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F

ontent caching is a widely studied technique aimed to
etwork load imposed by data transmission during peak

nsuring users’ quality of experience. It has been shown
ere is a common link between caches and the server,
ntents via the coded caching scheme can significantly
ormance over conventional caching. However, finding the
nt placement is a challenge in the case of heterogeneous

iours. In this paper we consider heterogeneous number of
d non-uniform content popularity distribution in the case
ous and heterogeneous user-preferences. We propose a
-uncoded caching scheme to trade-off between popularity
We derive explicit closed-form expressions of the server
roposed hybrid scheme and formulate the corresponding

problem. Results show that the proposed hybrid caching
reduce the server load significantly and outperforms the
e coded and pure uncoded and previous works in the
both homogeneous and heterogeneous user preferences.

—Cache-aided communication, small cell networks, coded
rogeneous user preference.

DUCTION

ground

increase in the penetration of high throughput
vices such as tablets and smartphones has signif-
litated the growing demand for mobile content
ireless media in recent years. Deploying small
s (SBSs) to increase spatial reuse of the frequency
y shrinking the network cells size is a promising
alleviate this growth and has stimulated many

itiatives [2]. Nonetheless, the high cost of wired
he bottleneck of wireless links still poses as the
cle to providing high-speed backhaul to connect

core network in this approach. To address this
content delivery scenarios, caching popular con-

se SBSs has been proposed to relieve the need for
backhaul links [3]–[5].

ectrical and Computer Engineering, College of Engineering,
Tehran, Iran
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ts of this paper is the extended version of the problem that

In general, conventional caching methods a
cache the most popular contents located at close
of end-users such that the requests for popular co
directly served from the local caches. This results
called local caching gain, which is proportional t
memory size. In [6], the authors introduced a no
caching scheme that significantly improves pe
over conventional caching by leveraging the multic
ture of the shared (such as wireless) medium even
with distinct demands. Their scheme, in addition t
caching gain, results in global caching gain thro
coded-multicast opportunities. The global cachi
proportional to the aggregate memory of all th
where every user benefits from its cache contents
the desired content and to remove the interfere
coded message due to other caches requests. Thi
been further generalized to hierarchical coded ca
multi-server coded caching [8], decentralized code
[9]–[11], online coded caching [12], device to dev
coded caching [13], hybrid server-D2D coded cac
coded caching with asynchronous user requests
coded caching with multiple file requests [16]–[18

To increase multicasting opportunities in code
diverse parts of the library should be cached amon
users, i.e. the diversity principle. However, in a se
non-uniform content popularity distribution, it is
to cache more popular contents with higher freq
the popularity principle, which makes the cache c
different users almost the same. As these two
namely diversity and popularity, are in tension, ca
ment design in such scenarios is very challenging

Heterogeneity can affect on the tension between
and popularity by affecting on multicasting opp
We can divide heterogeneity in caching into two
chitectural and users’ behavioral categories. Ar
heterogeneity includes different content and cache
unequal users’ downloading rate [19]–[22]. Use
ioral heterogeneity includes different users’ prefer
[24] and different numbers of users’ requests at
slot [25].

In this paper, we investigate the content c
a shared medium network and propose a hybr
uncoded caching under heterogeneous users’ be
order to minimize the shared medium traffic vo
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s. In particular, we first focus on the problem
caching in a scenario with non-uniform user-
nt (homogeneous-i.e., it is identical for all users)
pularity distribution and multiple demands,
rent caches, which are connected directly to the

y request different numbers of contents in each
n, we generalize this problem to non-uniform
dent (heterogeneous) content popularity distri-
non-equal cache sizes. In both cases, we derive

sed-form expressions of the shared medium traffic
posed hybrid coded caching scheme. In fact, this
poses the optimal trade-off between popularity

aching gain) and diversity (coded caching gain).
ice, the proposed heterogeneous caching scenario
s to a cellular network that includes a Macro Base
S) and multiple SBSs where each SBS is equipped
ted size cache and serves multiple users. In this
one hand, the number of requests each SBS sends
ach query (or time slot), depends on the number
erves. On the other hand, the number of requests

ntent depends on the popularity distribution over
erage area.
the numerical and simulation results show that

ed hybrid caching outperforms the baseline pure
e uncoded and previous works as well as the
oning scheme reported in [26]–[30] for both SBS-
nt and SBS-dependent content popularity distri-

nization
the paper is organized as follows. In Section 2

w of the coded caching is provided and related
eviewed. In Section 3, the system model is intro-
proposed caching schemes for multiple requests
dependent and SBS-dependent non-uniform de-
escribed in Section 4 and 5, respectively. This
by numerical analysis and simulation results in

inally, Section 7 concludes the paper.

GROUND OF CODED CACHING AND RE-
ORKS

on, we first summarize the coded caching scheme
[6] and then review the subsequent related

ground on Coded Caching
s in [6] consider a system with one server con-
ugh a shared, error-free link to K users. The

ss to the database of N contents each of size F
user is equipped with a cache memory of size
heir system operates in two phases: a placement
a delivery phase. In the placement phase, each
split into

(K
T

)
non-overlapping equal-sized sub-

T = K×M/N and the size of each sub-file is(K
T

)
. The sub-files are distributed at caches such

ache stores M/N of each content. Moreover, each
s T copies in T different caches. In the delivery

according to a specific coding strategy and multic
messages to the corresponding groups of T + 1 c
achievable rate of the coding strategy for serving a
at the shared link is proven to be [6]:

R = K

(
1− M

N

)
min

{
1

1 +K ×M/N
,
N

K

Where K(1− M
N ) is the local caching gain and 1+

the global caching gain.

2.2 Related Works

Although the original coded caching scheme intr
[6] performs well under homogeneous systems, t
is inefficient in non-uniform and heterogeneou
popularity and also heterogeneous architectural
[20]–[31]. In the non-uniform content popular
independent), different contents have different p
but the popularity of any particular content is th
all users [25]–[31]. On the other side, in the user-d
content popularity, in addition to the fact that the p
of contents is not the same, also the popularit
particular content is not the same for different
[24]. User-dependent content popularity is also c
preference in the literature.

To handle coded caching for non-uniform con
ularity scenarios, one major approach in the li
grouping contents based-on their popularity [25
the first time, authors in [31] proposed a groupin
to address non-uniform content popularity. In the
in the placement phase, the library is partitione
most equiprobable groups and each user’s cache
shared among these groups. Finally, each group
as a single coded caching problem originally pr
[6]. The efforts in [26]–[30] show that the asym
optimum placement strategy of grouping method
to partition the library into two groups: the popula
are cached according to the scheme in [6] while
popular contents are not cached at all. However,
[25] show by some examples that when each cach
multiple requests, in the grouping method of [31]
ing the library altogether into three groups improv
performance over two-partitioning placement str
their method, the first part is cached fully at all
memories, and the second part is cached accord
original coded caching paradigm and the last p
cached at all. Nevertheless, the authors in [25] as
the library is divided into multiple levels, based o
degrees of popularity. Besides, this work does no
the closed-form expressions for the optimum p
under arbitrary popularity distribution.

Some works, such as [32] show that for uni
ularity distribution, the caching strategy propo
can be improved by removing sending some re
in the delivery phase. For example, suppose we
content A of size F bits, three users, and a cachi
1/3×F bits for each user. Based-on the placemen
of [6], A is divided into 3 pieces A1, A2, A3 which
cached in the corresponding user. In the delivery
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ed from (A1 ⊕ A2) ⊕ (A1 ⊕ A3), and therefore
eed to broadcast it and the delivery rate reduces

thors in [33] generalized this idea to propose a
caching strategy under uncoded placement to

-uniform demands. This strategy uses equal sub-
on for all contents while allowing to allocate more
ore popular content. However, they propose and
delivery strategy only for the case of the existing

ts in the system.
pproaches, such as [24], [34] used a structured
r algorithm for all demands of the users to handle
ing with non-uniform content popularity and

cts of heterogeneity. In [34], the authors intro-
ded caching scheme where the users have more
quest, and the content popularity is non-uniform.
a random popularity-based algorithm for cache
and adapting the idea of dividing each content
sized sub-contents. Then, subsequently they used
nstrained local graph coloring technique to find
pportunities in the delivery phase. Authors in
er heterogeneous user preferences. In this work,
aches its most probable content at the placement
in the delivery phase, based on the request and

trix, tries to gain from multicast opportunities.
these works do not consider any optimization for
ent phase.
hitectural heterogeneity in coded caching is con-
some works, such as [19]–[22]. Authors in [19]
e coded caching with unequal link rates and
he use of nested coded modulation (NCM) coding
ery phase. However, the main drawback of this
t the cache size for each user needs to be correctly

adapt NCM transmission, in a way that users
link rate need a larger cache size. In [22], the au-
zed the coded caching problem in a generalized
the D2D coded caching [13], where the cache

rs is unequal. In addition, coded caching under
m file-length, non-uniform users cache size, and
m content popularity is considered in [20]. This
s that finding optimal caching with the three

oned heterogeneity has exponential complexity.
they developed a tractable optimization problem
ing to a caching scheme with the above three
ities and showed numerically that it performs
red to the original exponentially scaling problem.
[21] also considered the coded caching problem

-uniform users’ cache size and download rate.
s, such as [35], [36] considered heterogeneous
ervice requirements in which each content may

us resolution copy based on the different users’
lution requirements. However, these works do

er the heterogeneity of user behaviors, such as
dent content popularity, while, previous studies
t the global popularity cannot be directly used to

cal popularity of contents [37].
y, a few efforts consider heterogeneous content
in coded caching. The authors in [23] consid-
aspects of two categories of heterogeneity, such

eneous content sizes, heterogeneous cache size,

Symbol Explanation
n generic content
c generic SBS (cache)
i generic step of sending coded contents
N number of contents
F size of each content(bit)
K number of SBS
Mc cache capacity of SBS c (content)
Zc number of users (demands) in range of
Zmax max({Zc}Kc=1)
Dc demand vector of SBS c
qc,j probability of requesting the jth distinc

coded content at the next request in SBS
pn,c popularity of content n in SBS c
qcodedc the queue of the coded requests of SBS
quncoded the queue corresponding to uncoded re
P

(c)
i probability of at least i distinct requests

in qCoded
c at step i

Qi number of non-empty coded queues at
lc number of distinct request in the qcodedc

Q
(c)
i number of non-empty coded queues in

caches at step i
l
(z)
c number of distinct coded request in firs

requests that received by SBS c
g generic group of SBSs
Yn,c indicate content n is (or not) cached in S
Xn,g indicate content n is (or not) cached in g
Sc,g indicate SBS c is (or not) participate in g
r1 expected traffic load (MBS) for the code
r
(i)
1 r1 at step i
r2 expected traffic load (MBS) for un-cache
r total expected traffic load of the MBS (r

considers full heterogeneous content popularity, i
the problem only for a very small scale such
users / two files scenario. Authors in [38] als
game-theoretic perspective of coded caching. The
this work show that heterogeneous user preferen
significant impact on caching gains.

3 SYSTEM MODEL

We consider a cellular network that consists of
which is connected through a shared error-free
SBSs, as depicted in Fig. 1. The content library
{W1,W2, ...,WN} distinct contents that are all
by the MBS. Without loss of generality, we assum
contents have the same size equal to F bits. Each S
cache memory of size Mc × F bits for some integ
of Mc ∈ [0, N ] and is responsible for serving Zc us
c ∈ {1, 2, . . . ,K}. Each user can connect and re
from the MBS and only one SBS.

Similar to previous works, our system opera
phases: the content placement phase and the co
livery phase. The placement phase is carried o
off-peak times. In this phase, the caching strat
mines some functions of all contents sc = fc(W1

c ∈ {1, 2, . . . ,K} that must be cached at each
on the system parameters such as cache memory
and content popularity, then the caches are filled w
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ry. Also, in each delivery phase, users reveal their
the SBSs, and subsequently, the SBSs send the

quests to MBS. Moreover, each SBS receives one
m each connected user, resulting in a total of Zc
each delivery phase. It is worth noting that due

rary number of users connected to SBS c (i.e., Zc),
is general, and the assumption of requesting one
each user is not restrictive. Therefore, the number
that each SBS receives is also arbitrary, and each
ceive multiple requests for some contents of the
ote Dc = [d1,c, ..., dZc,c] as the demand vector of
e di,c is the content requested by user i. Moreover,
r of distinct contents in Dc can be between 1 and
the possibility of duplicate requests for contents
t users). Upon collecting the requests of the users
e MBS receives the list of distinct requested

om each SBS and then, sends the required files
ared link to satisfy these requests.
tent popularity distribution is arbitrary and can
endent. In addition, we assume that it does not
ing the delivery phase. pn,c denote the probabil-
esting the content Wn by users under coverage
here n ∈ {1, 2, . . . , N}, and c ∈ {1, 2, . . . ,K}.
based on the content popularity distribution (i.e.,
), the number of requests per content, and the
ctor of each SBS c (i.e., Dc) is a random vector.
tly, the traffic load in the delivery phase, denoted
isfy all SBSs is also a random variable. Unlike the
phase, in the delivery phase, the cost of network

since the available bandwidth of the shared link
m’s bottleneck, so we only consider the traffic
delivery phase.
paper, we first consider designing a content

heme for the case of SBS-independent content
s in Section 4, as the assumption of homogeneous
s has been adopted by many previous works.
eneralize the same problem to the case of SBS-
popularities and non-equal cache sizes in Section

INDEPENDENT NON-UNIFORM CONTENT
ITY

ion, we assume that the content popularity dis-
the same for all SBSs. Regarding that SBSs have
same hardware, in this section, we assume that
izes are the same for all SBSs, as many previous
10], [25]–[31]. Therefore pn,c = pn, and Mc =M
{1, 2, . . . ,K}.
er caches have multiple and different requests,

ure coded caching increases the number of multi-
issions. On the other hand, if some of the contents
in the caches completely in uncoded form, the

multicast transmissions decreases at the expense
ng the global caching gain. Thus, there exists
between caching the contents in uncoded and
s. In this regard, in this section, we extend our

rouping method of caching under non-uniform
n [1] to non-uniform multiple requests and for-

Fig. 1: An example of our caching system with
containing N = 26 contents of size F bits connec
error-free shared link to K = 3 SBSs, each with a
of Mc×F = 5F bits and serving Zc end-users.

of the shared link by presenting the hybrid coded
caching scheme.

4.1 The proposed SBS-independent caching
In the placement phase of the proposed caching s
categorize the contents into (at most) three group
their request probabilities. In particular, we first c
N1 most popular contents among all N contents
cache M1 most popular contents among these N
ones entirely at all caches. Then, the remaining N1

tents are cached using the coded caching scheme
in [6]. Accordingly, each cache memory is divide
parts: M1×F bits of each cache are allocated to th
popular contents, while the remaining (M −M1

of memory are allocated to the coded caching sch
a library size of N1− M1 contents. In summary
groups of contents resulting from our scheme are:

1) M1 most popular contents that are cac
pletely.

2) (N1−M1) popular contents that are cached
to [6].

3) (N−N1) least popular contents that are n
at all.

In the delivery phase, each SBS receives Zc n
requests. The cache of each SBS locally serves th
requests belonging to the first group, whereas
server is responsible for the requests belonging to
and third groups. In order to perform the code
scheme, the MBS has to maintain the requests
contents of each SBS separately. In this regard,
in Fig. 1, the MBS owns K distinct queues, wh
c ∈ {1, 2, . . . ,K} denotes the queue that stores th
of SBS c for coded contents. Moreover, requests
in qcoded

c by an arbitrary ordering. In addition, th
one single queue which stores the requests of al
uncoded contents, denoted by quncoded.

We now explain the steps involved in the tra
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optimization problem for minimizing the load of coded messages. Initially, MBS collects all head-of-line
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S c, where

(5)

formula:

,

,1),

j+1)
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der to response to these requests, transmits the
ing coded messages, following the scheme in [6].

hen updates the HoL requests in the queues and
same procedure, i.e., in step i, the ith rows of

are considered by the coded scheme. Note that
r of requests in qcoded

c could be less than Zc since
requests of SBS c belong to either the first or the
and thus are not stored in qcoded

c . Even requests
to the second group of contents might be repeti-
us, are not stored in qcoded

c separately. Therefore,
r of queues involved in the coding process at
d be less than K since some of the queues may
ny requests at step i. Moreover, the number of
most maxc∈{1,...,K}{Zc}, which happens when
of the SBS with the maximum number of users
and associated with the coded contents. Finally,
g all requested contents belonging to the second

the coded scheme, the MBS sends contents
ll requests in quncoded, which guarantees that all
e able to retrieve their requested contents.
epicts a scenario where the number of SBSs is
e SBSs 1, 2, and 3 are responsible for 8, 4, and 6
ectively, and thus, they receive Z1 = 8, Z2 = 4,
6 requests, respectively. The total number of

N = 26 and are ordered based on their popularity
he most popular content). The cache size isM = 5
nd we assume that M1 = 3, and N1 = 9. As
e contents ‘A’, ‘B’, and ‘C’ are cached entirely.
6 contents (from ‘D’ to ‘I’) are cached based on
caching scheme. The remaining 17 less popular
rom ‘J’ to ‘Z’) are not cached. In the delivery
uncoded data is highlighted in pink, while the
yellow are to be transmitted in the coded manner.
ts in green are locally hit by the local cache of
ut any further transmission from the MBS. In this
HoLs of all the queues during the first, second,
teps in coded transmissions consist of k1 = 3,
k3 = 1 content requests, respectively.

em Formulation

traffic load is negligible in the placement phase; in
e available bandwidth of the shared link becomes
k in the delivery phase and leads to a considerable
, we ignore the traffic load in the placement phase
nsider the traffic load during the delivery phase.
expected traffic rate in each delivery phase, i.e.,
Also, we denote by r1 and r2 as the expected
sent over the shared link at the delivery phase to
ests from the second (i.e., coded) and third (i.e.,
roups, respectively. Then we have r = r1 + r2.
to optimize the content placement in the SBSs’

, to optimizeM1 andN1) in order to minimize the
affic rate on the shared link during the delivery
s, the optimization problem is:

min
M≤N1≤N
0≤M1≤M

{r} (2)

In this sub-section, we determine the expected M
rate as a function of M1 and N1. We then chara
optimum partitioning strategy as an optimizatio
to find the minimum load. In the following, w
that contents are sorted according to their popul
pi ≥ pj if i ≤ j, (contents with a lower index
popular). Also, the traffic rate contributed by th
either related to the requests belonging to the seco
of contents (i.e. coded contents with index from
N1) or associated with requests belonging to the th
of contents (i.e. uncoded contents with index fro
to N ). In this regard, in the following, we first
traffic related to each of these groups, separately
formulate the optimization problem.

Regarding the process explained before, we de
be the random variable denoting the number of n
queues at step i, where i=1, 2, . . . ,max(Z1, ..., Z
following, the calculation of the MBS traffic rate is

Lemma 1. The traffic rate of the coded contents at s
that Qi = k, denoted by r(i)1 , is derived as:

r
(i)
1 = min

(( K
T+1

)
−
(K−k
T+1

)
(K
T

) , N1 −M
)

where T = K×(M−M1)
(N1−M1)

.

Proof. See Appendix A for the proof.

In the coded scheme proposed by [6], in th
phase, the coded messages are sent to all subsets o
of users which has requested a content. In Lemma(K−k
T+1

)
excludes those subsets that none of their me

requested a coded content. To calculate these subs
following, we propose a lemma for deriving the pr
that SBS c has more than i distinct coded requests

Lemma 2. Let Pc,i denote the probability that the
distinct coded requests of SBS c, denoted by lc, is equa
than i, i.e., Pc,i = Pr{lc ≥ i}. Pc,i is derived as follo

Pc,i =
Zc∑

j=i

Pr{lc = j},

assume the Pr{l(z)c = j} to be the probability o
distinct coded requests in the first z requests in SB
z=1, 2, . . . , Zc, then:

Pr{lc = j} = Pr{l(Zc)
c = j}

Pr{l(Zc)
c = j} can be calculated with below recursive

1)Pr{l(0)c = 0} = 1, P r{l(z)c = j|j > z} = 0

2)Pr{l(z)c = 0} = Pr{l(z−1)c = 0} × (1− qc
3)Pr{l(z)c = j} = Pr{l(z−1)c = j} × (1− qc,

(z−1)
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of
+ Pr{lc = j − 1} × qc,j , (6)



6

where qc.j is the probability that j-th distinct coded content is
requested at
assume pn,c

qc,j = qj

{

Proof. See A

Using t
non-empty
where the H

Lemma 3.
exactly k SB
as follows:

where Q(c)
i

empty queu
at step i of c
the followin

1)Pr{
2)Pr{
3)Pr{
+ Pr

where Pc,i i

Proof. See A

In the fo
MBS.

Propositio
traffic rate o

r1=





∑Z
i

0,

where Pr{Q
expected tra
r2, is:

Finally, the

Proof. From
requests ca

r1 = E

Note that t
Qi for i =
involves tw
as follows:

max

(

By replacing T in the above equation, we have:

(14)

argument

−M1 ≥ 1.
lso, in the

e uncoded
ected, and

(and so

. (15)

y request
ts that is
should be
S receives

lot, it uses
ence, the

s is equal
them. The
n)

∑K
c=1 Zc .

ed at least
cted total
s is equal
lity for all
pletes the

roblem in
SBSs, i.e.,

ows:

(16)

ced to the
d scheme.
f contents

st popular
gy of the
, then (16)

olynomial
pedite the

Journal Pre-proof
SBS c, and is derived as follows (in this section we
= pn, ∀c ∈ {1, . . . ,K}):
= 0, if j > N1 −M1,

' (1− j − 1

N1 −M1
)×∑N1

n=M1+1 pn, otherwise.

(7)

ppendix B for the proof.

he above lemma, we derive the distribution of
queues at each step of content delivery phase,
oL coded requests are responded.

Assume Pr{Qi = k} denotes the probability that
Ss request for coded contents at step i. It is derived

Pr{Qi = k} = Pr{Q(K)
i = k} (8)

is the random variable denoting the number of non-
es among the first c queues, i.e., qcoded1 , . . . , qcodedc ,
oded caching. Pr{Q(K)

i = k} can be calculated with
g recursive equations:

Q
(0)
i = 0} = 1, P r{Q(c)

i = k|k > c} = 0,

Q
(c)
i = 0} = Pr{Q(c−1)

i = 0} × (1− Pc,i),
Q

(c)
i = k} = Pr{Q(c−1)

i = k} × (1− Pc,i)
{Q(c−1)

i = k − 1} × Pc,i, (9)

s derived from Lemma 2.

ppendix C for the proof.

llowing proposition, we derive the traffic rate of

n 1. Define Zmax = maxc Zc, then the expected
f coded content requests, denoted by r1 is:
max

=1
( K
T+1)−

∑K
k=0 Pr{Qi=k}(K−k

T+1)
(KT )

, if N1 > M,

otherwise
(10)

i = k} is derived from lemma 3. Moreover, the
ffic load of the uncoded content requests, denoted by

r2 =
N∑

n=N1+1

1− (1− pn)
∑K

c=1 Zc . (11)

total expected traffic rate is r = r1 + r2.

Lemma 1, the expected traffic rate of the coded
n be written as:[
Zmax∑

i=1

min

(( K
T+1

)
−
(K−Qi

T+1

)
(K
T

) , N1−M
)]

. (12)

he expectation is taken over the random variables
1, 2, . . . , Zmax. In (12), the minimization function
o terms; the first term is maximized at Qi = K

( K
T+1

)
−
(K−Qi

T+1

)
(K)

)
=

( K
T+1

)
(K) =

K − T
. (13)

K − T
T + 1

=
K × (N1 −M)

N1 −M1 +K × (M −M1)
.

Letting (14) be less thanN1−M , i.e., the second
in the min function in (12), leads to:

1 <
N1 −M1

K
+ (M −M1),

which always holds in the case ofN1 > M andM
Thus, the first argument of min in (12) is selected. A
case that N1 = M , and therefore M1 = M (pur
caching), the second argument of min in (12) is sel
thus we have r1 = 0. Therefore, when N1 > M
M1 < M ), (12) reduces to:

r1 = E

[
Zmax∑

i=1

( K
T+1

)
−
(K−Qi

T+1

)
(K
T

)
]

=
Zmax∑

i=1

( K
T+1

)
− E

[(K−Qi

T+1

)]

(K
T

)

=
Zmax∑

i=1

( K
T+1

)
−∑K

k=0 Pr{Qi = k}
(K−k
T+1

)
(K
T

)

Next we prove (11). As mentioned before, an
(in all K SBSs) from the third group of conten
not cached (contents indexed from N1 + 1 to N )
satisfied directly by the MBS. However, if the MB
multiple requests for specific content in a time s
broadcasting to send the content only once. H
expected traffic load of such uncached content
to the expected number of distinct requests for
probability that content n is not requested is (1−p
Therefore, the probability that content n is request
one time is 1 − (1 − pn)

∑K
c=1 Zc . Thus, the expe

number of distinct requests of uncoded content
to the sum of aforementioned expected probabi
uncoded contents, as indicated in (11). This com
proof.

We now formulate the optimum partitioning p
order to minimize the traffic rate from MBS to the
r. The minimization problem is formulated as foll

min
M≤N1≤N
0≤M1≤M

{r1 + r2}

s.t.

T =
K × (M −M1)

(N1 −M1)
∈ N.

If N1 > M and M1 = 0, then (16) is redu
optimization of the two-partitioning pure code
Also, it can be proved that when the popularity o
is the same for all SBSs, then caching the M mo
contents in SBSs is the optimal placement strate
pure uncoded scheme. In other words, if N1 = M
is reduced to the optimal pure uncoded scheme.

The optimal value of (16) can be found in p
time by exhaustive search. However, in order to ex
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T T
T + 1 search process, we consider the following points:
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optimized

heme

he case of
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; uncoded
is denoted
e uncoded

uncoded
, we have
is left for

s of SBSs,
references
scheme. It
n multiple
ommon in
ps. In this
s follows.
S (the set
|
1Gi = S.
of SBSs in
r the sake

erlapping,
if SBS c

ise. Then,
derived as

d in each
groups, it
rticipating

to group
content n
Xn,g = 0,

Journal Pre-proof
example of SBS-dependent (heterogeneous) con-
rity.

only consider those values of N1 and M1 which
lt in T = K×(M−M1)

(N1−M1) to be an integer value.

onsidering ( K
T+1)
(KT )

= K−T
T+1 , we calculate K−T

T+1 only

e for each possible N1 and M1 values.
entioned before, by defining an array and stor-

the result of earlier computations (dynamic pro-
ming), we can compute (9) and (6) in polyno-

l time. We can also use this technique to skip
licate computations in other parts of the problem;
xample, storing the result of (11) for one value of
ould be used to compute it for the nextN1 values
less computing.

DEPENDENT NON-UNIFORM CONTENT
ITY

ious section, we assumed that the content pop-
ribution and the size of the caches are the same
s. However, in this section, we consider a more
e and assume heterogeneous content popularity

and different cache sizes. It is worth noting
ing to the reports, the global popularities are
representation of the local preferences of the

xample, a two-week study in 1,000 locations of a
in China, where nearly 2 million users use mobile
view more than 300 thousand unique videos,

hat videos have quite different popularities in
cations. As such, it is reported that in 60% of
he average popularity of the 1000 most globally
eos (top 0.3% of all viewed videos) is below the
pularity of the top 40% locally popular videos
fore, we assume that users in the range of one
similar preferences, and there may be several
groups inside the coverage area of an MBS. While
nts may be popular for almost all groups of users,
s may be popular only for specific groups.
example, Fig. 2, illustrates an MBS with five

used in such a scenario, i.e., the SBSs cache th
which are globally popular in their caches, then M
send the local popular contents of SBSs repeated
to high traffic loads. However, if the SBSs store
popular contents, then MBS only transmits the lea
contents, taking advantage of broadcasting. Also
of applying coded caching, choosing contents
only popular in one SBS and not other SBSs le
waste of cache memory in other SBSs, and con
increases the traffic load. Therefore, it is crucial t
the heterogeneous SBS-dependent popularities for
the caching strategy. On the other hand, SBSs m
similar preferences, e.g., in Fig. 2, the users of
interested in sports, politic events are more popul
2 and 5, and users of SBS 3 follow both politics a
Based on these similarities, we can form two group
group composed of SBSs 3 and 4 and another one
of SBSs 2,3, and 5.

In this section, we extend the hybrid cachin
of the previous section to the case of SBS-depen
ularities and non-equal cache sizes. In particu
the previous section, where the parameters N1 a
the same for all SBSs, in this section, they are
considering possibility of different groups.

5.1 The proposed SBS-dependent caching sc

In this part, we define the caching strategy in t
heterogeneous popularities and non-equal cache
when pn,c andMc is not the same for every SBS c,
The cache of each SBS c is divided into two part
and coded. The capacity of uncoded part in SBS c
byM1c, i.e.,M1c contents are cached entirely in th
part of SBS c. We let Yn,c = 1 if content n is cached
at SBS c and Yn,c = 0 otherwise. Consequently∑
n Yn,c = M1c, and Mc −M1c of cache capacity

coded part. On the other hand, we define group
where the SBSs within a group share similar p
and thus, participate in the same coded caching
is worth noting that a single SBS may participate i
groups since while a part of its preferences are c
a group, other parts may be popular in other grou
regard, the grouping scheme of SBSs are defined a
We define G = {G1, G2, ..., G|G|} to be a cover of
of SBSs), where Gi ⊂ S with |Gi| ≥ 2 and ∪|Gi=
According to this definition, we have |G| groups
cover G which they have at least two members (fo
of applying coded caching scheme), may be ov
and cover all SBSs. Moreover, we let Sc,g = 1
participate in group g ∈ G, and Sc,g = 0 otherw
the number of SBSs in group g, denoted by Kg , is∑
c Sc,g = Kg .
A separate coded caching scheme is applie

group. Since SBS c may participate in multiple
dedicates a part of its cache to each of its pa
group. In particular, the capacity Mg is dedicated
g, if Sc,g = 1. Moreover, we let Xn,g = 1 if
participates in the coded scheme of group g and
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its coverage, where the SBSs serve groups with otherwise. Consequently, the number of contents participat-
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ing in coded scheme of group g, denoted by Ng , is derived
as
∑
nXn,g

It is wo
for the het
each SBS c
from other
for coded
in general
coded cont
satisfy M1c

current cod
the differen
In this rega
dedicated
be cached
coded sche
to Section
the propos

5.2 Perfo

In the follo
der the pro
uniform co

Lemma 4.
distinct cod
is equal or
derived as fo

Also, let Pr{
requests in fi

where Pr{l
formula:

1)Pr{
2)Pr{
3)Pr{
+ Pr

where qc,g,j

qc,g,j





=

'

Proof. See A

Lemma 5.
SBSs in clu
have:

where Q
(cg
i,g

non-empty

qcoded1,g ,..,qcodedcg,g , at step i of coded caching. Pr{Q(Kg)
i,g = k} can

0,

cg,g,i),

cg,g,i)

(22)

e proof of
G coded

ulated for
, only the

xc Zc, then
oted by r1,

> Mg,

(23)

reover, the
oted by r2,

))
)Zc

)
.

(24)

o equation
tion, there
ed rate of
inally, the
calculated
we should
ded at SBS
,∀g ∈ G,
requested
ent Wn is
− (pn,c ×

t one SBS
MBS once
pletes the

BSs (|G̃| =

Journal Pre-proof
= Ng,∀g.
rth noting that in the proposed caching strategy
erogeneous case, unlike the homogeneous case,
aches M1c uncoded contents that are different
SBSs. Also, while the dedicated cache capacity

contents remains the same inside a group, but
in each SBS, a different capacity is dedicated to
ents. As such, the dedications in each SBS should
+
∑
g Sc,g ×Mg =Mc. Moreover, since |G| con-

ed schemes are applied, MBS should maintain
t set of coded queues for each of these groups.
rd, the queues qcoded1,g , . . . , qcodedKg,g

are the queues
to group g. Finally, a specific content Wn may
uncoded in SBS c, while it also be included in
me of some of the participating groups. Similar

4, In this section, we aim to optimize r1 + r2 for
ed scenario.

rmance analysis

wing, we derive the traffic rate of the MBS un-
posed caching strategy for SBS-dependent non-
ntent popularity distribution.

Let Pc,g,i denote the probability that the number of
ed requests of SBS c in the cluster g, denoted by lc,g ,
greater than i, i.e., Pc,g,i = Pr{lc,g ≥ i}. Pc,i,g is
llows:

Pc,g,i =
Zc∑

j=i

Pr{lc,g = j}. (17)

l
(z)
c,g = j} be the probability of having j distinct coded
rst z requests in SBS c, where z=1, 2, . . . , Zc, then:

Pr{lc,g = j} = Pr{l(Zc)
c,g = j}, (18)

(Zc)
c,g = j} can be calculated with below recursive

l(0)c,g = 0} = 1, P r{l(z)c,g = j|j > z} = 0,

l(z)c,g = 0} = Pr{l(z−1)c,g = 0} × (1− qc,g,1),
l(z)c,g = j} = Pr{l(z−1)c,g = j} × (1− qc,g,j+1)

{l(z−1)c,g = j − 1} × qc,g,j , (19)

is approximated to be:

0, if j > Ng,

(1− j − 1

Ng
)×∑N

n=1Xn,g.pn,c otherwise.

(20)

ppendix D for the proof.

Let Pr{Qi,g = k} be the probability that exactly k
ster g request for coded contents at step i . Then, we

Pr{Qi,g = k} = Pr{Q(Kg)
i,g = k}, (21)

) is the random variable denoting the number of

be calculated with the following recursive equations:

1)Pr{Q(0)
i,g = 0} = 1, P r{Q(cg)

i,g = k|k > cg} =
2)Pr{Q(cg)

i,g = 0} = Pr{Q(cg−1)
i,g = 0} × (1− P

3)Pr{Q(cg)
i,g = k} = Pr{Q(cg−1)

i,g = k} × (1− P
+ Pr{Q(cg−1)

i,g = k − 1} × Pcg,g,i,

where Pcg,g,i is derived from lemma 4.

Proof. The proof of this lemma is similar to th
lemma 3, except that in this lemma, there are
delivery groups. Therefore, the equations are calc
each group separately. However, for each group
SBSs that participate in it are considered.

Proposition 2. If Tg =
Kg×Mg

Ng
, and Zmax = ma

the expected traffic rate of coded content requests, den
is:

r1 =
∑

g∈G
×





∑Zmax

i=1

( Kg
Tg+1)−

∑Kg
k=0 Pr{Qi,g=k}(Kg−k

Tg+1)

(Kg
Tg
)

, if Ng

0, otherwise

where Pr{Qi,g = k} is derived from lemma 5. Mo
expected traffic rate of uncoded content requests, den
is:

r2 =
N∑

n=1

(
1−

K∏

c=1

(
1− (pn,c × (1− Yn,c)×

∏

g∈G
(1−Xn,g.Sc,g

Finally, the total expected traffic rate is r = r1 + r2.

Proof. Equation (23) of this proposition is similar t
(10) of proposition 1, except that in this proposi
are G coded delivery groups. Therefore, the cod
the MBS is calculated for each group separately. F
total coded rate of the MBS is the summation of
coded rates of all groups. In order to prove (24),
consider that if contentWn is cached neither unco
c, i.e., Yn,c = 0, nor coded, i.e., Xn,g × Sc,g = 0
then content Wn will be responded by MBS if it is
in SBS c. Consequently, the probability that cont
not requested by SBS c from MBS is equal to:

(
1

(1 − Yn,c) ×
∏
g∈G(1 − Xn,g.Sc,g))

)Zc

. If at leas
requests Wn, this content will be broadcast by
and thus contributes to the traffic rate r2. This com
proof.

Let G̃ denote the set of all possible covers of S
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queues among the first cg queues in cluster g, i.e., 2K − K − 1).Then the optimum partitioning problem with
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the objective of minimizing the traffic rate from the MBS to
SBSs is wri

min
G⊂G̃
{

s.t.

Tg =

N∑

n=1

X

N∑

n=1

Y

M1c +

As can be s
egy for the
covering (G
of contents
in order to
culate the M
configurati
no significa
SBSs. In th
groups onl
the optima
set of all SB
the previou
into two pa
contents of
although th
are not ne
based on g
placement
MBS rate r
Even in the
[30] and pu∏K
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( N
Mc

)

optimal con

6 NUME
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scheme is
coded and
works, as
[26]–[30], th
validate an
using MAT
following,
for SBS-ind
under a he
consider th

6.1 SBS-
tion
In this subs
ment strate

TABLE 2: Optimal configuration (N∗1 and M∗1 ) of the hybrid
here K =
sers in the

M∗
1

, 37
, 39
, 40
, 42
, 43
, 46
, 40
, 40
, 43
, 49
, 52

(16). Also,
on follows
as follows:

(26)

n used for
heme. We
standard

he system
k.
raffic load
cache par-
e uncoded
rent cache
show that
found by
e optimal

ts indicate
e optimal

(16) and
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reover, by
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for each

load. The
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illustrates

fic load as
e interval
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ers in the
oad of the
e number

parison of
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Journal Pre-proof
tten as follows:

min
0≤M1c≤Mc
1≤Mg≤M
Mg<Ng≤N

Xn,g,Yn,c∈{0,1}

{r1 + r2}}

Kg ×Mg

Ng
∈ N,

n,g = Ng,∀g ∈ G.

n,c =M1c,∀c ∈ {1, . . . ,K}.
∑

g∈G
Mg × Sc,g =Mc,∀c ∈ {1, . . . ,K}. (25)

een in (25), finding the optimal placement strat-
hybrid scheme is intractable. Even if the optimal
), the memory allocations (Mg) and the number
involved in each group (Ng) are specified then
find the best content placement, we need to cal-

BS rate r for
∏K
c=1

( N
M1c

)
× ∏G

g=1

(N
Ng

)
possible

on. A special case of this problem is when there is
nt similarity in the content popularity among the
is case, increasing the number of coded delivery
y reduces the global cache gain, and therefore
l cover (G?) will have one member which is the
Ss. Here, the optimal configuration is similar to
s section, in which the SBSs’ caches are divided
rts. However, the difference is that the uncoded
one SBS can be different from other SBSs. Also,
e coded contents for all SBSs are the same, they

cessarily the same as those would be selected
lobal popularity. Besides, to find the best content
for this special case, we need to calculate the

for
(N
N1

)
× ∏K

c=1

( N
M1c

)
possible configuration.

cases of the two-partitioning pure coded, [26]–
re uncoded schemes we need to check

(N
N1

)
and

possible configurations respectively to find the
tent placement.

RICAL RESULTS

tion, the performance of the proposed hybrid
evaluated and compared with the baseline pure

conventional uncoded schemes and previous
well as the two-partitioning scheme reported in
rough numerical evaluations and simulation. We
alytical results with the simulations conducted
LAB for a period of 2000 time slots. In the

we first evaluate the proposed hybrid scheme
ependent non-uniform popularity distribution
terogeneous number of demands, and then we
e SBS-dependent popularity distribution.

independent non-uniform popularity distribu-

ection, for analytical results, the optimum place-

scheme for different users distribution in SBSs, w
10, N = 1000,M = 100, α = 1 and there are 100 u
system.

No. of users (Z1, ... ,Z10) σ(Z) N∗
1 ,

10 10 10 10 10 10 10 10 10 10 0.0 352
8 9 9 9 9 10 11 11 12 12 1.4142 344
6 8 9 9 9 10 11 12 12 14 2.3094 340
5 7 9 9 9 10 11 12 13 15 2.9059 332
4 6 9 9 9 10 11 12 14 16 3.5277 328
3 5 7 9 9 11 11 13 15 17 4.3461 316
2 4 6 8 9 11 12 14 16 18 5.1854 240
1 3 5 7 9 11 13 15 17 19 6.0553 240
0 2 4 6 9 11 14 16 18 20 6.9442 233
0 2 2 3 7 11 14 16 20 25 8.5894 219
1 1 1 1 1 5 15 20 25 30 11.4504 172

T = K × (M −M1)/(N1 −M1) is obtained from
we suppose that the content popularity distributi
the Zipf popularity profile with parameter α > 0

pn =
( 1n )

α

∑N
j=1(

1
j )
α
.

In the following, we first verify the approximatio
finding the optimal configuration of the hybrid sc
then study the effect of content popularity, the
deviation of the number of users in SBSs, and t
scale on the optimum traffic load of the shared lin

Fig. 3a shows the simulation results of MBS t
versus N1 for different scenarios of the proposed
titioning as well as pure coded [26]–[30] and pur
caching schemes. The simulation results of diffe
partitionings (i.e., different values of M1 and N1)
the approximate analytical optimal partitioning
the optimization problem in (16) is very close to th
partitioning derived from simulations. These resul
that the approximation that we used to find th
partitioning is suitable. As can be understood from
Fig. 3a, the hit ratio of local cache improves as M1

But on the contrary, because of the reduction o
space for the coded section, the bandwidth load r
satisfy the coded content requests increases. Mo
increasing the value of N1, although the conten
not cached decrease, the required bandwidth load
requests of coded contents rises.

In Figs. 3b and 4, for the hybrid and pure code
[26]–[30], we first find the M∗1 and N∗1 values
parameter settings that minimize the MBS traffic
caching schemes are then evaluated for their co
ing optimal configuration via simulation. Fig. 3b
the simulation and analytical results for the traf
a function of the practical Zipf parameter in th
α ∈ [0.5, 1.6] [39]. TABLE 2 shows the optimal con
of the hybrid caching for some different scenari
distribution in the SBSs where there are 100 us
system (K = 10). Fig. 4a also depicts the traffic l
MBS as a function of the standard deviation of th
of users in the SBSs. This figure shows a com
the optimal placement results of different schem
configurations of TABLE 2. It is evident from the
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gy of the hybrid scheme for integer values of that the simulation results are very close to the analytical
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Fig. 4: (a) M affic load)
of the prop

findings, an
off-loading
[26]–[30] an

As can b
the numbe
of the code
of coded re
becomes v
the numbe
increases, a
BLE 2, ten
tities of M
the hybrid
coded meth
the numbe
three diffe
capacities,
of users of
Z . As can
improveme
In addition
increases a
hybrid sche
M1 part of
of sending
the pure co
probability

r of steps
hods, and
d.

distribu-

larity dis-
Fig. 5, we
he MBS is
nly serves
t popular-
results are
1, 2 and

e offloads
ure coded

e is better
st configu-
1, where

and W4 is
(W1,W2)

f all SBSs.
ning pure
W1 . . .W4

f all SBSs.

Journal Pre-proof
(a) (b)

Fig. 3: MBS Traffic load as a function of (a) N1 for different M1 (b) popularity parameter.

(a) (b)

BS traffic load as a function of standard deviation of Z (b) percent of improvement (offloading MBS tr
osed hybrid caching compared to the two-partitioning pure coded methods [26]–[30].

d the hybrid caching can lead to significant traffic
compared to the two-partitioning pure coded
d pure uncoded schemes.
e seen in Fig. 4a, when the standard deviation of

r of users in the SBSs increases, the performance
d schemes is reduced. This is because the number
quests in the corresponding queues of the MBS

ery unbalanced. As a result, the expectation of
r of sending steps for a specific configuration
nd the optimal configuration, as shown in TA-

ds to a smaller quantity of N1 and larger quan-
1. Fig. 4b shows the percent of improvement of
scheme compared to the two-partitioning pure
ods [26]–[30] in terms of MBS traffic load versus

r of users within the coverage of each SBS for
rent system scales (content library sizes, cache
and number of SBSs). In this figure, the number
all SBSs is assumed to be the same and equal to

be seen, the hybrid scheme has made significant
nt in the MBS traffic load, especially for Z > 2.
, when Z increases, this percent of improvement
t first but then decreases. This is because in the
me, by increasing Z , some requests are hit in the
SBSs’ cache, and therefore the number of steps
coded messages becomes significantly less than
ded methods. But when Z increases further, the

for smaller library sizes). Therefore, the numbe
of sending coded messages in pure coded met
therefore the percentage of improvement is reduce

6.2 SBS-dependent non-uniform popularity
tion

In this subsection, we suppose the content popu
tribution is not the same for different SBSs. In
suppose that the number of available contents in t
N = 4, there are a total of K = 4 SBSs, each SBS o
one user (Zc = 1 ∀c ∈ {1, . . . ,K}), and the conten
ity distribution is according to the TABLE 3. The
depicted for various cache capacity of SBSs (M =
3). As can be seen in this figure, the hybrid schem
more traffic compared to the two-partitioning p
and pure uncoded schemes.

In particular, when M = 2, the hybrid schem
than both other schemes. In this condition, the be
ration of the hybrid scheme is N∗1 = 3 and M∗1 =
(W3) is stored entirely in the caches of SBS1&2,
stored entirely in the caches of the SBS3&4, also
are stored with the coded scheme in the caches o
Whereas optimal placement of the two-partitio
coded method is N∗1 = 4, or in other words, all
are cached with the coded scheme in the caches o
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of duplicate requests also increases (especially Besides, the optimal placement of pure uncoded scheme is
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TABLE 3: Content Popularity distribution for N = 4 and
K = 4 scen

Fi

caching W1

SBS3&4.
is cached in
multicast o

7 CONC

In this pape
medium n
uncoded ca
practice, th
network th
SBS is equip
users. In p
a different
we conside
which can
different fo
closed-form
hybrid cac
optimum c
tion results
outperform
pure coded
existing in
to propose
case of SBS
to find app
scheme in
this work f

APPENDI
LEMMA1
Proof. Assu
are to be ca
scheme in [
fragments,

cache selects a T/K fraction of all fragments. Then, in each
with size

requested
ents and

ll possible
ssion, the
t all other
sequently,
to decode
well as its
smissions,
ely. But as
ns in our

st, i.e., the
is case, no
f SBSs that
e number
ts in step
issions is

smissions
ach trans-
he latter is
M −M1

enjoys an
hus, from

. (27)

equests of
calculated
ate coded
= j} has

ation of it
gramming
{l(z)c = j}
d requests
, Zc, then
calculated
where the
g the jth
c, where
until this

ularity of
ted coded
ependent
e that the

nt in other
based on

and hence

ion of the
e previous

Journal Pre-proof
ario.

W1 W2 W3, W4

SBS1 0.3 0.2 0.5 0.0
SBS2 0.2 0.3 0.5 0.0
SBS3 0.3 0.2 0.0 0.5
SBS4 0.2 0.3 0.0 0.5

g. 5: MBS traffic load as a function of M.

(or W2) in all SBSs, W3 in SBS1&2, and W4 in
In the pure uncoded scheme, one of W1 or W2

all SBSs, and for the other one, it benefits from
pportunities.

LUSION AND FUTURE WORKS

r, we have studied content caching for the shared
etworks and have proposed a hybrid coded-
ching under heterogeneous users’ behaviors. In
e proposed scenario corresponds to a cellular

at includes an MBS and multiple SBSs where each
ped with a limited size cache and serves multiple

articular, we assume that each SBS can request
number of contents than the other ones. Also,
r non-uniform content popularity distribution,
be the same for all SBSs (SBS-independent) or
r each one (SBS-dependent). We derive explicit

expressions for the server load of the proposed
hing at the delivery phase and formulate the
ache partitioning problem. Validated by simula-
, our findings showed that the proposed scheme
s the baseline schemes of pure uncoded and
caching, as well as the two-partitioning scheme
the literature. For future topics, we first plan
heuristic and machine-learning methods in the
-dependent non-uniform popularity distribution
ropriate configuration of the proposed hybrid

polynomial complexity. Then, we try to extend
or online caching problems.

X A
PROOF

me that each SBS has one request and all contents
ched coded. Then, according to the coded caching
6], each content is split into

(K
T

)
non-overlapping( )

transmission, MBS chooses a new subset of SBSs
T + 1, chooses one fragment from the content
by each SBS, and then, XORs T + 1 chosen fragm
transmits that. This procedure continues until a
subsets are chosen. Note that in each transmi
fragment which is missing at one SBS is available a
T SBSs ( see the cache placement phase in [6]). Con
in each transmission, each selected SBS is able
one missing fragment using the received signal as
cached content. Finally, after

( K
T+1

)
multicast tran

each SBS retrieves its requested content complet
mentioned earlier, in step i of coded transmissio
problem, all SBSs do not have necessarily reque
coded queues of some SBSs may be empty. In th
coded messages are transmitted to those subsets o
none of their members has a request. Hence, if th
of caches that have requests for the coded conten
i equals k, then the number of unnecessary transm(K−k
T+1

)
. Consequently, the number of multicast tran

at this step is
( K
T+1

)
−
(K−k
T+1

)
, where the size of e

mission is equal to F/
(K
T

)
and T = K×(M−M1)

(N1−M1)
. T

due to the fact that the cache and library sizes are
and N1 −M1, respectively.

Contrarily, if (N1 − M1) < k, then the MBS
improvement of (N1 −M1)/k from broadcast. T
(1), the traffic load of coded contents is given as:

k ×
(
1− M −M1

N1 −M1

)
× N1 −M1

k
= N1 −M

This completes the proof.

APPENDIX B
LEMMA2PROOF

Proof. If lc denotes the number of distinct coded r
SBS c, then,P (c)

i equals toPr{lc >= i} and can be
according to (4). Due to the possibility of duplic
requests, the native approach to calculate Pr{lc
exponential complexity. However, an approxim
can be calculated with recursion and dynamic pro
in polynomial complexity as fallowing: if the Pr
denotes the probability of having j distinct code
in first z requests in SBS c, where z = 1, 2, . . .

P r{lc = j} is equal to Pr{l(Zc)
c = j} and can be

with a recursive formula that is given in (6),
notation qcj denotes the probability of requestin
distinct coded content at the next request in SBS
j − 1 distinct coded contents have been requested
request. Therefore, qcj only depends on the pop
coded contents and previous j − 1 distinct reques
contents. On the other hand, calculating qcj is ind
of all number of requests. In this section, we assum
content popularity distribution is SBS-independe
words, pn,c = pn, ∀c ∈ {1, . . . ,K}. Therefore,
the above definition, qcj is the same for all SBSs
qcj = qj , ∀c ∈ {1, . . . ,K}.

Due to the non-uniform popularity distribut
contents and possibility of duplicate requesting th

Jo
ur

na
l P

re
-p

ro
of
each of size f/ K
T , where T = KM

N . Also, each j−1 requested coded contents, calculating the exact amount
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of qj is highly complicated. To this aim, we approximate qj
by approxi
contents as
distribution
accurate. C
extremely
demand, th
be calculat
extremely n
caching str
entirely (te
imation m
popular co
greatly red
partitionin
Therefore,
affect rate
located in
Hence, as
our choice
be shown
sections, th
impact on
approxima
caching po

This com

APPENDI
LEMMA3P
Proof. {Qi
distinct req
SBSs receiv
Since the n
from other
contents is
the Pr{Qi
torial prob
can calcula
using recu
the Pr{Q(c

i

with coded
then as it
Pr{Q(K)

i =

formula gi
probability
time slot fr
coded cont

This com

APPENDI
LEMMA4P
Proof. The
proof of e
lemma2, ex
clusters, an
one separa
participate
pn,c is not
has some d

qcg,j for each cluster g only depends on the popularity of Ng
tents from
proximat-
− 1 of Ng
is not the
is not the
ter g only
efore, qcg,j
in cluster
ine coded

. Moradian,
ontent pop-

EEE Wireless
20, pp. 1–6.

, “Femtocell
ol. 46, no. 9,

olisch, and
hrough dis-
ation Theory,

h, “Wireless
riers,” IEEE
gust 2016.

Probabilistic
ation,” IEEE
. 4341–4354,

l limits of
l. 60, no. 5,

S. Diggavi,
ional Sympo-

Multi-server
ory, vol. 62,

ded caching
CM Transac-
2015.
analysis of

orks,” IEEE
pp. 663–672,

ecentralized
cities,” IEEE
7–4669, Nov

nline coded
4, no. 2, pp.

s of caching
ation Theory,

A. Dadlani,
d2d-enabled
l Symposium
IMRC), Sep.

and caching
elected Areas
2018.
le requests,”
tion, Control,

coded mul-
Information

Journal Pre-proof
mating the probability of requesting j−1 previous
shown in (7). Apparently, when the popularity
is almost uniform, this approximation is more

ontrarily, when the popularity distribution is
non-uniform, where few contents are in high
is approximation yields lower accuracy and may

ing a bit larger value for the r1. However, under
on-uniform popularity distributions, the hybrid

ategy tends to cache these high demand contents
nds to a higher value for M1), and this approx-
ay reinforce this tendency. By caching the most
ntents entirely, the error of this approximation is
uced. Besides, our goal is to find the best library
g policy rather than calculating the exact rate.
the possible error of such approximation does not
calculation for all contents but only for contents
different partitions based on different policies.
the negligible impact of this approximation on
of library partitioning, i.e., N1 and M1, will also
numerically and via simulation in the following
is approximation is reasonable and has minimal
choosing the optimal policy. However, using this
tion is not recommended for selecting the best
licy for pure coded methods.

pletes the proof.

X C
ROOF

= k} occurs when exactly k SBSs receive at least i
uests for the coded contents, while the rest of the
e less than i distinct requests for these contents.
umber of requests of each SBS may be different
SBSs, the probability of requesting the coded

different for different SBS. Therefore, calculating
= k} with the native approach is a combina-

lem with exponential complexity. However, we
te Pr{Qi = k} in polynomial complexity by

rsion and dynamic programming as follows. If
)
= k} denotes the probability of having k caches

requests in first c caches, where c=1, 2, . . . ,K ,
is shown in (8), the Pr{Qi = k} is equal to
k}, and it can be calculated with the recursive

ven in (9), where the notation P
(c)
i denotes the

that SBS c (which receives Zc request at each
om Zc users) has at least i distinct requests for
ents.

pletes the proof.

X D
ROOF

proof of lemma4 is similar to lemma2, and the
quations (17)-(19) of this lemma is similar to
cept that in lemma4, there are G coded delivery
d therefore these equations are calculated for each
tely. However, for each cluster, only the SBSs that
in it are considered. In addition, in lemma4, the
the same for all SBSs. Therefore equation (20)

contents and previous j − 1 requests for these con
corresponding SBS c. Also, qcg,j is calculated by ap
ing the probability of requesting the previous j
contents in SBS c. Except that in this lemma, qcg,j
same for different SBSs, and also for each SBS, it
same for different clusters. Note that for each clus
Kg SBSs that participate in it are considered. Ther
is calculated only for SBSs, which are participated
g. As shown in (20), The array X is used to determ
contents corresponding to cluster g.

This completes the proof.
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