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a b s t r a c t 

Differential and integral equations have been used vastly in modeling engineering and science problems. 

Solving these equations has been always an active and important area of research. In this paper, we pro- 

pose the Fractional Chebyshev Deep Neural Network (FCDNN) for solving fractional differential models. 

Chebyshev orthogonal polynomials are basic functions in spectral methods. These functions are used as 

activation functions in FCDNN. The marching in time technique and the Gaussian method are applied in 

the fractional operations to simplify the calculations. We show how FCDNN can be used to solve frac- 

tional Fredholm integral equations (FFIEs). We also propose a solution to the extension of fractional time 

order partial differential equations (FPDEs). In this approach, fractional PDEs are first discretized by the 

finite difference and the marching in time methods and then are solved using FCDNN. Fractional Fred- 

holm integral equations are also first approximated by the numerically Gaussian quadrature method and 

then are solved using FCDNN. A comparison between the results from FCDNN and some other methods 

is presented to validate the effectiveness and advance of the proposed method. 

© 2021 Elsevier Ltd. All rights reserved. 
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. Introduction 

Neural networks as well as deep networks are part of a wider 

amily of machine learning methods and have been used to solve 

any problems in various scientific fields. Some of the considered 

reas of application are image processing, speech processing and 

edical diagnosis [1–4] . The methods have achieved great success 

n these areas in obtaining good and accurate answers. But, one of 

he theoretical results most frequently considered by these meth- 

ds is the approximation of the functions. From a mathematical 

oint of view, these methods can be used to efficiently approx- 

mate a function, derived from the universal approximation the- 

rems, stating that a neural network with a single hidden-layer 

an approximate a wide class of functions [5,6] . In fact, unlike the 

lassical methods for approximating functions which are additive, 

he neural network approach is a compositional method in which 

 complicated function is obtained by combining several simple 

unctions. 
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Neural networks and deep learning methods can also be used 

or solving various types of differential equations which have an 

rbitrary dimension and geometric complexity [7–12] . Differential 

quation models are one of the most important tools for mod- 

ling many problems in nature as dynamic problems. Actually, 

he problems occur in a wide range of physical sciences, engi- 

eering, neuroscience, financial sciences, etc., can be turned into 

ne of the dynamic models such as partial differential equations 

PDEs) or integral differential equations (IDEs) [13,14] . Recently, 

his field has received a lot of attention and various networks have 

een introduced for solving these models [8,12,15] . Moreover, the 

ractional models of differential equations have been widely ap- 

licable to introduce the better models for engineering and sci- 

nces problems [16–18] . Finance modeling [19–21] , biological sys- 

ems [22–25] , physical and chemical processes [26–29] are various 

elds of fractional dynamic models. Fractional differential equa- 

ions are obtained by replacing integer-order derivatives of differ- 

ntial equations with fractional-order derivatives. The two most 

ommon types of definition of fractional derivative are Riemann- 

iouville and Caputo, which differ in the order of evaluation [30] . 

olving fractional problems is one of the main topics of recent re- 

earch and researchers introduced various methods to solve ap- 

roximately these problems [31–33] . 

https://doi.org/10.1016/j.chaos.2021.111530
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Nomenclature 

T n (η) n -th Chebyshev polynomial 

χ(ϕ) Differential integral equation in general 

κ(ϕ) Initial or boundary condition in general 

ϕ Solution of the equation 

AD Automatic Differentiation 

CP Chebyshev Polynomials 

FCDNN Fractional Chebyshev Deep Neural Network 

FFIE Fractional Fredholm Integral Equation 

FPDE Fractional Partial Differential Equation 

F Fractional 

MSE Mean Square Error 

NF Non-Fractional 

NN Neraul Network 

FFN / F F N Feed Forward Network 

ObjFun Objective Function 

PINN Physics Informed Neural Network 

RCP Root of Chebyshev Polynomial 

RN / RN Residual Network 

α Fractional derivative order 

� Gamma function 

c 
0 
D 

α Caputo fractional order differential operator 
c 
0 
D 

α
τ Caputo fractional order differential operator 

with respect to τ
D 

p Differential operator of order p

y ∈ C ζ Continuity of the y function in ζ domain 

y ∈ C m 

ζ
Continuity of the y function and its derivatives 

up to the m -th order in ζ domain 

δ Hyperbolic tangent function 

A i Layers of the network 

B i Bias parameter of the network 

R i Residual function 

R IE Residual of integral equation 

R PDE Residual of partial differential equation 

W i Weight parameter of the network 

ϕ p Predicted value of the function 

ϕ t Target value of the function 

K(x, s, ϕ(s )) Kernel of Fredholm equation 

f, λ, a, b Function/parameter of Fredholm equation 

w i Chebyshev quadratic weight 

s i Chebyshev quadratic point 

m i Number of basis functions in Gaussian integra- 

tion 

x̄ Vector of x i 
�τ (τ j − τ j−1 ) 

ϕ 

j ϕ( ̄x , τ j ) 

∇ ∑ 

i 
∂ 2 

∂x 2 
i 

ψ(ϕ) Nonlinear/linear differential operator in tele- 

graph equation 

F , ξ , ρ Function/parameter of telegraph equation 

The purpose of this paper is to present a new algorithm for 

olving a wide category of fractional models including fractional 

artial differential and fractional integral equations. We consider a 

ombination of deep neural network (as a machine learning tech- 

ique), Chebyshev spectral method (as a numerical method) and 

ower of fractional calculus. Our method can be introduced as a 

ew class of scientific machine learning approaches for solving the 

ractional problems in the standard differential form or in the in- 

egral form. To show the power of our method, we will apply it 

o the two famous fractional problems named Fredholm and tele- 

raph equations and compare our result with some other methods. 
2 
In the next section, we bring a summary of related works 

hat corresponding to the numerical method for solving differen- 

ial models, learning method applied to differential equations and 

ractional Fredholm/telegraph equations, respectively and finish the 

ection with describing of our result in details. 

. Related works 

In this section first we present a brief history of research that 

re corresponding to our presented model in three parts: numeri- 

al methods, learning methods and fractional partial/Integral equa- 

ions. Then we explain our method by categorizing its highlights. 

.1. Numerical methods 

The development of various theoretical and numerical algo- 

ithms for solving differential equations (DEs) has been studied 

nd researched for a long time. The proposed methods can be di- 

ided into general categories including analytical, semi-analytical 

nd numerical methods. In the analytical and semi-analytical 

ethods, we can mention variational iteration method (VIM) [34] , 

omotopy analysis method (HAM) [35] and Adomian decomposi- 

ion method [36] which have been used to solve various prob- 

ems such as partial and fractional differential equations. However, 

ome equations cannot be solved explicitly and so numerical meth- 

ds must be used to approximate them. The numerical solutions, 

s a long-term challenge, have led to the presentation of various 

ethods. Many of these methods fall into two categories: mesh- 

ased and meshfree methods. The mesh-based methods include 

he finite difference methods (FDM) [37] , the finite element meth- 

ds (FEM) [38] and finite volume methods (FVM) [39] . And some 

ommon meshfree methods are smoothing particle hydrodynamic 

SPH) [40] , Meshless local Petrov-Galerkin (MLPG) [41] and Kansa 

ethod (KM) [42] . Also, Runge-Kutta methods [43] and spectral 

ethods [44] are the efficient numerical methods. Runge-Kutta 

ethod is one of the most famous numerical methods which is 

onsidered as two types of implicit and explicit iterative meth- 

ds [45] . Spectral methods have shown very successful results in 

he numerical solution of various types of DEs. Their main ap- 

eal relies on their superior rate of convergence for sufficiently 

mooth functions. The collocation and Tau approaches are kinds of 

lassical spectral method, in which orthogonal functions such as 

hebyshev and Legendre polynomials are usually used as the ba- 

is of these methods [46,47] . Extensive research has also recently 

een applied to these methods to solve variety of more complex 

ypes of equations such as higher-order problems [4 8,4 9] , integro- 

ifferential equations [50,51] fractional differential equations [52–

4] . 

.2. Learning methods 

Artificial intelligence methods such as neural networks have re- 

ently been used to solve differential equations. One of the clas- 

ic attempts to solve partial differential equations by the neu- 

al networks was studied in [55] . Sun et al. [56] introduced the 

ernstein neural network for solving PDEs which the network is 

pplied extreme learning machine algorithm to set the parame- 

ers of the Bernstein network. Chen et al. [57] applied the auto- 

eservoir neural network (ARNN) to compute the data predictions 

n time series. Another method is based on using the orthogo- 

al polynomials as activation functions in the neural network to 

ave orthogonal neural networks [58] . In these networks, the gra- 

ient descent method was applied as optimization method. But in 

ome other networks, meta-heuristic optimizers have been used, 

hich has led to having meta-heuristic networks to solve differ- 

ntial equations [59] . Another approach is related to the support 
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f

χ
χ

ector machine (SVM) method. This approach is based on regres- 

ion and minimizing the mean squared errors between the approx- 

mated function and the training data and applied to some differ- 

ntial equations [60] . Moreover, least square support vector ma- 

hine (LS_SVM) method was developed. In this method quadratic 

rogramming of the optimization problem converted to a system 

f linear equations which leads to improve the accuracy of the 

pproximation solutions of DEs [61,62] . Recently this method is 

sed to solve some problems, like the time-fractional sub diffu- 

ion model on a semi-infinite domain [63] and fractional Volterras 

opulation model [64] . 

More recently, another approach for solving differential equa- 

ions has emerged, which relies on deep neural networks [65] . 

hese networks are constructed based on minimizing the resid- 

al of the differential equations to approximate the solutions of 

any types of equations such as linear/nonlinear and fractional 

ifferential equations [66] . These deep networks with many lay- 

rs work well in complex data set modeling and can solve high- 

imensional problems [67] . The physics informed neural networks 

PINN) is one of these networks, which introduces a new way to 

nd solutions for complex dynamic systems using automatic differ- 

ntiation and also uses the proposed network to discover differen- 

ial equations [10] . Following this, several networks were proposed 

hat extend PINN to examine other types of equations. For ex- 

mple fractional PINNs (fPINNs) solves space-time fractional equa- 

ions by applying a hybrid approach of automatic differentiation 

nd numerical discretization [11] and DeepXDE is a network in 

hich a new residual-based adaptive refinement (RAR) method 

sed to improve the training efficiency of PINNs in solving for- 

ard and inverse problems with complex-geometry domains [12] . 

oreover, the bayesian physics-informed neural network (BPINN) 

68] , variational physics-informed neural networks (VPINN) [7] and 

everal other networks are presented in other articles, e.g. [69–

1] among many other references. Furthermore, the activation 

unction and its effect on network performance have been inves- 

igated by some researches [72,73] and very recently the conver- 

ence of physics informed neural networks for linear second-order 

lliptic and parabolic type PDEs are studied in [74] . 

.3. Fractional telegraph/Fredholm equations 

The telegraph problem has a variety of applications, includ- 

ng signal analysis, propagation and transmission of electrical 

ignals and viscous,uid, etc [75,76] . Recently, various numeri- 

al methods have been proposed to solve telegraph equations, 

hich are even in fractional order. The authors of [77] solved the 

pace-fractional telegraph equation by homotopy analysis trans- 

orm method (HATM) and Chen et al. [78] investigated the time- 

ractional telegraph equation by separating variables method. Hos- 

eini et al. [79] presented the radial basis functions for solving a 

ype of time-fractional telegraph equation which defined by Caputo 

rder definition. Dehghan et al. [80] solved the one-dimensional 

yperbolic telegraph equation using collocation points and splines 

adial basis function and Heydari et al. [81] applied Legendre 

avelets method to solve this fractional problem. This fractional 

quation was also solved by tau approximation method [82,83] and 

ltayeb et al. [84] studied the linear and nonlinear fractional 

elegraph equations by natural transform decomposition method 

NTDM) which is a combined form of the natural transform and 

he Adomian decomposition methods. More recently, local mesh- 

ess method [85] , modified extended cubic B -spline function [86] , 

ranscendental Bernstein series [87] , wavelet technique [88] , finite 

ifference method [89] , neural network method [90] and another 

ethods were applied to solve the fractional telegraph equations. 

Fredholm problem, first introduced by Erik Ivar Fredholm, also 

as wide applications in science, physics, and chemistry [91] . The 
x

3 
ractional type of integral Fredholm problem has been studied by 

any researchers. For example, Zhu et al. [92] solved this prob- 

em by using the second kind Chebyshev wavelet method via op- 

rational matrix of fractional integration. Sharma et al. [93] ap- 

lied a collocation method with Legendre polynomials to solve 

he generalized fractional integro-differential equations. Doha et. al 

94] used Shifted JacobiGauss-collocation method for solving these 

roblems. Recently, analysing the convergence of the Chebyshev 

egendre spectral method in solving Fredholm fractional integro- 

ifferential equations was investigated in [95] and using Lucas 

avelets (LWs) and the Legendre Gauss quadrature rule to solve 

he fractional FredholmVolterra integro-differential equations was 

resented in [96] . 

.4. Our results 

In this paper, we introduce the Fractional Chebyshev Deep Neu- 

al Network (FCDNN) for solving differential models includes frac- 

ional Fredholm equations and the extension of time order frac- 

ional partial differential equations. Fractional Fredholm equations 

re first approximated by the numerically Gaussian quadrature 

ethod and then are solved using FCDNN. Fractional telegraph 

quations are first discretized by the marching in time and finite 

ifference methods and then are solved using FCDNN. FCDNN is 

 deep neural network, consists of a pair of networks, F F N and 

N ; the first network produces the approximation of the solution 

nd the latter is applied in order to generate the residual function 

ased on a differential model. Chebyshev polynomials are intro- 

uced as the activation functions of F F N . The operators such as 

erivatives, integrals and functions are used as nodes in RN . Auto- 

atic differentiation and Guassian integration make network per- 

ormance better. The fractional telegraph PDEs and fractional Fred- 

olm IEs are implemented on FCDNN to verify the efficiency of this 

etwork. The results show that FCDNN can obtain the solution of 

ractional differential models with high accuracy. 

The main contributions of this article are as follows. 

• Introducing the Fractional Chebyshev Deep Neural Network 

(FCDNN) for solving fractional differential models. 

• Solving fractional different models (fractional Fredholm equa- 

tions, fractional Telegraph equations) via a combination of deep 

learning and Chebyshev collocation method. 

• Chebyshev orthogonal polynomials are applied as activation 

functions in the structure of the FCDNN. 

• FCDNN is a new and efficient numerical learning method to 

solve nonlinear/complex fractional differential equations. 

• The spectral, the time marching and Gaussian methods as effi- 

cient techniques in scientific computation are used in the net- 

work to improve the accuracy and efficiency of the proposed 

method. 

The rest of this article is organized as follows. Section 3 deals 

ith the preliminaries. Section 4 describes the structure of our 

eep network and in Section 5 main algorithm for solving frac- 

ional partial/integral differential models is presented. Section 6 is 

evoted to some examples which the proposed method applied to 

hem and finally Section 7 concludes this article. 

. Preliminaries 

.1. Differential models 

The general form of a differential model is in the following 

orm: 

( ϕ ( x ) , x ) = β( x ) or 

( ϕ ( x , τ ) , x , τ ) = β( x ) , 
 = ( x 1 , x 2 , · · · ) . 

(1) 
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Proof. See Ref [85] . �
( ϕ ) = 

{ 

κ1 ( ϕ ) = k 1 , 
κ2 ( ϕ ) = k 2 , . . . , 
κM 

( ϕ ) = k M 

} 

(2) 

here χ is the functions of the operators consist of the derivatives 

r integrals. Eq. (2) is presented the initial or boundary conditions. 

or example consider a telegraph equation in the following form: 

 

 

D 

2 
τ ϕ( ̄x , τ ) + 2 

c 
0 D τ ϕ( ̄x , τ ) + 3 ϕ( ̄x , τ ) − ∇ϕ( ̄x , τ ) = 0 , 

 i ∈ [0 , 1] , x̄ = (x 1 , x 2 ) , τ ∈ [0 , 1] , 

( ̄0 , τ ) = 0 , 

( ̄1 , τ ) = e −τ sinh (1) sinh (1) , 

( ̄x , 0) = sinh (x 1 ) sinh (x 2 ) , 

∂ϕ( ̄x , 0) 

∂τ
= − sinh (x 1 ) sinh (x 2 ) . 

here χ(ϕ( x , τ )) = 

c 
0 
D 

2 
τ ϕ( x , τ ) + 2 c 

0 
D τ ϕ( x , τ ) + 3 ϕ( x , τ ) −∇ϕ( x , τ

(x ) = 0 and κ(ϕ) = { ϕ( 0 , τ ) = 0 , ϕ( 1 , τ ) = e −τ sinh (1) sinh (1) ,

( x , 0) = sinh (x 1 ) sinh (x 2 ) , 
∂ϕ( x , 0) 

∂τ
= − sinh (x 1 ) sinh (x 2 ) } . More-

ver, the residual functions are introduced as follows: 

 1 = χ( ϕ ( x ) , x ) − β( x ) or R 1 = χ( ϕ ( x , τ ) , x , τ ) − β( x ) , 

x = ( x 1 , x 2 , · · · ) , 
 2 = κ( ϕ ) − { κ1 ( ϕ ) = k 1 , κ2 ( ϕ ) = k 2 , · · · , κM 

( ϕ ) = k M 

} . 
The purpose of this paper is to set a network and its param- 

ters to obtain the minimum value for the residual functions and 

o learn a differential model by considering the target values. This 

etwork could be applied to predict the other values in a domain 

nd obtain the general solution. 

.2. Chebyshev polynomials 

Chebyshev polynomials (CPs) of the first kind [97] , denoted by 

 n (η) , are defined as: 

 n (η) = cos (nθ ) , η = cos (θ ) ∈ [ −1 , 1] . (4)

he CPs could be defined by the recursive formula in the following 

orm: 

 n +1 ( η) = 2 ηT n ( η) − T n −1 ( η) , n ≥ 1 , 

 0 ( η) = 1 , T 1 ( η) = η. 
(5) 

he CPs are orthogonal polynomials with weighted function w = 

1 √ 

1 −η2 
in [ −1 , 1] domain. The orthogonal relation of CPs is defined 

s follows: 

 1 

−1 

T n (η) T m 

(η) w (η)d η = γ δn,m 

, (6) 

here γ = 

πc i 
2 , c 0 = 2 , c i = 1 , i ≥ 1 and δn,m 

is a delta Kronecker

unction. 

The CP of degree n has n real roots. The roots of CPs are formu-

ated as: 

k = cos ( 
(2 k − 1) π

2 n 

) , k = 1 , 2 , · · · n. (7) 

CPs have the following useful properties: 

 m + n ( η) + T | m −n | ( η) = 2 T n ( η) T m 

( η) , 

 m 

( T n ( η) ) = T n ( T m 

( η) ) = T mn ( η) , ∀ n, m ∈ N. 
(8) 

n our method, CPs will be applied as activation functions because 

hey can approximate the functions. They are differentiable, stable, 

djustable with the number of network parameters and they have 

igh predictive efficiency. 
4 
.3. Fractional calculations 

In this part, we will focus on the some definitions and a lemma 

elated to the fractional calculation used in our method. 

efinition 1. Suppose t > 0 and y (t) be a real function. y (t) is in

pace C ζ , ζ ∈ R , if there is a real number � > ζ such that y (t) =
 

� y 1 (t) and y 1 (t) ∈ C(0 , ∞ ) . [98] 

efinition 2. Suppose t > 0 and y (t) be a real function. y (t) is in

pace C m 

ζ
if and only if y (m ) ∈ C ζ , m ∈ N where y (m ) the m -th order

erivative of y (t) . [98] 

efinition 3. By applying the RiemannLiouville fractional integral 

perator of order α, can have the Caputo fractional derivative for 

 (t) where t > 0 as [98,99] : 

 

 

D 

αy ( t ) = 

{ 

1 
�( p−α) 

∫ t 
0 ( t − s ) 

p−α−1 D 

p y ( s ) d s, α > 0 

∂ p y ( t ) 
∂t p 

, α = p 
(9) 

or p − 1 < α ≤ p where p ∈ N and is the smallest integer greater 

han α and also y ∈ C 
p 
−1 

. 

Four important properties of the operator c 
0 
D 

α are provided 

n the following cases for y ∈ C ζ , ζ ≥ −1 , α, ρ ≥ 0 , γ ≥ −1 , a j ∈ R

nd constant C: 

(I) c 
0 
D 

αC = 0 , 

(II) c 
0 
D 

α c 
0 
D 

ρy (t) = 

c 
0 
D 

α+ ρy (t) , 

(III) c 
0 
D 

αt γ = 

⎧ ⎨ 

⎩ 

0 , γ ∈ N ∪ { 0 } and γ < � α� 
�(γ +1) 

�(γ −α+1) 
t γ −α, γ ∈ N ∪ { 0 } and γ ≥ � α� 

or γ / ∈ N and γ > 
 α� 
, 

(IV) c 
0 
D 

α( 
∑ n 

j=1 a j y j (t)) = 

∑ n 
j=1 a j D 

αy j (t) . 

heorem 1. If y (t) ∈ C[0 , η] and D 

lαy (t) ∈ C[0 , η] for l =
 , 1 , ., n, 0 < α < 1 and η > 0 , the following expansion is estab-

ished for y (t) : 

 ( t ) = 

∑ n −1 
i =0 

t iα

�( iα+1 ) 
D 

iαy ( 0 

+ ) + 

t nα

�( nα+1 ) 
D 

nαy ( ξ ) , 

.t . ξ ∈ [ 0 , t ] , ∀ t ∈ [ 0 , η] . 
(10) 

o, we have 

 y (t) −
n −1 ∑ 

i =0 

t iα

�(iα + 1) 
D 

iαy (0 + ) | ≤ N α
t nα

�(nα + 1) 
, s.t. N α ≥ | D 

nαy (ξ ) | . 

(11) 

roof. See Ref. [100] . �

The above theorem relates to generalized version of Taylors se- 

ies and if considered α equals to 1, the classical Taylor’s formula 

btained. 

heorem 2. Let us suppose ψ 

′ (t) ∈ C 2 [0 , T ] , α ∈ [1 , 2] and �t =
T 

n +1 , it holds that 

 t= t n +1 

0 

ψ 

′ ( s ) 
( t n +1 − s ) 

α−1 
d s 

= 

n ∑ 

j=0 

ψ 

(
t j+1 

)
− ψ 

(
t j 
)

�t 

∫ t j+1 

t j 

( t n +1 − s ) 
1 −αd s + R n , 1 ≤ n + 1 ≤ N (12) 

nd 

 R 

n | ≤
(

1 

2(2 − α) 
+ 0 . 5 

)
�t 3 −α max 

0 ≤t≤t n +1 

| ψ 

′′ (t) | . (13) 
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. Structure of our network 

In this section, we present a new deep neural network, namely 

CDNN for solving fractional partial differential equations (FPDEs) 

nd fractional Fredholm integral equations (FFIEs). The aim of 

CDNN is to present a new approach which it takes advantages of 

eep learning as well as spectral methods to obtain a better per- 

ormance in solving differential models. 

Recently, the use of deep networks to solve equations has ex- 

anded. PINN [71] , DeepXDE [12] , fPINN [11] , ResNet [101] and etc.

re all deep networks used to solve equations. PINN [71] is a main 

opular neural network that is used to solve a class of nonlinear 

artial differential equations which are introduced by the laws of 

hysics models. In PINN, a neural network is constructed as an ap- 

roximation of the solution of the equation. Then the training set 

s specified which includes two important classes of the points for 

he points on domain of the equation and the points of the initial 

r boundary conditions of the equation. In the next step the spe- 

ial function which is named the loss function, is determined. The 

oss function is consist of the summation of the L 2 norm errors 

n the residuals of the equation and the initial/ boundary condi- 

ions. Finally, the evaluation parameter, for example the L 2 norm 

rrors, is determined to minimize the loss function and search the 

roper parameters of network. This procedure is named ”train net- 

ork”. The minimization of the loss function is performed by ap- 

lying the Adam [102] and L-BFGS [103] methods. Is is possible the 

rain network is performed the several times to achieve the proper 

arameters of network because the loss function is the nonlinear 

nd non convex. 

In this paper, a deep neural network is combined with the 

hebyshev collocation method and fractional calculus. Collocation 

ethod is a type of spectral methods to solve differential equa- 

ions. This method approximates the solution of equations by ex- 

ansion of basic functions such as Chebyshev polynomials [97] . 

his approximation includes the unknown coefficients which are 

btained by replacing the collocation points in the residual func- 

ions. The collocation points are selected so that the solution satis- 

es the equation in these points and minimizes the residual func- 

ion [97] . 

FCDNN consists of a pair of consecutive networks. The first 

etwork is a feed forward network (FFN) with different activa- 

ion functions includes Chebyshev polynomials of different de- 

rees. This network approximate the solution of the equation. The 

se of the Chebyshev polynomials lead to approximate the solution 

f the equation by some orthogonal bases, similar to the colloca- 

ion method. The nodes of the second network usually are oper- 

tions such as derivatives, integrals and functions related to the 

odel. The output of the second network is the residual function 

f the model. The Chebyshev Gaussian quadrature method and the 

arching in time technique are used for the discretization of the 

ractional models in the second network. Indeed, FCDNN is an ex- 

ension of both PINN network and Chebyshev collocation method 
o

Table 1 

A brief comparison between FCDNN, PINN and Chebyshev collocat

fractional models. Training points of FCDNN can be chosen from b

points. (CP = Chebyshev Polynomials, NN = Neural Network, RCP = 

Fractional). 

FCDNN PIN

Basic functions CP + NN NN 

Method nonlinear + mesh-free non

Parameters weights and biases wei

Embedding the solution optimize objective function opti

Training points scattered + adaptive scat

Models F + NF NF 

Equations FPDEs/PDEs + FIEs/IEs PDE

5 
nd has a new numerical approach to solve some of the fractional 

odels. 

Before explaining about the detail of the network, we bring a 

rief comparison between FCDNN, PINN and Chebyshev colloca- 

ion methods which is presented in Table 1 . We have compared 

hese three methods based on the main functions that are effec- 

ive in calculating the answer, general method, unknown parame- 

ers, solving method, type of training points, general and specific 

ype of equations that they can solve. 

Now, we present the detail of our network. In our network, we 

se deep FFN because it is proper for our considered models. How- 

ver, it is possible to apply the other types of networks such as 

ecurrent and convolutional neural networks, whichever is more 

ppropriate for the model. Moreover, Chebyshev polynomials and 

requently used functions such as hyperbolic tangent are applied to 

FN as activation functions. Chebyshev’s polynomials in the initial 

ayers calculate the equation solution approximation as well as the 

xpansion approximation of the collocation method. Also applying 

he functions such as hyperbolic tangent creates a more complex 

asis of the orthogonal space than the orthogonal space based on 

olynomials. So, assume that F F N is a H-layer FFN, which is the 

rst network and defined as follows: 

 0 = T 0 ( x ) , x ∈ R 

m , 

 i = T i ( W i A i −1 + B i ) , 1 ≤ i ≤ N , 

 i = δ( W i A i −1 + B i ) , N + 1 ≤ i ≤ H − 1 , 

 H 

= W H 

A H−1 + B H 

. 

here A 0 is the input layer with m dimension. A i , 1 ≤ i ≤ H − 1

re N hidden layers which have T i as the Chebyshev activation 

unction and (H − N + 1) hidden layers which have δ as the hy- 

erbolic tangent activation function. W i and B i , 1 ≤ i ≤ H are the 

eight and bias parameters, respectively. Indeed the weight and 

ias parameters are similar to the unknown coefficients in the col- 

ocation method which the calculating of these parameters causes 

o find the equation solution approximation. A H 

is the output layer 

roduces ϕ in Eqs. (1) and (2) . At this point, the second network, 

amely RN is applied to obtain the differential model by using 

ome operators. This network produces the residual function of the 

quation. Automatic differentiation (AD) [104] , Chebyshev Gaussian 

ntegration [97] and fractional calculations techniques are applied 

o calculate the operator nodes. For example, if there is a second 

erivative in the equation ( ∂ 
2 ϕ 

∂x 2 
i 

), an operational derivative node is 

efined to calculate the desired derivative of ϕ p (output of the first 

etwork) by applying AD technique. In the same way, other opera- 

ional nodes help to finally form the residual function of the equa- 

ion. This technique is used to obtain the efficient scientific compu- 

ations and to make a better structure of differential models. It is 

otable that applying AD technique causes the network to be more 

ompatible with the constraints of the model such as invariances, 

onservation principles, any symmetries and etc. The architecture 

f FCDNN is presented in Fig. 1 . 
ion methods. FCDNN can apply to solve the fractional/non- 

oth scattered and adaptive (randomly distributed Gaussian) 

Roots of Chebyshev Polynomials, F = Fractional, NF = Non- 

N Chebyshev Collocation 

CP 

linear + mesh-free nonlinear + mesh 

ghts and biases coefficients of polynomials 

mize objective function solve the system of equations 

tered RCP 

F + NF 

s FPDEs/PDEs + FIEs/IEs 
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Fig. 1. The architecture of FCDNN. The output of the F F N network is an appr oximation of ϕ. The first N -layers hav e Cheb y shev activation functions. Indeed, i -th-layer has 

T i as the activation function. The later layers have δ as an activation function such as hyperbolic tangent. The residual function of the differential model is obtained by the 

output of the RN . The nodes of RN network are operators such as derivatives, integrals and functions related to the model. 
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As mentioned before, the output of F F N network is an ap- 

roximation of ϕ and the presence of RN network leads to obtain 

he proper ϕ which has been satisfied in the differential model. In 

he next step, we need to define an appropriate objective function 

o obtain the solution of the equation by minimizing the objec- 

ive function and optimizing the values of the network parameters. 

herefore, the objective function of the network is defined as fol- 

ows: 

bjFun = min (ϕ t − ϕ p ) + min (R 1 ) + min (R 2 ) , (14) 

here ϕ t is a target value and ϕ p is a predicted value of the

CDNN. The minimization of R 1 calculates the proper residual 

unction which has the least possible value and the minimum 

alue of R 2 satisfies the initial/boundary conditions for models. 

he mean squared errors (MSE) over the training data set are con- 

idered to minimize the objective functions ( ObjFun ). Therefore the 

bjective function can be convert to the following form: 

bjFun = MSE (ϕ t − ϕ p ) + MSE (R 1 ) + MSE (R 2 ) , (15) 

here the MSE is calculated as follows: 

SE ( f ) = 

1 

N 

N ∑ 

i =1 

( f i ) 
2 , (16) 

here N is the size of the training data set and f i is the value

f f on the i -th member of the training data set. The main 

ethod for minimizing is Adam algorithm [102] , while the L-BFGS 

ethod [103] as a quasi-Newton method is applied to obtain a bet- 

er solution. Adam algorithm is calculated the initial values for L- 

FGS method and L-BFGS method applied the second order of the 

erivatives and caused to be the faster convergence. 
6 
In summary, F F N network obtained an expansion of the so- 

ution and RN network obtained the residual function. The points 

f the training data set are similar to collocation points and the 

etwork parameters are as unknown coefficients in collocation 

ethod. So, optimizing the parameters of FCDNN network leads to 

btain the solution of the model. The fractional Fredholm integral 

quations and a type of fractional PDE are investigated and learned 

y FCDNN in this research and in the next section the algorithms 

or solving them are described in detail. 

. Algorithm of our method 

In this section we bring the general form of fraction Fred- 

olm/telegraph problems and present the main algorithm for solv- 

ng these problems with the help of our proposed network which 

as explained in the previous section. 

.1. Fractional fredholm integral equations and FCDNN 

Fractional Fredholm integral equations have the general form as 

ollows [91] : 

 

 

D 

αϕ(x ) = f (x ) + λ

∫ b 

a 

K(x, s, ϕ(s ))d s, 0 ≤ α ≤ 1 (17)

here the function f (x ) , the kernel K(x, s, ϕ(s )) and the parame-

er λ are given; the constants of a, b are fixed and the aim is to 

nd the function ϕ(x ) . When the α � = 0 , the initial condition is de-

ned ϕ(a ) = ϕ 0 . This model is a fractional inhomogeneous Fred- 

olm equation of the second kind. By considering Gaussian and 
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eficit calculations, we will have the following results: 
 

 

 

 

 

 

 

ϕ(x ) = f (x ) + λ
∫ b 

a K(x, s, ϕ(s ))d s, α = 0 , 

1 
�(1 −α) 

∫ x 
0 

∂ϕ 
∂ε 

d ε 
(x −ε) α

= f (x ) + λ
∫ b 

a K(x, s, ϕ(s ))d s, 0 < α < 1 , 

∂ϕ 
∂x 

= f (x ) + λ
∫ b 

a K(x, s, ϕ(s ))d s, α = 1 . 

(18) 

he output of F F N is ϕ(x ) and then the output of the second 

etwork is R IE function as the following form [97] : 

 IE = 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

ϕ(x ) − f (x ) − α
∫ b 

a K(x, s, ϕ(s ))d s, α = 0 , 

1 
�(1 −α) 

∫ x 
0 

∂ϕ 
∂ε 

d ε 
(x −ε) α

− f (x ) + λ
∫ b 

a K(x, s, ϕ(s ))d s, 0 < α < 1 , 

∂ϕ 
∂x 

− f (x ) + λ
∫ b 

a K(x, s, ϕ(s ))d s, α = 1 . 

(19) 

ntegral operator is approximated by Chebyshev Gaussian quadra- 

ure method and therefore, have the following results: 

 b 

a 

K(x, s, ϕ(s ))d s ≈
m 1 ∑ 

i =0 

w i K(x, s i , ϕ(s i )) , (20) 

 x 

0 

∂ϕ 

∂ε 

d ε 

(x − ε) α
≈

m 2 ∑ 

i =0 

w i 

∂ϕ 

∂ε 

∣∣
ε= s i 

(x − s i ) 
−α, (21) 

here m i , w i and s i are number of basis functions in Gaussian inte-

ration, Chebyshev quadrature weights and Chebyshev quadrature 

oints, respectively [97] in a desire domain [97] . It is remarkable 

hat utilizing the R IE satisfied the residual functions in Eq. (3) for 

FIEs. Algorithm 1 represents the steps of application of FCDNN for 

lgorithm 1 Applying FCDNN for Solving FFIEs. 

nput: Training data set 

utput: ϕ p , MSE train and MSE test 

1: Shift the training data set to a specific domain 

2: Specify the structure of the network 

3: Construct the F F N and initial the parameters 

4: Construct the RN based on R IE 

5: Instance a new sample of FCDNN as the model 

6: Train the model by applying Adam and L-BFGS methods 

7: Calculate MSE train 

8: Specify a test data set and predict the model on it 

9: Calculate MSE test 

0: Return ϕ p , MSE train and MSE test 

olving fractional Fredholm integral equations. 

.2. Fractional partial differential equations and FCDNN 

A general type of fractional partial differential equations is con- 

idered in this research which has the following form: 

 

 

D 

α
τ ϕ ( x , τ ) + ξ c 

0 D 

α−1 
τ ϕ ( x , τ ) = ψ ( ϕ ( x , τ ) ) , x = ( x 1 , x 2 , · · · ) 

(22) 

here c 
0 
D 

α
τ is a Caputo fractional derivative of order α with re- 

pect to τ, α ∈ [1 , 2] , ξ is the constant coefficient of equation

nd ψ is a nonlinear/linear differential operator. This equation 

as initial/boundary conditions similar to Eq. (2) . This equation 

rst discretized by the approximation of mentioned formula in 

ection 3.3 and central explicit finite difference method [37] : 

c 
0 D 

α
τ ϕ = 

{ 

1 
�(1 −α) 

∫ τ
0 

∂ϕ 
∂s 

d s 
(τ−s ) α

, α ∈ [0 , 1] 

1 
�(2 −α) 

∫ τ
0 

∂ 2 ϕ 
∂s 2 

d s 
(τ−s ) α−1 , α ∈ [1 , 2] 

(23) 

∂ 2 ϕ 

∂τ 2 
= 

ϕ 

n +1 − 2 ϕ 

n + ϕ 

n −1 

(�τ ) 2 
, (24) 
7 
∂ϕ 

∂τ
= 

ϕ 

n +1 − ϕ 

n −1 

(2�τ ) 
, (25) 

1 

�( 2 − α) 

∫ τ= τn +1 

0 

∂ 2 ϕ 

∂s 2 
d s 

( τn +1 − s ) 
α−1 

= 

1 

�( 2 − α) 

n ∑ 

j=0 

ϕ 

j+1 − 2 ϕ 

j + ϕ 

j−1 

( �τ ) 
2 

∫ τ j+1 

τ j 

( τn +1 − s ) 
1 −αd s. (26) 

1 

�( 2 − α) 

∫ τ= τn +1 

0 

∂ϕ 

∂s 

d s 

( τn +1 − s ) 
α−1 

= 

1 

�( 2 − α) 

n ∑ 

j=0 

ϕ 

j+1 − ϕ 

j−1 

( 2�τ ) 

∫ τ j+1 

τ j 

( τn +1 − s ) 
1 −αd s. (27) 

The mentioned above formulas are substituted in Eq. (22) , the 

ollowing results are obtained: 

 1 

n ∑ 

j=0 

(ϕ 

j+1 − 2 ϕ 

j + ϕ 

j−1 )([ τn +1 − τ j ] 
2 −α − [ τn +1 − τ j+1 ] 

2 −α) 

 ξc 2 

n ∑ 

i =0 

(ϕ 

i +1 − ϕ 

i −1 )([ τn +1 − τi ] 
2 −α − [ τn +1 − τi +1 ] 

2 −α) = ψ(ϕ 

n +1 ) , 

(28) 

here ϕ 

i = ϕ( ̄x , τi ) is shown a value of ϕ in τi step 0 ≤ i ≤ n + 1 ,

 1 = 

1 
(�τ ) 2 �(3 −α) 

and c 2 = 

1 
2(�τ )�(3 −α) 

. The main output of F F N 

s ϕ 

n +1 and the output of the second network is R PDE function as 

he following form: 

 PDE = 

[
( c 1 + ξc 2 ) ϕ 

n +1 − 2 c 1 ϕ 

n + ( c 1 − ξc 2 ) ϕ 

n −1 
]

[
( τn +1 − τn ) 

2 −α
]

− ψ 

(
ϕ 

n +1 
)

+ H 

n , 

H 

n = 

n −1 ∑ 

j=0 

[
( c 1 + ξc 2 ) ϕ 

j+1 − 2 c 1 ϕ 

j + ( c 1 − ξc 2 ) ϕ 

j−1 
]

[ (
τn +1 − τ j 

)2 −α −
(
τn +1 − τ j+1 

)2 −α
] 
. (29) 

t is considerable that using the R PDE satisfied the residual function 

n Eq. (3) for R 1 and utilizing the initial/boundary conditions in 

orm R 2 completed the residual functions. Algorithm 2 represents 

lgorithm 2 Applying FCDNN for Solving FPDEs. 

nput: Training data set 

utput: ϕ 

n +1 
p , MSE train and MSE test 

1: Shift the training data set to a specific domain 

2: Perform the fractional formulas and finite method on a FPDE 

3: Specify ϕ 

n −1 
p , ϕ 

n 
p , ϕ 

n +1 
p and H n on the training data set 

4: Specify the structure of the network 

5: Construct the F F N and initial the parameters 

6: Construct the RN based on R PDE and R 2 

7: Instance a new sample of FCDNN as the model 

8: Train the model by applying Adam and L-BFGS methods 

9: Calculate MSE train 

0: Specify a test data set and predict the model on it 

11: Calculate MSE test 

2: Return ϕ 

n +1 
p , MSE train and MSE test 

he steps of application of FCDNN for solving FPDEs. 

. Experiments 

We performed several experiments to verify the performance 

f FCDNN for solving differential models. The error of numerical 
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Table 2 

The FCDNN parameters and error of the numerical results for all the examples. The notation � ∗ k indicates that there are � layers with k neurons in each layer. 

Model α H-Layers N 1 MSE train N 2 MSE test 

FFIE Example 1 α = 0 [1 , 10 ∗ 10 , 30 , 20 , 10 , 1] 70 1 . 339266 e −06 20 1 . 501477 e −06 

Example 2 α = 0 [1 , 10 ∗ 10 , 30 , 20 , 10 , 1] 70 1 . 478133 e −06 20 1 . 227377 e −05 

Example 3 0 < α ≤ 1 [1 , 10 ∗ 10 , 30 , 20 , 10 , 1] 70 1 . 553263 e −06 20 2 . 227289 e −05 

FPDE Example 4 α = 2 [2 , 10 ∗ 10 , 4 ∗ 100 , 1] 1200 6 . 079306 e −06 400 8 . 718456 e −06 

Example 5 α = 2 [2 , 10 ∗ 10 , 4 ∗ 100 , 1] 1200 1 . 414510 e −06 400 2 . 243810 e −06 

Example 6 α = 2 [3 , 10 ∗ 10 , 4 ∗ 100 , 1] 24000 1 . 816772 e −06 8000 3 . 394147 e −06 

Example 7 α = 1 . 1 [1 , 10 ∗ 10 , 100 , 50 , 10 , 1] 1200 5 . 727525e − 07 200 1 . 232703 e −06 

Example 7 α = 1 . 4 [1 , 10 ∗ 10 , 100 , 50 , 10 , 1] 1200 4 . 164674e − 06 200 1 . 059138 e −05 

Example 8 α = 1 . 75 [2 , 10 ∗ 10 , 4 ∗ 100 , 1] 1200 1 . 023663 e −05 200 4 . 266165 e −05 

Example 8 α = 1 . 95 [2 , 10 ∗ 10 , 4 ∗ 100 , 1] 1200 1 . 015015 e −06 200 4 . 012831 e −05 
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Table 3 

The exact value ϕ t , the predicted value of the Chebyshev collocation method (Cheb 

CM), the predicted value of the FDNN network and the predicted value ϕ p of FCDNN 

network in several test points on [0,1] domain for Example 1 . 

x Exact ( ϕ t ) Cheb CM FDNN FCDNN ( ϕ p ) 

0.0 0.0 0.0 0.0 0.0 

0.1 0.6 0.599999983 0.599991044 0.599994044 

0.2 1.2 1.199999997 1.199991804 1.199995069 

0.3 1.8 1.799999997 1.799992687 1.799998977 

0.4 2.4 2.399999997 2.399990046 2.399998744 

0.5 3.0 2.999999999 3.000005450 2.999998437 

0.6 3.6 3.600000001 3.599991107 3.600001579 

0.7 4.2 4.200000001 4.199997784 4.200006662 

0.8 4.8 4.800000001 4.799991960 4.800001934 

0.9 5.4 5.399999998 5.399997512 5.399998999 

1.0 6.0 5.999999996 5.999997407 5.999998277 

Table 4 

The exact value ϕ t , the predicted value of the Chebyshev collocation method (Cheb 

CM), the predicted value of the FDNN network and the predicted value ϕ p of FCDNN 

network in several test points on [0,1] domain for Example 2 . 

x Exact ( ϕ t ) Cheb CM FDNN FCDNN ( ϕ p ) 

0.0 1.0 1.000037523 0.999950238 0.999992214 

0.1 1.791824698 1.791858981 1.791768938 1.791821491 

0.2 2.825540928 2.825523000 2.825481567 2.825535359 

0.3 4.220116923 4.220095810 4.220116580 4.220111084 

0.4 6.153032424 6.153074397 6.152976903 6.153029673 

0.5 8.889056099 8.889056802 8.889053935 8.889053790 

0.6 12.82317638 12.82313242 12.82312614 12.82316733 

0.7 18.54464677 18.54467304 18.54459525 18.54464445 

0.8 26.93253020 26.93255451 26.93251096 26.93252632 

0.9 39.29823444 39.29818903 39.29820642 39.29823350 

1.0 57.59815003 57.59809594 57.59810956 57.59814936 

T
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E  

0  

t
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T
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o

T
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0  
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D

esults is calculated as follows: 

SE train = 

1 

N 1 

N 1 ∑ 

i =1 

(ϕ t − ϕ p ) 
2 , (30) 

here N 1 is the size of training data set. 

SE test = 

1 

N 2 

N 2 ∑ 

i =1 

( ϕ t − ϕ p ) 
2 
, (31) 

here N 2 is the size of test data set. The Training data set consists

f the Chebyshev quadrature points up to degree N 1 in a specific 

omain. Also, test data set includes N 2 randomly sample points 

n the same specific domain. The error of the numerical results 

nd considered parameters for all the examples, are reported in 

able 2 . The codes of the examples are written by Tensorflow pack- 

ge of Python version 3.7.0. It is notable that the results of figures 

ave been performed on the test data set. The maximum iteration 

f Adam algorithm is up to 10 0 0 0 times and L-BFGS method is re-

eated until it converges. 

Other researchers [75,76,85,91,96] are investigated the follow- 

ng examples as numerical results. Chebyshev collocation method 

Cheb CM) and fractional deep neural network (FDNN) have also 

een run on the several examples and the numerical results are 

eported in tables to compare the performance of the FCDNN 

etwork. It is notable that FDNN is an extended version of the 

INN network for solving fractional PDEs and fractional IEs; so, 

he Chebyshev polynomials are not used in its structure. Also, by 

omparing the results of FDNN and FCDNN networks, the role of 

hebyshev polynomials in the network structure can be evaluated. 

s the results representation, the use of Chebyshev polynomials 

mproves the results compared to the results of the FDNN network. 

.1. Fractional Fredholm integral equations 

xample 1. Inserting f (x ) = −2 − 3 x , α = 0 , λ = 1 , a = 0 , b = 1

nd K(x, s, ϕ(s )) = (3 x + s ) ϕ(s ) into Eq. (17) , leads to obtain Fred-

olm integral model as follows: 

(x ) = −2 − 3 x + 

∫ 1 

0 

(3 x + s ) ϕ(s )d s. (32)

he exact solution of this model is 6 x . The obtained solution of it

y FCDNN and comparison with the exact solution is illustrated in 

ig. 2 . FCDNN for this example has one input, 13-hidden layers and 

ne output. The first 10-layers have 10 neurons in each layer. The 

hebyshev activation function T i , 1 ≤ i ≤ 10 is considered as the 

ctivation function of the i -th layer. The last 3-layers have 30 , 20 

nd 10 neurons with hyperbolic tangent activation function, re- 

pectively. m 1 = 50 is the number of shifted Chebyshev quadra- 

ure points.The training data set includes the Chebyshev quadra- 

ure points up to degree 70, which are shifted in [0,1] domain. The 

ize of test data set is 20 which are random points in [0,1] domain.
8 
he comparison of the numerical result on the several test points 

re reported in Table 3 . 

xample 2. Putting f (x ) = 3 x + e 4 x − 17+3e 4 

16 , α = 0 , λ = 1 , a =
 , b = 1 and K(x, s, ϕ(s )) = sϕ(s ) into Eq. (17) , the Fredholm in-

egral model is obtained in the following form: 

(x ) = 3 x + e 4 x − 17 + 3e 4 

16 

+ 

∫ 1 

0 

sϕ(s )d s. (33) 

The result of FCDNN for this model and the exact solution is 

resented in Fig. 3 . The exact solution for this model is 3 x + e 4 x .

 1 = 50 is the number of shifted Chebyshev quadrature points. 

he structure of FCDNN, the training data set and the test data set 

pplied to this example, are similar to Example 1 . The comparison 

f the numerical result on the several test points are reported in 

able 4 . 

xample 3. Putting f (x ) = ϕ(x ) − e x +1 −1 
x +1 , 0 < α ≤ 1 , λ = 1 , a =

 , b = 1 and K(x, s, ϕ(s )) = e xs ϕ(s ) into Eq. (17) , the Fredholm in-

egral model is obtained in the following form: 

 

c 
0 
αϕ ( x ) = ϕ ( x ) − e x +1 − 1 

x + 1 

+ 

∫ 1 

e xs ϕ ( s ) d s. 0 < α ≤ 1 . (34) 

0 
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Fig. 2. Results of Example 1 , a Fredholm integral equation. Exact solution ϕ t (x ) = 6 x , predicted solution ϕ p (x ) by FCDNN and comparison of the exact and the predicted 

solutions by computing the absolute error (ϕ t − ϕ p ) . 

Fig. 3. Results of Example 2 , a Fredholm integral equation. Exact solution ϕ t (x ) = 3 x + e 4 x , predicted solution ϕ p (x ) by FCDNN and comparison of the exact and the predicted 

solutions by computing the absolute error (ϕ t − ϕ p ) . 

Fig. 4. Results of Example 3 , a fractional Fredholm integral equation. Exact solution ϕ t (x ) = e x , for α = 1 , predicted solution ϕ p (x ) by FCDNN and comparison of the exact 

and the predicted solutions by computing the absolute error (ϕ t − ϕ p ) . 

Table 5 

The value of |R IE | in some test points for several different values of α in Example 3 . 

x α = 0 . 8 α = 0 . 9 α = 0 . 99 α = 1 

0.0 1 . 7276953 e −02 3 . 1776580e − 03 2 . 8831480e − 04 1 . 5735626e − 06 

0.2 2 . 0982331 e −02 2 . 1676415 e −03 1 . 3853300e − 04 2 . 6804206e − 05 

0.4 1 . 5759063 e −02 1 . 1547971 e −02 5 . 6379680e − 03 3 . 8052226e − 05 

0.6 3 . 2027840e − 02 1 . 3071540e − 02 6 . 1823730e − 03 4 . 2595270e − 05 

0.8 1 . 4430243 e −02 1 . 7493522 e −02 6 . 5169300e − 04 4 . 3594615e − 05 

1.0 3 . 4341680e − 01 3 . 4956790e − 02 1 . 2740254 e −03 1 . 3648828e − 05 

w

m  

t  

T

a

m

s

t

n

6

s

Table 6 

The exact value ϕ t , the predicted value of the Chebyshev collocation method (Cheb 

CM), the predicted value of the FDNN network, the predicted value of the Lucas 

wavelets method (LW) [96] and the predicted value ϕ p of FCDNN network in several 

test points on [0,1] domain with α = 1 for Example 3 . 

x Exact ( ϕ t ) Cheb CM FDNN LW [96] FCDNN ( ϕ p ) 

0.05 1.0512710 1.0512367 1.0512713 1.0512710 1.0512711 

0.15 1.1618342 1.1617365 1.1618346 1.1618342 1.1618344 

0.25 1.2840254 1.2838626 1.2840257 1.2840254 1.2840254 

0.35 1.4190675 1.4188317 1.4190673 1.4190675 1.4190674 

0.45 1.5683121 1.5679921 1.5683124 1.5683121 1.5683122 

0.55 1.7332530 1.7328354 1.7332533 1.7332530 1.7332530 

0.65 1.9155408 1.9150106 1.9155405 1.9155408 1.9155407 

0.75 2.1170000 2.1163401 2.1170004 2.1170000 2.1170001 

0.85 2.3396468 2.3388379 2.3396465 2.3396468 2.3396467 

i

c
0

ψ

x

ϕ

ϕ

ϕ

ith the initial condition: ϕ(0) = 1 . The exact solution for this 

odel is e x for specific value of α = 1 . The result of FCDNN for

his model and the exact solution for α = 1 is presented in Fig. 4 .

he structure of FCDNN, the training data set and the test data set 

pplied to this example, are similar to Example 1 and Example 2 . 

 1 and m 2 are equal 50 which are the number of shifted Cheby- 

hev quadrature points. Table 5 reports the value of |R IE | in some 

est points for several different values of α. The comparison of the 

umerical result on the several test points are reported in Table 6 . 

.2. Fractional telegraph equations 

We considered a telegraph equation to evaluate the FCDNN in 

olving FPDE. A general form of the fractional telegraph equation 
9 
s as follows: 

 

 

D 

α
τ ϕ ( x , τ ) + ξ c 

0 D 

α−1 
τ ϕ ( x , τ ) = ψ ( ϕ ( x , τ ) ) , 

(ϕ( x , τ )) = F ( x , τ ) − ρ2 ϕ( x , τ ) + ∇ϕ( x , τ ) , 

 i ∈ [ c, d ] , x = ( x 1 , x 2 , · · · , x m 

) , τ ∈ [ 0 , T ] , 
 ( c , τ ) = f 1 ( τ ) , 

 

(
d , τ

)
= f 2 ( τ ) , 

 ( x , 0 ) = g 1 ( x ) , 

∂ϕ ( x , 0 ) = g 2 ( x ) . (35) 

∂τ
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Fig. 5. Results of Example 4 , a 2D-telegraph equation. Exact solution ϕ t (x 1 , x 2 , τ ) = e −τ sinh (x 1 ) sinh (x 2 ) , predicted solution ϕ p (x 1 , x 2 , τ ) by FCDNN and comparison of the 

exact and the predicted solutions by computing the absolute error [ ϕ t (x 1 , x 2 , τ ) − ϕ p (x 1 , x 2 , τ )] , where consider τ = 0 . 9 . 
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m
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Table 7 

The exact value ϕ t , the predicted value of the Chebyshev collocation method (Cheb 

CM), the predicted value of the FDNN network, and the predicted value ϕ p of 

FCDNN network in several test points at τ = 0 . 9 for Example 4 . 

(x 1 , x 2 ) Exact ( ϕ t ) Cheb CM FDNN FCDNN ( ϕ p ) 

(0.0,0.0) 0.0 0.000299960 0 . 0 0 0 0 0 0450 0.0 

(0.1,0.1) 0.004079267 0.004061273 0.004079376 0.004079048 

(0.2,0.2) 0.016480783 0.016429409 0.016480971 0.016480796 

(0.3,0.3) 0.037702265 0.037673190 0.037702453 0.037702284 

(0.4,0.4) 0.068595405 0.068505869 0.068595712 0.068595399 

(0.5,0.5) 0.110400054 0.110373881 0.110400142 0.110400033 

(0.6,0.6) 0.164793979 0.164716177 0.164794003 0.164793985 

(0.7,0.7) 0.233960198 0.233953611 0.233961128 0.233960102 

(0.8,0.8) 0.320674596 0.320602243 0.320674661 0.320674596 

(0.9,0.9) 0.428417326 0.428385748 0.428417379 0.428417319 

Table 8 

The comparison of mean squared errors between 

FCDNN and GFDM [75] methods for Examples 4 -6. 

Example FCDNN GFDM [75] 

Example 4 8 . 718456 e −06 4 . 71 e −05 

Example 5 2 . 243810 e −06 9 . 41 e −04 

Example 6 3 . 394147 e −06 5 . 30e − 06 

t

m

fi

E  

a

a

c
0

x

ϕ

ϕ

ϕ

T

c

i

τ  

a  

t

s

 , f i and g i are given functions, ρ is a constant and ∇ =
 

i 
∂ 2 ϕ( ̄x ,τ ) 

∂x 2 
i 

. Some significant applications of the above mentioned 

odel are viscous fluids, electrical signals, acoustic waves and 

orous media. Algorithm 2 is performed on Eq. (35) and holds 

he following results: (
1 + ξ

�τ

2 

)
ϕ 

n +1 − 2 ϕ 

n + 

(
1 − ξ

�τ

2 

)
ϕ 

n −1 

]
( τn +1 − τn ) 

2 −α

− 1 

c 1 
ψ 

(
ϕ 

n +1 
)

+ 

1 

c 1 
H 

n = 0 , 

1 

c 1 
H 

n = 

n −1 ∑ 

j=0 

[(
1 + ξ

�τ

2 

)
ϕ 

j+1 − 2 ϕ 

j + 

(
1 − ξ

�τ

2 

)
ϕ 

j−1 

]
[ (

τn +1 − τ j 

)2 −α −
(
τn +1 − τ j+1 

)2 −α
] 
, 

 

(
ϕ 

n +1 
)

= F ( x , τn +1 ) − ρ2 ϕ ( x , τn +1 ) + ∇ϕ ( x , τn +1 ) , 

n +1 
p = 

[(
1 + ξ

�τ

2 

)
ϕ 

n +1 

]
( τn +1 − τn ) 

2 −α − 1 

c 1 
ψ 

(
ϕ 

n +1 
)
, 

n +1 
t = 

[
2 ϕ 

n + 

(
ξ

�τ

2 

− 1 

)
ϕ 

n −1 

]
( τn +1 − τn ) 

2 −α − 1 

c 1 
H 

n , 

 PDE = �n +1 
p − �n +1 

t . (36) 

he numerical results are investigated in the following examples. 

xample 4. We assume that α = 2 , F = 0 , ξ = 2 , and ρ = 

√ 

3 . 

 

 

D 

2 
τ ϕ( ̄x , τ ) + 2 

c 
0 D τ ϕ( ̄x , τ ) + 3 ϕ( ̄x , τ ) − ∇ϕ( ̄x , τ ) = 0 , 

 i ∈ [0 , 1] , x̄ = (x 1 , x 2 ) , τ ∈ [0 , 1] , 

( ̄0 , τ ) = 0 , 

( ̄1 , τ ) = e −τ sinh (1) sinh (1) , 

( ̄x , 0) = sinh (x 1 ) sinh (x 2 ) , 

∂ϕ( ̄x , 0) 

∂τ
= − sinh (x 1 ) sinh (x 2 ) . (37) 

he above model is a 2D-time-fractional telegraph equation with 

nitial and boundary conditions. The exact solution of this model 

s ϕ(x 1 , x 2 , τ ) = e −τ sinh (x 1 ) sinh (x 2 ) . Fig. 5 represents the numer-

cal results for Example 3 . Considering the values of the function 

n times τ = 0 . 1 and τ = 0 . 5 , and �τ = 0 . 4 , FCDNN predicts the

alue of the function in τ = 0 . 9 . The training data set in each di-

ension is selected randomly as Chebyshev quadrature points up 

o degree 20, which are shifted to [0,1] domain. FCDNN for this ex- 

mple has two inputs, 14-hidden layers and one output. The first 

0-layers have 10 neurons in each layer with Chebyshev activation 

unction T i , 1 ≤ i ≤ 10 for the i -th layer. The last 4-layers have 100

eurons in each layer with hyperbolic tangent activation function. 

he size of test data set is 20 in each dimension which are random

oints in [0,1] domain. The comparison of the numerical result on 
10 
he several test points are reported in Table 7 . Also, the result of 

ean squared errors of the proposed method and the generalized 

nite difference method (GFDM) [75] are compared into Table 8 

xample 5. Let α = 2 , F = 2 sin (x 1 ) sin (x 2 )( cos (τ ) − sin (τ )) , ξ = 2

nd ρ = 1 . Then the model with initial and boundary conditions is 

s follows: 

 

 

D 

2 
τ ϕ ( x , τ ) + 2 

c 
0 D τ ϕ ( x , τ ) + ϕ ( x , τ ) − ∇ϕ ( x , τ ) 

− 2 sin ( x 1 ) sin ( x 2 ) ( cos ( τ ) − sin ( τ ) ) = 0 , 

 i ∈ [ 0 , 1 ] , x = ( x 1 , x 2 ) , τ ∈ [ 0 , 1 ] , 

 

(
0 , τ

)
= 0 , 

 

(
1 , τ

)
= cos ( τ ) sin ( 1 ) sin ( 1 ) , 

 ( x , 0 ) = sin ( x 1 ) sin ( x 2 ) , 

∂ϕ ( x , 0 ) 

∂τ
= 0 . (38) 

he exact solution of this model is ϕ(x 1 , x 2 , τ ) = 

os (τ ) sin (x 1 ) sin (x 2 ) . The numerical results of Example 5 are 

ndicated in Fig. 6 . FCDNN predicts the value of the function in 

= 0 . 9 by considering the values of the function in times τ = 0 . 1

nd τ = 0 . 5 , and fixing �τ = 0 . 4 . The structure of FCDNN, the

raining data set and the test data set apply to this example, are 

imilar to Example 4 . The comparison of the numerical result on 
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Fig. 6. Results of Example 5 , a 2D-telegraph equation. Exact solution ϕ t (x 1 , x 2 , τ ) = cos (τ ) sinh (x 1 ) sinh (x 2 ) , predicted solution ϕ p (x 1 , x 2 , τ ) by FCDNN and comparison of 

the exact and the predicted solutions by computing the absolute error [ ϕ t (x 1 , x 2 , τ ) − ϕ p (x 1 , x 2 , τ )] , where consider τ = 0 . 9 . 

Table 9 

The exact value ϕ t , the predicted value of the Chebyshev collocation method (Cheb 

CM), the predicted value of the FDNN network, and the predicted value ϕ p of 

FCDNN network in several test points at τ = 0 . 9 for Example 5 . 

(x 1 , x 2 ) Exact ( ϕ t ) Cheb CM FDNN FCDNN ( ϕ p ) 

(0.0,0.0) 0.0 0.000310260 0 . 0 0 0 0 0330 0 0.0 

(0.1,0.1) 0.006195406 0.006173455 0.006195728 0.006195394 

(0.2,0.2) 0.024534636 0.024334273 0.024534674 0.024534619 

(0.3,0.3) 0.054286561 0.054223771 0.054286601 0.054286592 

(0.4,0.4) 0.094265066 0.094223780 0.094265032 0.094265074 

(0.5,0.5) 0.142876334 0.142829270 0.142876732 0.142876389 

(0.6,0.6) 0.198182388 0.198089050 0.198182429 0.198182336 

(0.7,0.7) 0.257978349 0.257952770 0.257978568 0.257978352 

(0.8,0.8) 0.319880341 0.319852801 0.319880295 0.319880367 

(0.9,0.9) 0.381420527 0.381373025 0.381420603 0.381420589 

t
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Table 10 

The exact value ϕ t , the predicted value of the Chebyshev collocation method (Cheb 

CM), the predicted value of the FDNN network, and the predicted value ϕ p of 

FCDNN network in several test points at τ = 0 . 9 for Example 6 . 

(x 1 , x 2 , x 3 ) Exact ( ϕ t ) Cheb CM FDNN FCDNN ( ϕ p ) 

(0.0,0.0,0.0) 0.0 −0 . 004223879 0 . 0 0 0 0 0 0335 0.0 

(0.1,0.1,0.1) 0.000408607 0.002402271 0.000408120 0.000408482 

(0.2,0.2,0.2) 0.003318175 0.006612490 0.003317906 0.003317959 

(0.3,0.3,0.3) 0.011481104 0.010039021 0.011481085 0.011481089 

(0.4,0.4,0.4) 0.028175722 0.020009749 0.028175455 0.028175468 

(0.5,0.5,0.5) 0.057528950 0.055561553 0.057528302 0.057528697 

(0.6,0.6,0.6) 0.104916677 0.104831190 0.104916573 0.104916502 

(0.7,0.7,0.7) 0.177478393 0.175920827 0.177477652 0.177478202 

(0.8,0.8,0.8) 0.284793027 0.277418339 0.284792887 0.284792970 

(0.9,0.9,0.9) 0.439777551 0.434983788 0.439777108 0.439777349 

E

f

2  

t

t

c
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x

ϕ

ϕ

ϕ
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t

b

w

5

d  

m

F
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he several test points are reported in Table 9 . Also, the result 

f mean squared errors of the proposed method and the gener- 

lized finite difference method (GFDM) [75] are compared into 

able 8 . 

xample 6. Here, we increase the dimension of the telegraph 

quation and evaluate FCDNN. Consider α = 2 , F = 0 , ξ = 2 and

= 1 . Then a 3D-telegraph equation with initial and boundary 

onditions is obtained in the following form: 

 

 

D 

2 
τ ϕ( ̄x , τ ) + 2 

c 
0 D τ ϕ( ̄x , τ ) + ϕ( ̄x , τ ) − ∇ϕ( ̄x , τ ) = 0 , 

 i ∈ [0 , 1] , x̄ = (x 1 , x 2 , x 3 ) , τ ∈ [0 , 1] , 

( ̄0 , τ ) = 0 , 

( ̄1 , τ ) = e −τ sinh (1) sinh (1) sinh (1) , 

( ̄x , 0) = sinh (x 1 ) sinh (x 2 ) sinh (x 3 ) , 

∂ϕ( ̄x , 0) 

∂τ
= − sinh (x 1 ) sinh (x 2 ) sinh (x 3 ) . (39) 

he exact solution of this model is ϕ(x 1 , x 2 , x 3 , τ ) =
 

−τ sinh (x 1 ) sinh (x 2 ) sinh (x 3 ) . Fig. 7 represents the numerical 

esults for Example 6. FCDNN predicts the value of the function in 

= 0 . 9 by considering the values of the function in times τ = 0 . 1

nd τ = 0 . 5 and selecting �τ = 0 . 4 . The Chebyshev quadrature

oints up to degree 20, which are shifted in [0,1] domain, are 

elected randomly as the training data set in each dimension. 

CDNN for this example has three inputs. The other cases are 

imilar to Example 4 and Example 5 . The size of the test data set

s 20 in each dimension which are random points in [0,1] domain. 

he comparison of the numerical result on the several test points 

re reported in Table 10 . Also, the result of mean squared errors of

he proposed method and the generalized finite difference method 

GFDM) [75] are compared into Table 8 . 
11 
xample 7. In this example, we investigate the 1D-time- 

ractional telegraph equation to evaluate FCDNN. Consider F = 

 sin (x 1 )[ τ2 −α

�(3 −α) 
+ 

τ
2 − α

2 

�(3 − α
2 

) 
+ τ 2 ] , ξ = 1 and ρ = 1 . Then a 1D-

elegraph equation with initial and boundary conditions is ob- 

ained in the following form: 

 

 

D 

α
τ ϕ ( x , τ ) + 

c 
0 D 

α−1 
τ ϕ ( x , τ ) + ϕ ( x , τ ) − ∇ϕ ( x , τ ) 

−2 sin ( x 1 ) 

[ 

τ 2 −α

�( 3 − α) 
+ 

τ 2 − α
2 

�
(
3 − α

2 

) + τ 2 

] 

= 0 , 

 i ∈ [ 0 , 1 ] , x = ( x 1 ) , τ ∈ [ 0 , 1 ] , 

 ( 0 , τ ) = 0 , 

 ( 1 , τ ) = τ 2 sin ( 1 ) , 

 ( x , 0 ) = 0 , 

∂ϕ ( x , 0 ) 

∂τ
= 0 . (40) 

The exact solution of this model is ϕ(x 1 , τ ) = τ 2 sin (x 1 ) . We

olve this equation with some values of α. Figs. 8 and 9 represent 

he numerical results of Example 7 with α = 1 . 1 and 1.4, respec- 

ively. FCDNN predicts the value of the function in time τ = 1 . 0 

y considering all the values of the function in the previous times 

hen �τ = 2 −8 . The Chebyshev quadrature points up to degree 

0, which are shifted in [0,1] domain, are selected the training 

ata set. The training data set is randomly 10 0 0 points in [0,1] do-

ain and the test data set is 200 random points in [0,1] domain. 

CDNN for this example has one input and the other cases are sim- 

lar to the previous examples. The result of mean squared errors of 

he proposed method and the radial basis functions method (RBF) 

76] are compared into Table 11 . 
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Fig. 7. Results of Example 6 , a 3D-telegraph equation. Exact solution ϕ t (x 1 , x 2 , x 3 , τ ) = e −τ sinh (x 1 ) sinh (x 2 ) sinh (x 3 ) , predicted solution ϕ p (x 1 , x 2 , x 3 , τ ) by FCDNN and com- 

parison of the exact and the predicted solutions by computing the absolute error [ ϕ t (x 1 , x 2 , x 3 , τ ) − ϕ p (x 1 , x 2 , x 3 , τ )] , where consider τ = 0 . 9 . 

Fig. 8. Results of Example 7 , a 1D-time-fractional telegraph equation for α = 1 . 1 . Exact solution ϕ t (x 1 , τ ) = τ 2 sin (x 1 ) , predicted solution ϕ p (x 1 , τ ) by FCDNN and comparison 

of the exact and the predicted solutions by computing the absolute error [ ϕ t (x 1 , τ ) − ϕ p (x 1 , τ )] , where consider τ = 1 . 

Fig. 9. Results of Example 7 , a 1D-time-fractional telegraph equation for α = 1 . 4 . Exact solution ϕ t (x 1 , τ ) = τ 2 sin (x 1 ) , predicted solution ϕ p (x 1 , τ ) by FCDNN and comparison 

of the exact and the predicted solutions by computing the absolute error [ ϕ t (x 1 , τ ) − ϕ p (x 1 , τ )] , where consider τ = 1 . 

Table 11 

The comparison of mean squared errors between FCDNN 

and RBF [76] methods at the time τ = 1 for Example 7 . 

α FCDNN RBF [76] 

1.1 1 . 232703 e −06 8 . 4405 e −05 

1.4 1 . 059138 e −05 1 . 0242 e −05 
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the �τ is incremented. 
xample 8. In this example, we investigate the 2D-time-fractional 

elegraph equation with nonuniform domain boundary to evalu- 

te FCDNN. Consider F = 

24 τ4 −α

�(5 −α) 
+ 

24 τ5 −α

�(6 −α) 
+ (x 2 1 + x 2 2 + τ 2 ) − 4 , ξ =

 and ρ = 1 . Then a 2D-telegraph equation with initial and bound- 

ry conditions is obtained in the following form: 

 

 

D 

α
τ ϕ ( x , τ ) + 

c 
0 D 

α−1 
τ ϕ ( x , τ ) + ϕ ( x , τ ) − ∇ϕ ( x , τ ) 

−
(

24 τ 4 −α

�( 5 − α) 
+ 

24 τ 5 −α

�( 6 − α) 
+ 

(
x 2 1 + x 2 2 + τ 2 

)
− 4 

)
= 0 , 

 i ∈ [ 0 , 1 ] , x = ( x 1 , x 2 ) , τ ∈ [ 0 , 1 ] , 

 

(
0 , τ

)
= τ 4 , 

 

(
1 , τ

)
= τ 4 + 2 , 
12 
 ( x , 0 ) = x 2 1 + x 2 2 , 

∂ϕ ( x , 0 ) 

∂τ
= x 2 1 + x 2 2 . (41) 

The exact solution of this model is ϕ(x 1 , x 2 , τ ) = x 2 
1 

+ x 2 
2 

+ τ 4 .

he nonuniform domain has a circular shape (x 1 − 0 . 5) 2 + (x 2 −
 . 5) 2 = (0 . 5) 2 . We solve this equation with some values of α.

igs. 10 and 11 represent the numerical results of Example 8 with 

= 1 . 75 and 1.95, respectively. FCDNN predicts the value of the 

unction in time τ = 1 by considering all the values of the func- 

ion in the previous times when �τ = 

1 
100 . Therefore the Cheby- 

hev quadrature points up to degree 99, which are shifted in [0,1] 

omain, are selected for the training data set. The boundary train- 

ng data set includes 200 randomly points on the boundary specific 

ircular domain and 10 0 0 randomly points inside the specific cir- 

ular domain selects for other members of the training data set. 

he result of mean squared errors of the proposed method and 

he local meshless method [85] are compared into Table 12 . The 

CDNN performs for the several times to predict the value of the 

elegraph function at time τ = 1 by considering �τ = 

1 
80 , �τ = 

1 
100 and �τ = 

1 
160 . It is obvious that the result is more better when 
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Fig. 10. Results of Example 8 , a 2D-time-fractional telegraph equation for α = 1 . 95 . Exact solution ϕ t (x 1 , x 2 , τ ) = x 2 1 + x 2 2 + τ 4 , predicted solution ϕ p (x 1 , x 2 , τ ) by FCDNN and 

comparison of the exact and the predicted solutions by computing the absolute error [ ϕ t (x 1 , x 2 , τ ) − ϕ p (x 1 , x 2 , τ )] , where consider τ = 1 . 

Fig. 11. Results of Example 8 , a 2D-time-fractional telegraph equation for α = 1 . 75 . Exact solution ϕ t (x 1 , x 2 , τ ) = x 2 1 + x 2 2 + τ 4 , predicted solution ϕ p (x 1 , x 2 , τ ) by FCDNN and 

comparison of the exact and the predicted solutions by computing the absolute error [ ϕ t (x 1 , x 2 , τ ) − ϕ p (x 1 , x 2 , τ )] , where consider τ = 1 . 

Table 12 

The comparison of mean squared errors between FCDNN and local meshless [85] 

methods at the time τ = 1 for Example 8 . 

α �τ FCDNN Local Meshless [85] 

1.75 1 
80 

5 . 234763 e −04 1 . 6185 e −03 

1.75 1 
100 

4 . 266165 e −05 - 

1.75 1 
160 

3 . 694852 e −05 6 . 6630 e −04 

1.95 1 
80 

5 . 726188 e −04 5 . 5439 e −03 

1.95 1 
100 

4 . 012831 e −05 - 

1.95 1 
160 

3 . 962347 e −05 2 . 6748 e −03 

7

(

F

C

w

fi

t

a

t

f

m

g

i

v

f

p

p

p

I

f

s

w

s

s

e

t

i

s

I

i

t

c

g

p

t

t

o

o

t

p

b

p

t

r

p

i

s

t

n

s

s

. Conclusion 

We presented Fractional Chebyshev Deep Neural Network 

FCDNN) for solving frractional differential models in this paper. 

CDNN is a deep learning network which combined with the 

hebyshev collocation method. The structure of the FCDNN net- 

ork consists of two networks that are connected in series. In the 

rst network which is called F F N , the approximate solution of 

he equation is obtained. So the output of this network is ϕ p as 

n approximation of ϕ in the main equation. In the structure of 

he F F N network, Chebyshev polynomials are used as activation 

unctions. Chebyshev polynomials are used to expand the approxi- 

ate solution of the equation with orthogonal bases. Fast conver- 

ence, reduction of computational cost, simplicity of calculations, 

ncluding derivative and integral calculations are some of the ad- 

antages of using orthogonal bases. Particularly, one of the reasons 

or the lower cost of computation, could be the use of Chebyshev 

olynomial roots in the training set. In fact, due to the orthogonal 

roperty of these polynomials, in less training steps, more appro- 

riate approximations for the network parameters are calculated. 

n addition, it is notable that the use of the hyperbolic tangent 
13 
unction in some layers of the network, causes to approximate the 

olution of the equation by the functions of Chebyshev (not just 

ith Chebyshev polynomials themselves and without any expan- 

ions). This property expands the feature space and the solution 

pace, resulting in more complex approximations for solving the 

quation. The second network of our structure is called RN . In 

his network, by using operational nodes such as derivative and 

ntegral nodes and applying them to the obtained approximation 

olution from the first network, the residual function is formed. 

n the proposed FCDNN network, Automatic differentiation (AD) 

s used for derivative calculations. Applying AD allows derivatives 

o be performed quickly and accurately. In this network, fractional 

omputation techniques such as time marching and Gaussian inte- 

ral have been proposed to solve a significant range of fractional 

artial differential equations and fractional integral equations. In 

he objective function of the network, which is used to determine 

he parameters of the network, the boundary and initial conditions 

f the equation are considered as well as the residual function. To 

ptimize the objective function, the mean squared errors on the 

raining data set are considered. The training data set includes the 

oints on domain of the equation and the points of the initial or 

oundary conditions of the equation. Also, to find more suitable 

arameters, Adam method is applied first and then the result of 

he parameters obtained from this method is used as the initial pa- 

ameters in the L-BFGS Newton method. In this way, near-optimal 

arameters are obtained to approximate the equation. Finally, us- 

ng a random process to select training points causes both using 

uitable points in the deep network and having points which have 

he necessary features for the collocation method. The proposed 

etwork was applied to some fractional problems and accurate re- 

ults were obtained. 

For future works, one can expand the proposed network to 

olve more complex equations such as higher order equations, 
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quations and systems with discontinuities, fractional Voltera in- 

egral equations or fractional Voltera-Fredholm integral equations. 

olving equations defined in infinite or semi-finite domain could 

e another important future research. Applying developed method 

ike rational Chebyshev fractional collocation method or using par- 

icular orthogonal bases like Laguerre or Hermit functions in the 

tructure of the network, could probably be helpful to solve this 

ategory of equations. 
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