
Vol.:(0123456789)1 3

Engineering with Computers 
https://doi.org/10.1007/s00366-020-01114-8

ORIGINAL ARTICLE

A new numerical learning approach to solve general Falkner–Skan 
model

Z. Hajimohammadi1 · F. Baharifard2 · K. Parand1,3,4

Received: 29 April 2020 / Accepted: 10 July 2020 
© Springer-Verlag London Ltd., part of Springer Nature 2020

Abstract
A new numerical learning approach namely Rational Gegenbauer Least Squares Support Vector Machines (RG_LS_SVM), 
is introduced in this paper. RG_LS_SVM method is a combination of collocation method based on rational Gegenbauer 
functions and LS_SVM method. This method converts a nonlinear high order model on a semi-infinite domain to a set of 
linear/nonlinear equations with equality constraints which decreases computational costs. Blasius, Falkner–Skan and MHD 
Falkner–Skan models and the effects of various parameters over them are investigated to satisfy accuracy, validity and 
efficiency of the proposed method. Both Primal and Dual forms of the problems are considered and the nonlinear models 
are converted to linear models by applying quasilinearization method to get the better results. Comparing the results of 
RG_LS_SVM method with available analytical and numerical solutions show that the present methods are efficient and have 
fast convergence rate and high accuracy.

Keywords  Least squares support vector machines · Rational Gegenbauer functions · General Falkner–Skan model · 
QuasiLinearization method · Nonlinear ODE

Mathematics Subject Classification  34B40 · 65L60 · 68T05 · 76M25

1  Introduction

Many science and engineering phenomenons can be formu-
lated by mathematical models [1–4]. Technology develop-
ment leads to complexity and accuracy of high order mod-
els[5–8]. These models could be converted to nonlinear 

differential equations [9–11]. Complexity, non-linearity 
and higher order models needs more memory, computation 
and time. Classic methods such as numerical methods[1, 
10, 12–14] are useful to solve high order models but need 
more memory and leads to large computations. These meth-
ods could solve models in discrete domain. In recent stud-
ies, researchers used machine learning methods in order 
to solve the models in continuous domain. Support Vec-
tor Machines[15], Neural Networks[16] and Deep Learn-
ing[6] are appropriate machine learning methods which can 
be used to solve the models. Combinations of numerical 
methods and machine learning methods can overcome high 
order complexity nonlinear models and introduce proper 
solutions for them. Develop and introduce a combination of 
collocation method as a numerical approach and LS_SVM 
as a machine learning approach is the aim of this paper in 
order to solve a nonlinear and high order model on a semi-
infinite domain. The general Falkner–Skan model as a third 
order nonlinear model in a semi infinite interval, is applied 
to evaluate the performance of our proposed method namely 
RG_LS_SVM method. The rest of this section is ordered 
to introduce related basic methods and models including: 
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LS_SVM method, Spectral methods and Falkner–Skan 
models.

LS_SVM method This method can achieve a global opti-
mal solution of a model by converting a quadratic program-
ming to a system of linear equations which leads to improve 
the accuracy of the solution [17, 18]. Vapnik[19] introduced 
SVM founded on statistical learning theory which adopt the 
structural risk minimization principle. Generally, using SVM 
method, a quadratic programming problem (QP) is solved 
to achieve optimal hyperplanes. Suykens and Vandewalle[5] 
modified SVM and introduced LS_SVM which uses a sys-
tem of linear equations instead of QP and deal with equality 
constraints instead of inequality constraints. Lu et al. [20] 
introduced LS_SVM method to solve boundary value linear 
or nonlinear third-order and fourth-order problems with two 
points and multi points boundary conditions. Leake et al.
[21] investigated a solution of linear/nonlinear models which 
have first and second orders based on Theory of Connections 
(ToC) and SVM method. Sharma et al.[22] applied nonlin-
ear LS_SVM based on RBF kernel to develop an effectual 
automatic generation control of multi-area energy systems. 
Baymani et al.[23] extended �-LS_SVM method to solve 
differential models. Also Mehrkanoon and Suykens[15] 
proposed a new method to obtain a solution for the delay 
differential equations using LS_SVM method. Mehrkanoon 
et al.[24] introduced an approximation approach to solve 
ordinary differential equations based on LS_SVM method. 
Yu et al.[25] investigated approximation solutions for one 
dimension convection diffusion model based on LS_SVM 
method. The selection of a kernel function is important for 
SVM/LS_SVM methods. Orthogonal polynomials can use 
for this selection to improve accuracy and performance. 
Moghaddam and Hamidzadeh[26] applied Hermite polyno-
mials as kernel function to increase the speed of classifi-
cations. Padierna et al.[27] used the Gegenbauer family as 
kernel function and introduced a new formulation of them 
to improve accuracy by decreasing the number of support 
vectors. Legendre and Chebyshev polynomials are applied 
as kernel function in SVM classifiers[28–30]. Zanaty and 
Afifi[31] obtained an accurate classification by applying 
new Hermite kernel functions. This paper uses LS_SVM 
for introducing a new kernel function.

Spectral methods These methods have diverse applica-
tions in solving several engineering and science problems 
and received considerable attention[32–34]. Many of these 
problems are defined in semi-infinite/infinite domains 
and some spectral methods have been solved them. One 
approach is using the orthogonal polynomials to construct 
the approximation of the results[35, 36]. These polynomials 
can be defined in an infinite domain (like the Hermite and 
Laguerre polynomials) or a finite domain (like Jaccobi poly-
nomials). For applying the polynomials that are orthogonal 
over a finite domain, the mapping rule is used to convert 

the primary model over an unbounded domain to a new 
model over a bounded interval[9, 37]. Another approach is 
domain truncation in which the infinite/semi-infinite domain 
replaced by [−L, L] and [0, L], respectively, where L is suf-
ficiently large[38]. Also, rational approximations are the 
successful straight method to solve such problems. In the 
mentioned method, the orthogonal polynomials are mapped 
to the new spectral basis, named rational function on the 
unbounded domain[10, 39]. Therefore, these functions 
are mutually orthogonal on the semi-infinite domain and 
researchers used them for solving some nonlinear models 
over the unbounded domains[1, 10, 40]. One of the most 
important orthogonal polynomials, are named Gegenbauer 
polynomials[41] which are specific types of Jacobi poly-
nomials, furthermore they are generalization of Legendre 
and Chebyshev polynomials. This paper focuses on rational 
Gegenbauer functions which are obtained from Gegenbauer 
polynomials and are used as the basic functions in the spec-
tral methods.

Falkner–Skan models Falkner and Skan[42] introduced 
this model for the first time when they tried to develop the 
experiment of flow in a viscous fluid on a static wedge. 
Many researchers have attempted to solve Falkner–Skan 
model based on the challenging physical characteristics 
of it with various methods. For the condition in which this 
model leads to the Blasius problem, Bender et al.[43] used 
the new perturbation approach, He[44] applied the vari-
ational iteration method and Liao[45] obtained the solution 
using homotopy analysis method (HAM). Howarth[46] used 
homotopy perturbation method (HPM) to approximate the 
solution. Hashim[47] developed the numerical results for 
the Blasius model by employing the Adomian decomposi-
tion method (ADM) with Padé. Cortell[48] approximated 
the solutions of high-order initial value problems such as 
the Blasius equation with handling Runge–Kutta algorithm. 
Authors of Ref.[49, 50] checked the results of the Blasius 
model with collocation and Tau methods.

Furthermore, this problem was studied in the other 
literature[51–54].

Moreover, several researchers are interested to solving 
the Falkner–Skan model with different approaches. Liao[55] 
found the solution with HAM method, whereas this method 
is free of large or small physical variables. Asaithambi[56] 
presented numerical methods based on Taylor method. Kuo 
used a differential transformation method for Falkner–Skan 
model and presented a series solution of this model[57]. 
Salama[58] proposed a higher order method for solving such 
models.

Recently, interest in the study of magnetohydrodynamic 
(MHD) flows has been increased. Among these attempts, 
Hayat et al.[59] applied padé approximation with modi-
fied decomposition method to get the solution of MHD 
flow. Abbasbandy et al.[60] handled a homotopy analysis 
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method. Authors of[61] established the uniqueness results 
to MHD model and showed these results are existed. The 
implicit finite difference scheme was applied to solve the 
partial differential equations governing the unsteady MHD-
boundary-layer flow due to the impulsive motion of a 
stretching surface[62]. Takhar et al.[63] studied the MHD 
flow over a moving plate in a rotating fluid with the pres-
ence of a magnetic field, Hall currents and the free stream 
velocity. Heat generation and absorption of MHD flow of a 
micropolar fluid and MHD thermosolutal Marangoni con-
vection were considered in Ref.[64, 65], respectively. Also, 
hydromagnetic natural convection embedded in a fluid-
saturated porous medium was considered in some previous 
literature[66, 67]. Recently, some another numerical and 
analytical solutions have been applied to different types of 
MHD flows problems[68–70]. This paper considers the gen-
eral Falkner–Skan model as high order nonlinear model on 
a semi-infinite domain.

Our results In this paper, we apply an important 
orthogonal functions, named rational Gegenbauer func-
tions and develop the algorithm to solve the general 
Falkner–Skan model by a collocation method which is 
combined with LSSVM method. Solving different types of 
general Falkner–Skan model includes Blasius, Falkner–Skan 
and MHD Falkner–Skan models via combination of LS-
SVM and QLM methods based on rational Gegenbauer 
functions is investigated. Our proposed method is a new 
and efficient numerical learning method to solve nonlinear/
complex differential equations on a semi-infinite domain 
which is introduced in this paper for the first time. LS_SVM 
method has two forms includes Primal form and Dual form. 
We considered both mentioned forms in nonlinear and linear 
models and compared them together. Linearizing the model 
using QLM method and applying Lagrangian function, lead 
to solve a linear system of equations which yields to have 
better performance and faster convergence rate. Dual method 
has better run time comparing to Primal method and the 
run time of Dual QLM method works best by increasing 
the number of basic functions. The presentation of efficient 
numerical results leads to ensure the accuracy and perfor-
mance of the proposed approach.

2 � RG_LS_SVM method

In this section, Rational Gegenbauer Least Squares Support 
Vector Machines (RG_LS_SVM) method is introduced for 
finding a solution of nonlinear differential model in a semi-
infinite interval. This method is a kind of LS_SVM method 
which uses rational Gegenbauer functions as kernel func-
tion. In the rest, first we propose LS_SVM method and then 
rational Gegenbauer functions are introduced.

2.1 � LS_SVM method

The purpose of SVM method is to define the best discrimi-
nator hyperplanes by finding maximum margin for separat-
ing each group of similar data to classify whole data[19]. 
Consider TD =

{
(xi, yi)| i = 1⋯N, xi and yi ∈ ℝ

}
 which 

is a set of training data. The function that approximates a 
behavior of training data TD is defined by y. Therefore, sup-
pose a model has the following form:

The optimization problem is resulted from LS_SVM method 
is defined below as Primal form:

where w = [w1,w2,… ,wN]
T is the normal of hyperplanes, 

b is a bias, e = [e1, e2,… , eN]
T is the error vector of training 

data, � is a regularization parameter and �j(x), 1 ≤ j ≤ N is 
a nonlinear function which maps x to the high dimensional 
feature space. The Lagrangian function for solving the opti-
mal problem in (2)–(3), is constructed as follows:

where � = [�1, �2,… , �N]
T is a vector of Lagrangian multi-

pliers. The Karush–Kuhn–Tucker (KKT) optimality condi-
tions leads to achieving the following results:

Then an elimination of w and e will produce a system of 
equations which is named Dual form as the following form:

(1)y = wT�(x) =

N∑

j=1

wj�j(x) + b.

(2)min J(w, b, e) = min
w,b,e

1

2
wTw +

�

2
eTe,

(3)s.t.

{
yi −

N∑

j=1

wj�j(xi) − b = ei|i = 1…N

}
,

(4)

L(w, b, e, �) = J(w, b, e) −
N∑
i=1

�i

�
N∑
j=1

wj�j(xi) + b + ei − yi

�

= min
w,b,e

max
�

�
1

2
wTw +

�

2
eTe −

N∑
i=1

�i(w
T�(xi) + b + ei − yi)

�
.

(5)

�L

�wj

= 0 ⇒ wj =

N∑

i=1

�i�j(xi), 1 ≤ j ≤ N,

�L

�b
= 0 ⇒

N∑

i=1

�i = 0,

�L

�ej
= 0 ⇒ ej =

�j

�
, 1 ≤ j ≤ N,

�L

��j
= 0 ⇒ �j = wT�(xj) + b + ej = yj, 1 ≤ j ≤ N.
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w h e r e  J = [1, 1,… , 1]T
N

 ,  IN×N  i s  a n  i d e n t i t y 
m a t r i x ,  � = [�1, �2,… , �N]

T  ,  y = [y1, y2,… , yN]
T  , 

� = [�ij] = K(xi, xj) = �(xi)
T�(xj) for  i, j = 1⋯N  and 

�(x) = [�1(x),�2(x),… ,�N(x)]
T.

Finally, by solving the above system of equations, y is 
calculated as follows:

K(x, xi) = �(x)T�(xi) is named kernel function. A kernel 
function could have several choices which would effect 
on computational costs. In next subsection, the orthogonal 
rational Gegenbauer functions which satisfied the Mercer’s 
theorem and could apply as a kernel function, are introduced.

2.2 � Rational Gegenbauer functions

The Gegenbauer polynomials, which presented by G�
n
(�) is 

defined in the following form:

where Γ is the Gamma function, � is order of G�
n
(�) has a real 

number greater than − 1

2
 and n is degree of G�

n
(�) has an inte-

ger value[41]. These polynomials with the weight function 

(6)

[
� +

1

�
I J

JT 0

][
�

b

]
=

[
y

0

]
,

(7)y =

N∑

i=1

�iK(x, xi) + b.

(8)G�
n
(�) =

[n∕2]∑

j=0

(−1)j
Γ(n + � − j)

j!(n − 2j)!Γ(�)
(2�)n−2j,

�(�) = (1 − �2)�−
1

2 where𝜆 > −
1

2
 , are orthogonal on [−1, 1] 

domain.
The new basis functions, induced by Gegenbauer poly-

nomials named rational Gegenbauer functions are given by:

where x−L
x+L

∈ [−1, 1] and the constant parameter L is a scal-
ing/stretching factor[71].

The recurrence relation of RG�
n
(x) is as follows:

RG�
n
(x) is the nth eigenfunction of the singular Sturm-Liou-

ville problem:

The diagrams for the rational Gegenbauer functions of dif-
ferent degrees n for � = −0.3, 0, 0.3 and L = 1 is depicted 
in Fig. 1.

O r t h o g o n a l i t y :  W e  d e t e r m i n e 

ŵ(x) =
2L

(x+L)2

[
1 −

(
x−L

x+L

)2
]𝜆− 1

2

 as a non-negative, integrable 

and real-valued weight function for the rational Gegenbauer 
functions over the interval I = [0,∞) . Therefore, 
{RG�

n
(x)}n≥0 becomes a system which is mutually orthogo-

nal, i.e.

RG�
n
(x) = G�

n
(
x − L

x + L
) n = 0, 1, 2,… ,

(9)

RG�
0
(x) = 1,

RG�
1
(x) = 2�

x − L

x + L
,

RG�
n+1

(x) =
1

n + 1

[
2

(
x − L

x + L

)
(n + �)RG�

n
(x) − (n + 2� − 1)RG�

n−1
(x)

]
, n ≥ 1.

(10)

(x + L)

√
x

L

d

dx

�
(x + L)

√
x
d

dx
RG

�
n
(x)

�

+ �

�
L
2 − x

2

L

�
d

dx
RG

�

n
(x) + n(n + 2�)RG�

n
(x) = 0.

(11)

< RG𝜆
n
,RG𝜆

m
>ŵ= ∫

∞

0

RG𝜆
n
RG𝜆

m
ŵ(x)dx =

𝜋21−2𝜆Γ(n + 2𝜆)

n!(n + 𝜆)Γ2(𝜆)
𝛿nm,

Fig. 1   Samples of Rational Gegenbauer functions for various values of � , L = 1 and different degrees
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where �nm is the Kronecker delta function.
I f  w e  d e f i n e  ‖v‖ŵ = (∫ ∞

0
�v(x)�2ŵ(x)dx)

1

2  , 
t hen  t he  induced  sys tem i s  comple ted  in 
L2
ŵ
(I) = {v ∶ I → R ∣ v is measurable and ‖v‖ŵ < ∞} , and 

for any function u ∈ L2
ŵ
(I) , the following expansion holds

with

Here, the ai ’s are the expansion coefficients associated with 
the family {RG�

k
(x)}.

Kernel function: Here, we introduce a LS_SVM kernel 
based on rational Gegenbauer function as follows:

where � is fixed. To check the validity of the introduced 
LS_SVM kernel, we should show that it satisfies the Mercer 
theorem[72]. Mercer theorem states that for a given kernel 
function K(x, z), the following integration should always be 
non-negative for any function g(x):

In the following theorem, we show that the rational Gegen-
bauer kernel functions has this condition.

Lemma 1  Rational Gegenbauer function is a LS_SVM ker-
nel function.

Proof  First, a value for � is fixed and therefore we have

The Mercer condition is satisfied and this completes the 
proof. 	�  ◻

(12)u(x) =

∞∑

i=0

aiRG
�
i
(x),

(13)ai =
< u,RG𝜆

i
>ŵ

∥ RG𝜆
i
∥2
ŵ

.

(14)KRG(x, z) =

N∑

i=0

RG�
i
(x)RG�

i
(z),

(15)� � K(x, z)g(x)g(z)dxdz ≥ 0.

(16)

� � KRG(x, z)g(x)g(z)dxdz = � �
( N∑

i=0

RG�
i
(x)RG�

i
(z))g(x)g(z)dxdz

=

N∑

i=0

(

� � RG�
i
(x)RG�

i
(z)g(x)g(z)dxdz

)
=

N∑

i=0

(

� RG�
i
(x)g(x)dx� RG�

i
(z)g(z)dz

)

=

N∑

i=0

(

� RG�
i
(x)g(x)dx� RG�

i
(x)g(x)dx

)
=

N∑

i=0

(

� RG�
i
(x)g(x)dx

)2

≥ 0.

Lemma 2  Weight function of rational Gegenbauer is a LS_
SVM kernel function.

Proof  Weight function of rational Gegenbauer defined as 
follows:

It is a LS_SVM kernel function in the following form if and 
only if it satisfies the Mercer condition for a fixed value of �:

It is worth mentioning that the weight function is a non-
negative and integrable, therefore the Mercer condition is 
satisfied. 	�  ◻

Theorem 1  Multiplication of rational Gegenbauer function 
and weight function of rational Gegenbauer is a LS_SVM 
kernel function.

Proof  We introduce a novel kernel function of LS_SVM 
method as follows:

Rational Gegenbauer function is a kernel according to 
Lemma 1. Moreover, weight function of rational Gegenbauer 
is a kernel according to Lemma 2. So multiplication of two 
kernel which introduced in Eq. (19), will remain a kernel[26, 
27] and the proof is done. 	� ◻

The rational Gegenbauer functions can be divided 
in two classes: the first class has the specific values for 
� ∈ (−0.5, 0.5] , and the other class contains 𝜆 > 0.5 . The 
values of the weight function of rational Gegenbauer for the 

(17)ŵ(x) =
2L

(x + L)2

[
1 −

(
x − L

x + L

)2
]𝜆− 1

2

.

(18)

Kŵ(x, z) = ŵ(x)ŵ(z)

� � Kŵ(x, z)g(x)g(z)dxdz = � � (ŵ(x)ŵ(z))g(x)g(z)dxdz

= � ŵ(x)g(x)dx� ŵ(z)g(z)dz = � ŵ(x)g(x)dx� ŵ(x)g(x)dx

= (� ŵ(x)g(x)dx)2 ≥ 0.

(19)KRGŵ(x, z) =

N∑

i=0

RG𝜆
i
(x)RG𝜆

i
(z)ŵ(x)ŵ(z).
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first class can be set to one for simplicity of the computations 
in the corresponding kernel.

3 � Applying RG_LS_SVM method to solve 
nonlinear differential model

An application of RG_LS_SVM method is explained here to 
find a solution of a nonlinear differential model on a semi-
infinite domain. This application is satisfied by two main 
techniques. The first technique is to apply RG_LS_SVM 
method in Primal and Dual forms to solve nonlinear mod-
els. In the second technique, nonlinear models must first 
be linearized and then the solution of the new linear forms 
should be found by RG_LS_SVM method in Primal and 
Dual forms. Note that we select Quasilinearization Method 
(QLM) to linearize the nonlinear models. At the rest of this 
section, we explain two mentioned techniques significantly.

3.1 � Nonlinear method

Given the nonlinear m-order differential model as:

where y(i) is a i-th derivative of function y, F is a nonlinear 
operator of y(i) ( i = 0, ..,m − 1 ) and x, and IB is a set of ini-
tial/boundary conditions.

First, an approximation of a function ŷ is expanded by 
rational Gegenbauer functions as:

(20)

F(y(m), y(m−1),… , y��, y�, y, x) = 0,

IB = {y(i)(xj) = zi, | 0 ≤ i ≤ m − 1, j ∈ {0,m − 1}},

(21)ŷ =

N∑

i=1

wiRG
𝜆
i
(x) + b.

The derivative and residual functions are constructed in the 
following form:

Then, we collocate the roots of RG�
N+1

(x) as the training data 
to Res(x) to build constraints for LS_SVM method and add a 
set of initial/boundary conditions (IB) to complete the con-
straints. So, we have the following set for 1 ≤ i ≤ N + m + 1:

where A = � in Primal form and in Dual form A is a sub-
set of m members of {Res(xl) − ei = 0|1 ≤ l ≤ N + 1} set. 
Objective function is resulted as follows:

Finally, LS_SVM method is applied to obtain the unknown 
coefficients according to the method is introduced in 
Sect. 2.1. The whole steps of our proposed method is pre-
sented in Algorithm 1. 

(22)

D(ŷ) = ŷ� =

N∑

i=1

wi(RG
𝜆
i
(x))�,

D2(ŷ) = ŷ�� =

N∑

i=1

wi(RG
𝜆
i
(x))��,

....

D(m)(ŷ) = ŷ(m) =

N∑

i=1

wi(RG
𝜆
i
(x))(m),

Res(x) = F(ŷ(m), ŷ(m−1),… , ŷ��, ŷ�, ŷ, x).

(23)

{Res(xl) − ei = 0|1 ≤ l ≤ N + 1} ∪ {y(k)(xj) − zk − ei

= 0|j ∈ {0,m − 1} 0 ≤ k ≤ m − 1} ⧵ A,

(24)min J(w, b, e) = min
w,b,e

{
1

2
wTw +

�

2
eTe

}
.
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Algorithm 1 Applying RG LS SVM and nonlinear method
input: N,λ, L, γ, F, IB,m and Type
output: ŷ

1: calculate RG = [RGλ
1 , · · · , RGλ

N ]T

2: find X = [xi|RGλ
N+1(xi) = 0]

3: set ri = L
(
1+xi
1−xi

)
, 1 ≤ i ≤ N + 1

4: ŷ ← wTRG+ b
5: for j ← 0 to m do
6: ŷ(j) ← wTD(j)RG

7: Res(x) ← F (ŷ(m), · · · , ŷ′, ŷ, x)
8: ˆIbk ← IBk(ŷ(m−1), · · · , ŷ′, ŷ, x), 0 ≤ k ≤ m− 1
9: Cons ← {Res(rl)−ei = 0|1 ≤ l ≤ N+1}∪{ ˆIbk−ei = 0|0 ≤ k ≤ m−1}\A, 1 ≤ i ≤ N+m+1

10: ObjFun ← {1
2w

Tw + γ
2e

T e}
11: if Type == Primal then
12: [w, b] ← Primal LS SVM(ObjFun, Cons)
13: ŷ ← wTRG+ b

14: if Type == Dual then
15: [α, b] ← Dual LS SVM(ObjFun, Cons)
16: kj ← RGλ

j (x)RGλ
j (rj)ŵ(x)ŵ(rj), 1 ≤ j ≤ N

17: K ← [k1, · · · , kN ]T

18: ŷ ← αTK + b

19: Return ŷ

3.2 � QLM method

Quasilinearization method (QLM) is an iterative method 
which converts the nonlinear model to a linear system of 
equations in each of its iteration. QLM is a generalized 
model of Newton-Raphson’s method and has a quadratic 
convergence rate[10, 73]. QLM method linearizes Eq. (20) 
to the following equation:

where t is the number of iterations, y(i) is the i-th derivative 
of function y, H is the nonlinear operator of y(i) and x for 
i = 0, ..,m − 1 and IBt+1 is the set of initial/boundary condi-
tions in each iteration.

An approximation of a function ŷt+1 is expanded by 
rational Gegenbauer functions as follows:

The derivatives of ŷt+1 are calculated and residual function 
is constructed in the following form:

(25)

y
(m)

t+1
= H(y

(m−1)
t ,… , y��

t
, y�

t
, yt, x)

+

m−1∑

s=0

(y
(s)

t+1
− y

(s)
t )

�H(y
(m−1)
t , y

(m−2)
t ,… , y�

t
, yt, x)

�y
(s)
t

,

IBt+1 = {y
(i)

t+1
(xj) = zi, | 0 ≤ i ≤ m − 1, j ∈ {0,m − 1}},

(26)ŷt+1 =

N∑

i=1

wi,t+1RG
𝜆
i
(x) + b.

Then, we collocate the roots of RG�
N+1

(x) as the training 
data to Rest+1(x) to build constraints for LS_SVM method 
and add a set of initial/boundary conditions ( IBt+1 ) to com-
plete the constraints. Therefore, we have the following set 
for 1 ≤ i ≤ N + m + 1:

where A = � in Primal form and in Dual form A is a subset 
of m members of {Rest+1(xl) − ei = 0|1 ≤ l ≤ N + 1} set. 
Objective function is resulted as follows:

Finally, LS_SVM method is applied to obtain the unknown 
coefficients according to the method introduced in Sect. 2.1 
in each iteration. Iterations of QLM method stops when 
|||y

(n)

t+1
− y

(n)
t

||| ≤ � in which � is a small constant or the number 
of iterations of QLM method is selected constant. The whole 
steps of our proposed method is presented in Algorithm 2. 

(27)

Rest+1(x)

= ŷ
(m)

t+1
− H(ŷ

(m−1)
t , ŷ

(m−2)
t ,… , ŷ��

t
, ŷ�

t
, ŷt, x)

−

m−1∑

s=0

(y
(s)

t+1
− y

(s)
t )

𝜕H(y
(m−1)
t , y

(m−2)
t ,… , y�

t
, yt, x)

𝜕y
(s)
t

.

(28)

{Rest+1(xl) − ei = 0|1 ≤ l ≤ N + 1} ∪ {ŷ
(k)

t+1
(xj) − zk − ei

= 0|j ∈ {0,m − 1} 0 ≤ k ≤ m − 1} ⧵ A,

(29)

min J(wt+1, bt+1, et+1) = min
wt+1,bt+1,et+1

{
1

2
wT
t+1

wt+1 +
�

2
eT
t+1

et+1

}
,
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Algorithm 2 Applying RG LS SVM and QLM method
input: N,λ, L, γ, F, IB, nqlm,m and Type
output: ŷ = ŷnqlm

1: calculate RG = [RGλ
1 , · · · , RGλ

N ]T

2: find X = [xi|RGλ
N+1(xi) = 0]

3: set ri = L
(
1+xi
1−xi

)
, 1 ≤ i ≤ N + 1

4: for t ← 1 to nqlm− 1 do
5: ŷt+1 ← wT

t+1RG+ bt+1
6: for j ← 0 to m do
7: ŷ

(j)
t+1 ← wT

t+1D
(j)RG

8: find Rest+1(x) according to Eq. (27)
9: Îbk,t+1 ← IBk,t+1(ŷ

(m−1)
t+1 , · · · , ŷ′t+1, ŷt+1, x), 0 ≤ k ≤ m− 1

10: Const+1 ← {Rest+1(rl) − ei,t+1 = 0|1 ≤ l ≤ N + 1} ∪ {Îbk,t+1 − ei,t+1 = 0|0 ≤ k ≤
m− 1} \A, 1 ≤ i ≤ N +m+ 1

11: ObjFunt+1 ← {1
2w

T
t+1wt+1 + γ

2e
T
t+1et+1}

12: if Type == Primal then
13: [wt+1, bt+1] ← Primal LS SVM(ObjFunt+1, Const+1)
14: ˆyt+1 ← wT

t+1RG+ bt+1

15: if Type == Dual then
16: [αt+1, bt+1] ← Dual LS SVM(ObjFunt+1, Const+1)
17: kj ← RGλ

j (x)RGλ
j (rj)ŵ(x)ŵ(rj), 1 ≤ j ≤ N

18: K ← [k1, · · · , kN ]T

19: ŷt+1 ← αT
t+1K + bt+1

20: Return ŷ

4 � Application of the proposed method 
to solve general Falkner–Skan model

In this section, the general Falkner–Skan model is described 
as a nonlinear differential model on a semi-infinite domain and 
a solution of this model is obtained by RG_LS_SVM method.

4.1 � General Falkner–Skan model

The equation describes the effects of a viscous in-compressi-
ble profile of the fluid on the steady two dimensional laminar 
boundary wedge flow on a semi-infinite interval can be sum-
marized as the following form[42]:

with boundary conditions

where f and � are dimensionless and f is the stream function, 
� and, � are parameters, � is the wall mass transfer coeffi-
cient and � is the wall stretching parameter. In this model, 
f �(�) and f ��(�) are related to velocity distribution and the 
skin friction, respectively. When � = 0 , we have the classical 
Blasius model as below:

(30)f ���(�) + �f (�)f ��(�) + �[1 − f �(�)2] = 0,

(31)f (0) = �, f �(0) = �, f �(+∞) = 1.

where � is a constant in the interval 1
2
≤ � ≤ 1 . Therefore, 

the case � =
1

2
 gives the well-known Blasius equation[2].

In Eq.  (30), if � = 1 , the Falkner–Skan equation is 
achieved:

Here the interest is to find solution of Eq. (33) for wedge in 
the accelerated flow (𝛽 > 0) and decelerated flow (𝛽 < 0) 
with separation[60].

Moreover, the MHD Falkner–Skan equation that is related 
to steady two-dimensional laminar magneto-hydrodynamic 
flow is[74]

where M is dimensionless magnetic parameter.
There are many techniques which have been applied to 

obtain both numerical and analytical solutions for the above 
equations in the boundary conditions where � and � are equal 
to zero. So, we can generalize these equations as below and 
investigate the solution of it for various parameters and com-
pare with others.

(32)f ��� + �ff �� = 0.

(33)f ��� + ff �� + �(1 − f �2) = 0.

(34)f ��� + ff �� + �(1 − f �2) −M2(f � − 1) = 0.
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4.2 � Solution of general Falkner–Skan using by RG_
LS_SVM method

General Falkner–Skan model with boundary conditions was 
described in Eq. (35). Two types of solution of this model 
are obtained by applying Algorithms 1 and 2. For using 
Algorithm 1, we should set the following form which satis-
fied the boundary conditions:

For using Algorithm 2, we should set the residual function 
and a set of boundary conditions built in the QLM method 
as follows:

where t is the number of QLM iterations, t = 0⋯ nqlm − 1.
It should be noted that general Falkner–Skan model has 

not the exact solution and for evaluation of the criteria of this 
model, we do not have the target values. Therefore, we insti-
tute the residual function to absolute error and apply mean 
squared error (MSE) for training and test sets as follows:

where �i, i = 1⋯N + 1 are the members of training set 
includes the roots of RG�

N+1
(�) and also Res is the residual 

function. We calculated the numerical results of general 
Falkner–Skan model with four approaches: Primal Nonlin-
ear method, Dual Nonlinear method, Primal QLM method 
and Dual QLM method. Numerical results are reported and 
discussed in the next section.

(35)
{

f ��� + c1ff
�� + c2(1 − f �2) − c3(f

� − 1) = 0,

f (0) = 0, f �(0) = 0, f �(+∞) = 1.

(36)
ŷ =

𝜂2

𝜂 + 1
+

𝜂2

𝜂2 + 1

N∑

i=0

wiRG
𝜆
i
(𝜂),

Res(𝜂) = ŷ��� + c1ŷŷ
�� + c2(1 − ŷ�2) − c3(ŷ

� − 1).

(37)
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N∑

i=0

wi,t+1RG
𝜆
i
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Rest+1(𝜂) = ŷ���
t+1

+ c1(ŷt+1ŷ
��
t
+ ŷtŷ

��
t+1

− ŷtŷ
��
t
)

+ c2(1 + (ŷ�
t
)2 − 2y�

t+1
y�
t
) − c3(ŷ

�
t+1

− 1).

(38)
MSEtrain =

1

N + 1

N+1∑

i=1

(Res(�i))
2,

MSEtest = ∫
∞

0

(Res(�))2d�.

5 � Numerical results

Blasius, Falkner–Skan and MHD Falkner–Skan models 
are investigated to show the performance of RG_LS_SVM 
method on nonlinear differential models on a semi-infinite 
domain. All the results are performed in Maple software 
using a windows 7 system with Intel(R)-core(TM)i7 CPU 
with 64 bit operating system and 10.00 GB RAM. The 
parameters of rational Gegenbauer functions and the regu-
larization parameter � are the tuning parameters and affect 
on the performance of our experiments. The parameters 
of rational Gegenbauer functions, � and L are reported in 
Table 1. The regularization parameter � has a completely 
large value to minimize the residual functions sharply and 
satisfy well the boundary conditions. The amount of � is 
chosen 108 for all tests except for Blasius model with non-
linear method which is set to 104 to avoid ill conditioning. 
Other parameters are obtained by repeating the experiments 
to minimize the mean squared errors in Eq. (38). To gain 
the convergence of the proposed method, we increase the 
number of basic functions (the number of training set) until 
the test errors and the training errors are properly aligned. 
The results for some samples of general Falkner–Skan model 
are reported in Table 2. Figure 2 presented the logarithmic 
scale of MSE for different models in Dual method. It is noted 
that the solution of models has logarithmic convergence rate. 
Furthermore, the graphical results of QLM method in this 
figure is better than the Nonlinear method in training and 
testing sets. The reported results in Tables 3 and 4 are based 
on the test data.

5.1 � Blasius model’s results

According to Eq. (32), the Blasius model is obtained by con-
sidering c2 = c3 = 0 and c1 = � in Eq. (35). Here, we pre-
sent the numerical results obtained by RG_LS_SVM method 
for the stream function f (�) , velocity distribution f �(�) and 
the skin friction f ��(�) of the well-known Blasius model in 
which the parameter c1 equals to 1

2
 in Table 3. These results 

are presented and compared with the results of Runge–Kutta 
method[48] to show that RG_LS_SVM is accurate. In the 
Blasius model, the second order derivative of f at the origin 
(f ��(0)) has an important and fundamental role. Therefore we 
obtain this quantity of the Blasius equation for various value 
of parameter c1 and present them in Table 4 by comparing 
with the results in Refs.[46] and[48]. It can be shown that, 
the RG_LS_SVM has been able to obtain this value with 
high precision. The figures of f, f ′ and f ′′ of the Blasius 
model for Dual QLM method is shown in Fig. 3. The solu-
tion of Blasius problem is increasing with respect to � . Note 
that for all cases of Blasius equations, the velocity profile 
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get to one and the skin friction decays to zero, however these 
events are slower for the well-known Blasius model.

5.2 � Falkner–Skan model’s results

Falkner–Skan model is described in Eq. (33) (consider if 
c1 = 1 , c2 = � and c3 = 0 in Eq.  (35), then the model is 
obtained from Eq. (33) and Eq. (35) are equal). It should 
be noted that f ��(0) is important for this model with vari-
ous values of the parameter c2 . A comparison of the pro-
posed method’s results with Asaithambi’s[56] and Salama’s 
results[58] are shown in Table 4. f (�) , f �(�) and f ��(�) of 
Falkner–Skan model for Dual QLM method are shown in 
Fig. 4. Consider if c2 = 0 is special type of Blasius model 
and numerical results for it is reported in Sect. 5.1. Graphi-
cal results of this type is reported in Fig. 4 compared with 
other types of Falkner–Skan model; it can be seen when c2 

increases, the values of function f have a slight change, but 
f ′ and f ′′ values increases.

5.3 � MHD Falkner–Skan model’s results

MHD Falkner–Skan model is presented in Eq. (34) (note 
if c1 = 1 , c2 = � and c3 = M2 in Eq. (35), then the obtained 
models from Eq. (34) and Eq. (35) are equal). This model 
has tow parameters: c2 and c3 . f ��(0) is a main role for this 
model which evaluates for various values of parameters c2 
and c3 and compares with two well-known other methods[51, 
60]. Numerical and graphical results are investigated in two 
cases: the accelerated flow ( c2 =

4

3
 ) as ( c2 > 0 ) and the 

decelerated flow ( c2 = −3 ) as ( c2 < 0 ) for different values of 
a dimensionless magnetic parameter ( c3 ). Numerical results 
is represented in Table 4. Figures 5 and 6, are reported f (�) , 
f �(�) and f ��(�) of MHD Falkner–Skan models for Dual 

Table 1   The values of (�,L) 
parameters used in our methods

Model 1∕c
1

Nonlinear QLM

Primal Dual Primal Dual

Blasius (c2 = 0, c3 = 0) 1 (−0.3, 0.9) (−0.49, 1) (0.5, 1) (0.5, 1)
1.2 (−0.3, 1) (−0.49, 1) (0.5, 1) (0.5, 1)
1.5 (−0.3, 1.1) (−0.49, 1) (0.5, 1) (0.5, 1)
1.8 (−0.3, 1.2) (−0.49, 1) (0.5, 1) (0.5, 1)
2 (−0.3, 1.3) (−0.49, 1) (0.5, 1) (0.5, 1)
c2

Falkner–Skan (c1 = 0, c3 = 0) 1 (−0.49, 1) (−0.49, 1) (0.5, 1) (0.5, 1)
2 (−0.49, 1) (−0.49, 1) (0.5, 1) (0.5, 1)
10 (0.2, 1) (0.2, 1) (0.5, 1) (0.5, 1)
15 (0.2, 1) (0.2, 1) (0.5, 1) (0.5, 1)
20 (0.2, 1) (0.2, 1) (0.5, 1) (0.5, 1)
30 (0.2, 1) (0.2, 1) (0.5, 1) (0.5, 1)
40 (0.2, 1) (0.2, 1) (0.5, 1) (0.5, 1)
√
c3

MHD-Falkner–Skan (c1 = 1, c2 = 4∕3) 1 (0.3, 1) (0.3, 1) (0.5, 1) (0.5, 1)
2 (0.3, 1) (0.3, 1) (0.5, 1) (0.5, 1)
5 (0.3, 1) (0.3, 1) (0.5, 1) (0.5, 1)
10 (0.5, 1) (0.5, 1) (0.5, 1) (0.5, 1)
50 (0.5, 0.3) (0.5, 0.3) (0.5, 0.3) (0.5, 0.3)
100 (0.5, 0.3) (0.5, 0.3) (0.5, 0.3) (0.5, 0.3)
√
c3

MHD-Falkner–Skan (c1 = 1, c2 = −3) 3 (−0.49, 1) (−0.49, 1) (0.5, 1) (0.5, 1)
4 (0.3, 1) (0.3, 1) (0.5, 1) (0.5, 1)
5 (0.3, 1) (0.3, 1) (0.5, 1) (0.5, 1)
10 (0.3, 1) (0.3, 1) (0.5, 1) (0.5, 1)
15 (0.5, 1) (0.5, 1) (0.5, 1) (0.5, 1)
20 (0.5, 0.5) (0.5, 0.5) (0.5, 0.5) (0.5, 0.5)
50 (0.5, 0.3) (0.5, 0.3) (0.5, 0.3) (0.5, 0.3)
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QLM method when c2 is equal to 4
3
 and −3 , respectively. The 

results show that RG_LS_SVM method is more efficient, 
accurate and has a good precision error rate.

6 � Conclusion

In this paper, we studied the problem of solving a nonlinear 
ordinary differential equations in a semi-infinite interval by 
a new method named rational Gegenbauer least squares sup-
port vector machines (RG_LS_SVM). We considered the 

Blasius, Falkner–Skan and MHD Falkner–Skan models in 
fluid dynamics field which are nonlinear ordinary differen-
tial equations and applied our method for solving them. The 
effects of various parameters over these models were inves-
tigated and we got high-precision results in comparison to 
other previous well-known studies. Our method is based on 
combination of collocation and LS_SVM methods and this is 
the first time that rational Gegenbauer functions were used in 
LS_SVM method for solving the nonlinear ordinary differ-
ential models on a semi-infinite domain. RG functions were 
applied as a kernel to find the unknown coefficient of our 

Table 2   Mean squared errors of training and testing sets and CPU time reports of some samples of general Falkner–Skan model

Model Method N Primal Dual

Train Test CPU Time(s) Train Test CPU Time(s)

Blasius equation (c1 = 1∕2, c2 = 0, c3 = 0) Nonlinear 20 3.19e−06 2.70e−04 45.49 1.83e−14 3.95e−11 7.35
30 3.81e−08 1.01e−05 151.90 1.32e−14 2.62e−12 26.54
40 4.74e−09 2.86e−06 398.19 6.16e−15 2.38e−13 59.26
50 3.38e−09 2.19e−06 944.88 4.68e−15 1.90e−14 137.94

QLM 20 2.16e−16 8.28e−11 11.93 2.16e−16 8.28e−11 8.44
30 1.62e−16 8.18e−13 32.98 1.62e−16 8.18e−13 24.40
40 1.32e−16 1.22e−13 71.62 1.32e−16 1.22e−13 67.03
50 1.11e−16 3.00e−15 174.92 1.11e−16 2.70e−15 129.85

Falkner–Skan equation (c1 = 1, c2 = 1, c3 = 0) Nonlinear 15 1.27e−06 9.04e−04 15.19 9.15e−15 4.45e−13 5.66
20 3.83e−09 1.03e−05 43.85 7.94e−15 1.20e−13 9.76
25 2.60e−11 3.01e−07 73.90 1.68e−15 2.06e−14 19.29
30 4.46e−12 4.23e−08 137.72 2.44e−16 4.48e−15 29.22

QLM 15 4.22e−18 3.23e−13 7.47 4.22e−18 3.23e−13 5.32
20 4.28e−18 2.47e−14 14.13 4.28e−18 2.47e−14 9.67
25 2.97e−18 1.16e−15 24.15 2.97e−18 1.16e−15 16.77
30 2.96e−18 1.88e−16 37.27 2.96e−18 1.88e−16 26.44

MHD-Falkner–Skan (c1 = 1, c2 = 4∕3,
√
c3 = 100) Nonlinear 15 1.10e−03 6.29e−02 22.43 1.23e−21 1.72e−07 4.01

20 2.17e−09 2.77e−07 48.38 7.44e−22 2.08e−09 7.33
25 1.06e−13 2.36e−11 156.15 4.98e−22 7.02e−14 14.30
30 9.09e−19 3.42e−16 157.08 3.65e−22 7.98e−18 23.01

QLM 15 1.23e−21 1.72e−03 6.90 1.23e−22 1.72e−08 5.69
20 7.44e−22 2.08e−09 12.60 7.44e−23 2.08e−10 8.15
25 4.98e−22 7.02e−14 22.59 4.98e−23 7.02e−15 13.78
30 3.65e−22 7.98e−18 36.52 3.65e−23 7.98e−19 22.86

MHD-Falkner–Skan (c1 = 1, c2 = −3,
√
c3 = 50) Nonlinear 15 4.54e−11 2.18e−07 24.65 1.72e−21 1.66e−07 4.06

20 1.80e−11 2.56e−09 58.80 1.06e−21 1.75e−11 7.91
25 1.65e−17 1.08e−14 114.68 7.15e−22 4.73e−15 14.34
30 3.13e−19 1.31e−16 197.43 5.36e−22 1.04e−17 24.37

QLM 15 1.72e−21 1.66e−07 6.99 1.72e−22 1.66e−08 5.68
20 1.06e−21 1.75e−11 13.06 1.06e−22 1.75e−12 10.50
25 7.15e−22 4.73e−15 23.37 7.15e−23 4.73e−16 18.92
30 5.36e−22 1.04e−17 35.96 5.36e−23 1.04e−18 30.99
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expansion and they satisfied the Mercer’s theorem. Moreo-
ver, we converted the nonlinear model to a linear model by 
applying QLM method and showed that linearization of the 

model in Primal and Dual forms yields better performance 
than the nonlinear method and Dual QLM method has the 
best run time comparing to other methods.

Fig. 2   The log scale of MSE for Dual method in different models
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Fig. 3   Graphical results of Blasius model for Dual QLM method

Table 3   Comparison between 
present methods for well-known 
Blasius equation with Runge–
Kutta method[48]

� Nonlinear QLM Runge–Kutta

Primal Dual Primal Dual [48]

f (�) 0 0.00021 0.00000 0.00000 0.00000 0.00000
1 0.16622 0.16557 0.16557 0.16557 0.16557
2 0.65103 0.65002 0.65002 0.65002 0.65003
3 1.39799 1.39680 1.39681 1.39681 1.39682
4 2.30688 2.30574 2.30575 2.30575 2.30576
5 3.28420 3.28327 3.28328 3.28328 3.28330
6 4.28027 4.27961 4.27962 4.27962 4.27965
7 5.27959 5.27923 5.27924 5.27924 5.27927
8 6.27925 6.27920 6.27922 6.27922 6.27925
9 7.27893 7.27920 7.27922 7.27922 7.27925

f
�(�) 0 0.00045 0.00000 0.00000 0.00000 0.00000

1 0.33020 0.32978 0.32978 0.32978 0.32978
2 0.63005 0.62976 0.62976 0.62976 0.62977
3 0.84610 0.84604 0.84605 0.84605 0.84605
4 0.95537 0.95552 0.95552 0.95552 0.95552
5 0.99129 0.99154 0.99154 0.99154 0.99155
6 0.99868 0.99897 0.99897 0.99897 0.99898
7 0.99961 0.99992 0.99992 0.99992 0.99993
8 0.99968 0.99999 1.00000 1.00000 1.00000
9 0.99968 1.00000 1.00000 1.00000 1.00000

f
��(�) 0 0.33206 0.33206 0.33206 0.33206 0.33206

1 0.32293 0.32302 0.32305 0.32305 0.32301
2 0.26656 0.26675 0.26675 0.26675 0.26675
3 0.16113 0.16136 0.16136 0.16136 0.16136
4 0.06408 0.06423 0.06423 0.06423 0.06423
5 0.01584 0.01590 0.01591 0.01591 0.01591
6 0.00238 0.00240 0.00240 0.00240 0.00240
7 0.00021 0.00022 0.00022 0.00022 0.00022
8 0.00000 0.00001 0.00001 0.00001 0.00001
9 0.00000 0.00000 0.00000 0.00000 0.00000
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Fig. 4   Graphical results of Falkner–Skan model for Dual QLM method

Table 4   Comparison of values of f ��(0) obtained by present methods for all samples of general Falkner–Skan model with previous results

Model 1∕c
1

Nonlinear QLM Runge–
Kutta[48]

HAM[46]

Primal Dual Primal Dual

Blasius (c2 = 0, c3 = 0) 1 0.46960 0.46960 0.46960 0.46960 0.46960 0.46960
1.2 0.42868 0.42868 0.42868 0.42868 0.42868 0.42868
1.5 0.38342 0.38342 0.38342 0.38342 0.38342 0.38342
1.8 0.35002 0.35002 0.35002 0.35002 0.35002 0.35002
2 0.33206 0.33206 0.33206 0.33206 0.33206 0.33206
c2 Primal Dual Primal Dual Taylor[56] Higher-order[58]

Falkner–Skan (c1 = 0, c3 = 0) 1 1.232588 1.232588 1.232588 1.232588 1.232589 1.232588
2 1.687218 1.687218 1.687218 1.687218 1.687218 1.687218
10 3.675234 3.675234 3.675234 3.675234 3.675234 3.675234
15 4.491487 4.491487 4.491487 4.491487 4.491487 4.491487
20 5.180718 5.180718 5.180718 5.180718 5.180718 5.180718
30 6.338209 6.338209 6.338209 6.338209 6.338209 6.338208
40 7.314785 7.314785 7.314785 7.314785 7.314785 7.314785
√
c3 Primal Dual Primal Dual Shooting[51] HAM[60]

MHD-Falkner–Skan 
(c1 = 1, c2 = 4∕3)

1 1.71946570 1.71946503 1.71946568 1.71946568 1.71946540 1.71947219
2 2.43949896 2.43949933 2.43949896 2.43949896 2.43949833 2.43949870
5 5.19095980 5.19095982 5.19095980 5.19095980 5.19095945 5.19095980
10 10.09677575 10.09677575 10.09677575 10.09677575 10.09677545 10.09677575
50 50.01944084 50.01944084 50.01944084 50.01944084 50.01944071 50.01944084
100 100.00972177 100.00972177 100.00972177 100.00972177 100.00972170 100.00972177
√
c3 Primal Dual Primal Dual Shooting[51] HAM[60]

MHD-Falkner–Skan 
(c1 = 1, c2 = −3)

3 2.27338482 2.27338454 2.27338480 2.27338480 2.27338836 2.27338419
4 3.48814584 3.48814599 3.48814584 3.48814584 3.48814857 3.48814572
5 4.60075228 4.60075232 4.60075228 4.60075228 4.60075494 4.60075228
10 9.80646299 9.80646299 9.80646300 9.80646300 9.80646420 9.80646300
15 14.87167401 14.87167401 14.87167401 14.87167401 14.87167484 14.87167401
20 19.90393626 19.90393626 19.90393626 19.90393626 19.90393701 19.90393626
50 49.96165198 49.96165198 49.96165198 49.96165198 49.96165233 49.96165198
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