ā. We showed its relation to the re-
duced Laplacian matrix and derived its analytical expression for
complete graphs. Khosoussi et al. [43] computed a closed-from
expression for Fisher information matrix (FIM) in 2-D SLAM.
Following their results, it is easy to see that FIM for a 2-D RS
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problem is equal to σ2
θL, where σ2

θ is an angular measurement
noise variance. Hence, the max norm of the Cramer–Rao lower
bound8 is equal to

�I−1�max = σ2
θ ā

2. (60)

Equation (60) reveals the effect of the measurement noise and
the graph structure on the max norm of the covariance matrix
lower bound in 2-D SLAM. Our next step is to find such relations
for 3-D pose graphs.

In the experiments of Appendix I, our proposed method
attained lower costs in almost all datasets in comparison to
SE-Sync, and it also attained better or equal lower localization
error measured as ATE in the most of datasets. But, interestingly,
we observed that on few highly noisy datasets, SE-Sync attain
lower ATE in comparison with our proposed PS method. It is
remained for a future work to investigate the reason of this
behavior. We think that it is possible to combine the power of
SE-Sync and our proposed method, to reach a method with a
better localization accuracy than any of these methods.

APPENDIX A

PROPOSED METHODS FOR THE GENERAL CASE OF THE COST

FUNCTION

The general form of the 3-D PGO problem that covers colored
and nonisotropic measurements noise has the form

min



eTijIijeij (61)

where Iijs ∈ R6×6 are information matrices and eijs ∈ R6 are
the error vectors that measure how the graph parameters, i.e.,
position and rotation of the graph vertices, match the measure-
ments. Each eij contains a 3-vector related to the position error
etij and a 3-vector related to the rotation error erij .

We define the error vectors as follows:

etij = (pj − pi)−Ridij

erij = s(RjZ
j
iR

T
i ).

RjZ
j
iR

T
i is a rotation matrix and can be expressed in Rodregues

format (7)

RjZ
j
iR

T
i = I + [δij ]× + β(�δij�)[δij ]2×.

It is easy to show that s(RjZ
j
iR

T
i ) is equal to δij .

In order to obtain the least squares of the problem at each step
in the Gauss–Newton method, similar to what it can be seen in
this article, we substitute (14) and (15) in the error vectors and
remove the second-order terms. Thus, we have

etij � pj − pi − R̂idij − [δi]×R̂idij

= pj − pi − R̂idij +
�
R̂idij

�
×
δi

erij � δj − δi + δ̂ij = δj − δi − s
�
I − R̂jZ

j
i R̂

T
i

�
= δj − δi − s

�
I − R̂jZ

j
i R̂

T
i

�
.

8Well-known Cramer–Rao bound states that a covariance matrix of any
unbiased estimator of rotations satisfies, i.e., Covθ � I−1, where I is FIM.

These error vectors are the same error vectors used in (52). The
error vectors can be reexpressed in a matrix form as follows:

eij =

�
etij
erij

�
�

⎡
⎣−I I

�
R̂idij

�
×

O

O O −I I

⎤
⎦
⎡
⎢⎢⎢⎣
pi

pj

δi

δj

⎤
⎥⎥⎥⎦−

�
R̂idij

−δ̂ij

�
.

(62)

Substituting (62) in (61), we obtain

min
δi,pi



ek∈E

����I1/2ij

⎡
⎣−I I

�
R̂idij

�
×

O

O O −I I

⎤
⎦
⎡
⎢⎢⎢⎣
pi

pj

δi

δj

⎤
⎥⎥⎥⎦

−I1/2ij

�
R̂idij

−δ̂ij

�����2.
Solving the above-mentioned least squares problem, we ob-
tain the Gauss–Newton step. Now that we have the Gauss–
Newton step, we can update the parameters using the pro-
posed retraction (lines 15–20 of Algorithm 2). It is evi-
dent that (52) and (53) are special cases of (61) for Iij =
diag([λij , λij , λij , 2ωij , 2ωij , 2ωij ]).

APPENDIX B
MAXIMUM MAGNITUDE OF ck(t)

In this part, we obtain the maximum magnitude of ck(t) and
prove the inequality (38). The magnitude of ck(t) is obtained as

�ck(t)� = �s
�−S2

�
δ�i (t), δ

�
j (t)

�� �
where

S2(δ
�
i , δ

�
j ) = [δ�j ]×[δ

�
i ]× + [δ�j ]×βi[δ

�
i ]

2
×

− βj [δ
�
j ]

2
×[δ

�
i ]× − βj [δ

�
j ]

2
×βi[δ

�
i ]

2
× − βj [δ

�
j ]

2
× − βi[δ

�
i ]

2
×.

The following propositions reveal the fact that rotating the
vectors δi(t) and δj(t) by equal amounts has no effect on the
magnitude of ck(t).

Proposition 3: Let a be an arbitrary 3-vector and R be an
arbitrary rotation matrix, then

[Ra]× = R[a]×RT .

Proposition 4: Let M be an arbitrary 3× 3 matrix and R be
an arbitrary rotation matrix, then

�s(RMRT )� = �s(M)�.
According to Propositions 3 and 4, for an arbitraryR, we have

�ck(t)� = �s
�−S2

�
δ�i (t), δ

�
j (t)

�� �
= �s �−S2

�
Rδ�i (t), Rδ�j (t)

�� �.
The rotation matrix R is selected so that the vector δ�i is

aligned to the global x-axis and δ�j is places in the global
xy-plane. Therefore

Rδ�i = [δi, 0, 0]
T

Rδ�j = [δj cosαij , δj sinαij , 0]
T
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Fig. 12. Magnitude ofck(t) as a function of �δ∗i�, �δ∗j�, andαij . Each surface
corresponds to a specific αij (the angle between δ�i and δ�j ). The lowest surface
corresponds to αij = 0 and the highest surface corresponds to αij = π.

where δi = �δ�i �, δj = �δ�j �, and αij is the angle between δ�i
and δ�j . Hence, the magnitude of ck(t) is a function of three
scalars δi, δj , and αij , i.e., �ck(t)� = f(δi, δj , αij). Analytic
derivative of f with respect to these parameters reveals that the
maximum magnitude of �ck(t)� for given �δ�i � and �δ�j � occurs
when αij = π. Also, f(δi, δj , π) is an increasing function with
respect to δi and δj . Therefore

�ck(t)� = �s
�−S2

�
δ�i (t), δ

�
j (t)

�� �
= �s �−S2

�
[δi, 0, 0]

T , [δj cos(αij), δj sin(αij), 0]
T
���

≤ �s �−S2

�
[δi, 0, 0]

T ,−[δj , 0, 0]T
�� �

≤ ��s �−S2(δ
�
k̄(t),−δ�k̄(t))

��� = c̄(t). (63)

Fig. 12 illustrates the magnitude of ck(t)with respect to �δ�i �,
�δ�j �, and αij .

APPENDIX C
THEOREM 1 PROOF DETAILS

Equation (41) implies that

Ψ�
k(t+ 1) = Ψ�

k(t)Ψ̂
T
k (t)

=
�
I + [δ�k(t)]× + βk(�δ�k(t)�)[δ�k(t)]2×

�
×
�
I − [δ̂k(t)]× + βk(�δ̂k(t)�)[δ̂k(t)]2×

�
.

According to Proposition 3, for an arbitrary rotation matrix
R, we have

RΨ�
k(t+ 1)RT = RΨ�

k(t)Ψ̂
T
k (t)R

T

=
�
I +R[δ�k(t)]×R

T +Rβk(�δ�k(t)�)[δ�k(t)]2×RT
�

�
I −R[δ̂k(t)]×RT +Rβk(�δ̂k(t)�)[δ̂k(t)]2×RT

�

Fig. 13. Vectors Rδ�k(t) and Rδ̂k(t) in the global coordinate frame.

=
�
I + [Rδ�k(t)]× + βk(�Rδ�k(t)�)[Rδ�k(t)]

2
×
�

�
I − [Rδ̂k(t)]× + βk(�Rδ̂k(t)�)[Rδ̂k(t)]

2
×
�
.

This indicates that equal rotation of δ�k(t) and δ̂k(t) will not
change the magnitude of δ�k(t+ 1). The rotation matrix R can
be selected in a way that the vector δ�k(t) is aligned to the global
x-axis and the vector δ̂k(t) is placed in the global xy-plane.
Therefore, the vector (−a‡kC) = δ̂k(t)− δ�k(t) also lies in the
global xy-plane (see Fig. 13). Therefore

Rδ�k = [δ�k, 0, 0]
T

Rδ̂k = [δ�k, 0, 0]
T + ζk[cos γk, sin γk, 0]

T

where δ�k = �δ�k(t)�, γk is the angle between vectors δ�k and
(−a‡kC), and ζk is the magnitude of (−a‡kC), and 0 ≤ ζk ≤ āc̄.
Therefore, the magnitude of δ�k(t+ 1) is a function of three
scalars δ�k, δ̂k, and γk, i.e., �δ�k(t+ 1)� = f(δ�k, ζk, γk). Ana-
lytic derivative of f with respect to γk reveals that for given
δ�k and ζk, the maximum magnitude of δ�k(t+ 1) occurs when
γk = 0. Also, f(δ�k, ζk, 0) is an increasing function with respect
to δ�k and ζk. Hence, the maximum magnitude of δ�k(t+ 1)

occurs when δ�k(t) and δ̂k(t) are in the same direction and
δ̂k(t) takes its maximum value. It can be also concluded that
δ�
k̄
(t+ 1) ≥ δ�k(t+ 1)˜∀k ∈ {1, . . . , n}.

APPENDIX D
PROOF OF LEMMA 2

Proof: In each step of the RS algorithm, δ̂i(t)s are calculated
by the following optimization problem:

{δ̂1(t), . . . , δ̂n(t)}

= argmin
δ1...δn



ek={i,j}∈E

ωk

���R̂j(t)Z
j
i R̂

T
i (t)

− I + [δj ]× − [δi]×
���2
F
. (64)

According to (45), (64) can be written as follows:

{δ̂1(t), . . . , δ̂n(t)}

= argmin
δ1,...,δn



ek={i,j}∈E

ωk

���R̂j(t)R
j
i R̂

T
i (t)

− R̂j(t)Φ
j
i R̂

T
i (t)− I + [δj ]× − [δi]×

���2
F
. (65)
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The solution to (65) is

Δ̂(t) = A‡(B(t) + E(t)) (66)

where B(t) was given in (20) and

E(t)T = [e1(t), . . . , em(t)] (67)

in which

ek = s
�
R̂j(t)Φ

j
i R̂

T
i (t)

�
. (68)

It is easy to see that R̂i(t) and R̂j(t) do not change the
magnitude of ek, only relative rotation measurement noise, i.e.,
Φj

i , affects its magnitude

�ek� =
���s�Φj

i

���� . (69)

According to (35) and (66), the difference between solutions
is obtained by

Δ�(t)− Δ̂(t) = A‡(C(t)− E(t)) (70)

and therefore

δ�k(t)− δ̂k(t) = a‡k(t)(C(t)− E(t)) (71)

where a‡k(t) represents the kth row of A‡.
Hence, the magnitude of the difference between solutions

satisfy the following inequality:���δ�k(t)− δ̂k(t)
��� ≤ ���a‡k��� (max

k̄
�ck̄(t)�+max

k

�ek
(t)�)

≤ ā(c̄(t) + ē). (72)

�

APPENDIX E
PROOF OF PROPOSITION 2

Proof: Let akk be the largest diagonal element of a positive
definite matrixA. Every principal submatrix ofA is also positive
definite. In particular, for arbitrary i and j where i �= j, we have

det

�
aii aij

aji ajj

�
> 0

⇒ aiiajj − ajiaij > 0

aij=aji⇒ aiiajj − a2ij > 0

akk is the largest diagonal element⇒ a2kk − a2ij > 0⇒ |akk| > |aij |
⇒ �A�max = akk.

APPENDIX F
EFFECT OF REMOVING AN EDGE OF A GRAPH ON ITS

STRUCTURAL PARAMETER

The structural parameter is the maximum diagonal entries
of inverse reduced Laplacian matrix in equal noise variance
assumption. To show the effect of removing an edge of a graph
on its structural parameter, we investigate its effect on diagonal
entries of inverse reduced Laplacian matrix.

Assume that L is the reduced Laplacian matrix of a graph.
The diagonal entryL(i, i) is equal to the degree of the ith vertex
of the graph, i.e., the number of edges incident with the ith
vertex. The nondiagonal entry L(i, j) is −1 if vertices i and j
are adjacent and is 0 if they are not.

Suppose that L is the reduced Laplacian matrix of a graph
in which vertices 1 and 2 are adjacent. Therefore, L can be
partitioned as follows:

Ln×n =

�
A B

BT D

�

where A ∈ R2×2, B ∈ R2×(n−2), D ∈ R(n−2)×(n−2), and

A =

�
d1 −1
−1 d2

�
, d1 > 1, d2 > 1.

By eliminating the edge between the vertices 1 and 2, a new
graph is formed with a new reduced Laplacian matrix L


L
n×n =

�
A
 B

BT D

�

where

A
 =

�
d1 − 1 0

0 d2 − 1

�
, d1 > 1, d2 > 1.

The matrix L can be inverted blockwise

L−1 =

�
A B

BT D

�−1
=

�
(A−BD−1BT )−1

−D−1BT (A−BD−1BT )−1

−(A−BD−1BT )−1BD−1

D−1 +D−1BT (A−BD−1BT )−1BD−1

 
.

Assume that

BD−1BT =

�
e g

g f

�
.

Hence

A−BD−1BT =

�
d1 −1
−1 d2

�
−
�
e g

g f

�

=

�
d1 − e −1− g

−1− g d2 − f

�

⇒ (A−BD−1BT )−1 =

�
d2 − f g + 1

g + 1 d1 − e

�
(d1 − e)(d2 − f)− g2 − 2g − 1

.

The matrix L
 can be also inverted blockwise

L
−1 =

�
A
 B

BT D

�−1
=

�
(A
 −BD−1BT )−1

−D−1BT (A
 −BD−1BT )−1

−(A
 −BD−1BT )−1BD−1

D−1 +D−1BT (A
 −BD−1BT )−1BD−1

 
.
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Hence

A
 −BD−1BT =

�
d1 − 1 0

0 d2 − 1

�
−
�
e g

g f

�

=

�
d1 − e− 1 −g
−g d2 − f − 1

�

⇒ (A
 −BD−1BT )−1

=

�
d2 − f − 1 g

g d1 − e− 1

�
(d1 − e)(d2 − f)− (d1 − e)− (d2 − f)− g2 + 1

.

We first compare the first diagonal entries of L−1 and L
−1
here. Let a = d1 − e and b = d2 − f , then9

L−1(1, 1) < L
−1(1, 1)

⇐ b

ab−g2−2g−1<
b−1

ab−a−b−g2 + 1

determinants are positive⇐

ab2 − ab− b2 − bg2 + b

< ab2 − g2b− 2gb− b− ab+ g2 + 2g + 1

⇐ 0<−2gb+g2+2g+1−2b−b2 ⇐ 0 < (b− g − 1)2.

Therefore, the first diagonal entry of reduced Laplacian
matrix is increased by removing the edge between vertices
1 and 2. The second diagonal entry is increased by the
same amount. For other diagonal entries, the diagonal en-
tries of D−1BT (A−BD−1BT )−1BD−1 and D−1BT (A
 −
BD−1BT )−1BD−1 are compared. Let S = [sij ] = BD−1.
Here, we compare the (k + 2)th elements of L and L


L−1(k + 2, k + 2) < L
−1(k + 2, k + 2)

⇐ bs21k + 2gs1ks2k + 2s1ks2k + as22k
ab− g2 − 2g − 1

<
bs21k − s21k + 2gs1ks2k + as22k − s22k

ab− a− b− g2 + 1

determinants are positive⇐�
b2s21k − bs21ka− b2s21k − bs21kg

2 + bs21k + 2gs1ks2kab

− 2gs1ks2ka− 2gs1ks2kb− 2g3s1ks2k + 2gs1ks2k

+ 2s1ks2kab− 2s1ks2ka− 2s1ks2kb− 2s1ks2kg
2 + 2s1ks2k

+ a2s22kb− a2s22k − abs22k −as22kg2 + as22k
�

<
�
ab2s21k − abs21k + 2gs1ks2kab+ a2bs22k − abs22k

− g2bs21k + g2s21k − 2g3s1ks2k − g2as22k + g2s22k − 2gbs21k

+ 2gs21k − 4g2s1ks2k − 2gas22k + 2gs22k − bs21k + s21k

−2gs1ks2k − as22k + s22k
�

9To prove the inequality L−1(1, 1) < L
−1(1, 1), we simplify the equations
and reach an obvious true inequality. It is clear that the correct way to prove the
inequality is to go backward, in accordance with the arrows direction.

TABLE IV
RESULTS OF RS AND SE-SYNC ON A COMPLETE GRAPH WITH

n = {10, 20, 30} VERTICES

The number of 1000 experiments were done for each measurement noise angle.
The maximum angular residuals are computed using verified optimal solutions.

TABLE V
RESULTS OF RS AND GTSAM FOR ISOTROPIC LANGEVIN DISTRIBUTION NOISE

IN ROTATION MEASUREMENTS OF TORUS AND CUBICLE DATASETS

The table lists concentration parameter κ of Langevin distribution, RMSE of the angle of
rotation noise, and the mean and std of the final RS costs (12) obtained by chord, RS, and
GTSAM in 20 runs.

⇐ 0 < (s1k − s2k + s1kg − s2kg + as2k − bs1k)
2.

This implies that all diagonal entries of inverse reduced Lapla-
cian matrix are increased by removing the edge between vertices
1 and 2. The same result is achieved by removing any edge using
a simple permutation.

APPENDIX G
CONVERGENCE BASIN FOR COMPLETE GRAPHS

To support our claim that “the convergence basin is more
wider than the bound obtained in this article” and also compare
our RS solution to the solution of the Lagrange dual problem, the
relative rotation observations of a set of complete graphs with
10, 20, and 30 vertices are contaminated by a random rotation
noise with random axes and different rotation angles. Then, the
solution of RS problem, using RS, and the solution of its dual
problem, using SE-Sync, are obtained. The initial rotations are
chosen randomly. The experiments were repeated 1000 times
for each noise angle and for each number of vertices.

Table IV illustrates the number of experiments in which the
RS solutions are the same as, better than, or worse than the
solutions of the dual problems. The tolerance for accepting
the costs to be equal is 10−3. As it is shown in the table, RS
and SE-Sync attained the same solution in all experiments with
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TABLE VI
FINAL COST VALUES OF DIFFERENT METHODS IN DIFFERENT DATASETS WITH DIFFERENT NOISE LEVELS

TABLE VII
ATE VALUES OF DIFFERENT METHODS IN DIFFERENT DATASETS WITH DIFFERENT NOISE LEVELS

up to 70◦ measurement noise angle. The optimality of these
solutions are certified by the optimality verification of SE-Sync.
This implies that the algorithm converges in datasets with much
more rotation measurement noise than the bound obtained in
this article. Also, the proposed algorithm usually gives a better
solution for high-noise datasets in which SE-Sync does not give
an optimal solution. The maximum angular residual is also given
in the table, which shows that it can be much larger than the
maximum rotation angle of measurement noise.

APPENDIX H
RS VERSUS GTSAM (LANGEVIN DISTRIBUTION NOISE)

Table V depicts the mean and std of the final RS costs attained
by chord, RS, and GTSAM for the torus and the cubicle datasets
at different amounts of Langevin noise. RS and GTSAM show
equal performance for up to about 19◦ RMSE of the angle of
rotation noise (concentration parameter of 5). For higher amount
of noise, RS outperforms GTSAM.

APPENDIX I
RS+PS VERSUS CHORD+SE-SYNC (LANGEVIN DISTRIBUTION

ROTATION NOISE AND GAUSSIAN TRANSLATION NOISE)

In this part, the performance of RS+PS and chord+SE-Sync
are evaluated on datasets with different noise levels. The rotation
observations were contaminated by random rotations with ran-
dom axes and Langevin distributed random angles. The transla-
tion observations were also contaminated by a random Gaussian
noise. The standard deviations of translation noises were chosen
proportional to the concentration parameters of rotation noises.

The weights, i.e., λks and ωks, were chosen according to the
noise levels, i.e., proportional to the concentration parameters
of rotation noise and the standard deviations of translation noise.

Each experiment was repeated 100 times. Table VI shows
the mean and standard deviation of cost attained by RS+PS and
chord+SE-Sync in different datasets with different amounts of
noise. In almost all scenarios, RS+PS attains equal or better
cost than that by chord+SE-Sync. The absolute trajectory errors
(ATEs) are also reported in Table VII. This localization error
metrics measures the distance between all nodes and their ground
truth trajectory. In all the experiments, the solution of noiseless
data is assumed as the ground truth. In most of the experiments,
RS+PS converged to a solution with lower ATE. There are
few cases where ATEs attained by chord+SE-Sync are better
than those by RS+PS, although their cost function are worse.
We observed that in these cases, the added amount of noise
is so high such that it deforms the trajectory and therefore
the optimal solution of the noisy data takes distance from the
noiseless trajectory. In these cases, the optimal minimum of the
cost function may have more ATE in comparison to suboptimal
solutions.

APPENDIX J
COMPARING RS+PS WITH CHORD+GTSAM

Carlone et al. [28] compared different initializers and solvers
for the PGO problem and showed that chord+GTSAM has
the best performance among gradient-based methods. In this
section, we see how our proposed methods can improve this
baseline solver.
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Fig. 14. Comparison of RS and PS, with chord and GTSAM in garage and
torus datasets with different amounts of noise.

Fig. 14 compares the cost (10) attained by four combinations
of initializers and solvers, initializers being RS and chord and
solvers being PS and GTSAM, for garage and torus datasets
with different amounts of noise. The noise is created similar to
what we explained in Section VIII-B. As it can be seen in the
figure, the methods RS+PS and chord+PS attain the best results
in all experiments. We can see that our RS algorithm outperforms
the chord initialization method and can help GTSAM to reach
more accurate solutions. It is clear from the figure that our PS
algorithm outperforms the GTSAM algorithm in the high-noise
regimes.
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